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HUSBAND, 
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MOST  OBUCID  AND 
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OBEDIENT  HUilBCE  SERVANT, 


0 


ANNE  MACLAURIN. 


TO   TMt 


RE   AD  E  R. 

J^HAl!  Mr.  Maclaurih  bad^  many  yeatt 
ag§^  intendidto  publijh  a  ^reatife  on  tbisfubjiB^ 
appears  Jrom  a  letter^  datid  April  ig^  ^7^9$  t^ 
bis  bonouredJriendyki^^Ti^^  Folkes^  'Efy.  now 
Prtjidtm  tftbe  Roy^d  Society.  *  And  we  faid^ 
inmeofbismanitfcripts^  tbepIanoffucbuWork^ 
agreeing^  alma/i  in  every  articUp  witb  ibe  contents 
rf  tbii  Volume. 

Had  tbe  celebrated  Autbor  lived  to  publijb  bii 
own  fForkp  his  name  would,  alone,  bave  been  fuf^ 
ficientto  recommend  it  to  t be  notice  oftbe  Public  : 
but  tbat  taftt  bawng,  by  bis  lamented  premature 
deatb,  devolved  to  the  gentlemen  wbom  be  leff  en^ 
tru/led  witb  bis  Papers,  the  Reader  may  reafonm 
abfy  expe&fome  account  oftbe  materials  of  which 
it  con/ifis,  and  of  tbe  care  tbat  has  been  taken  in 
coUeEling  and  dijpofmg  tbem,  fo  as  beft^  to  anfwer 
tbe  Autbor' i  intention,  and  Jill  up4be  Plan  he  bad 
defigned. 

.     ♦  Phil.  Tranf.  No.  408. 

-  ■         ■  ■.  • 

A'  3  Hi 


TO  TU*  &£ADBR« 

He  /eemsp  in  compofmg  this  Treatyip  to  have 
bad  theft  -three  Obje^s  in  view. 

I  /  To  give  the  general  Principles  an4  RuIm  of 

the  Science^  in  the  Jhortejl^  and^  at  the  fame  time^ 

the  mojl  clear  and  comprebenfive  manner  that  was 

pofihle.    Agreeable  to  this^  though  every  Jink  is 

froperfy  exemplified^  yet  he  does  not  launch  wt  into 

ntfhdt  vemaycdlla  Tautology  of  examples.   He  re^ 

jeBsfome  applications  of  AXff^n^  that  are  commonly 

to  he  met  wifb  in  other  writers ;  becas^  thenum^ 

her  offUch  applications  is  endlefs:  and,  however 

ufefulihey  may  be  in  PraSlte^  they  cannot  $  by  the 

rules  of  good  method,  have  place  in  an  dcmontssy 

Treatife.  \  He  has  Hkew^e  omitted*  the  Algebraic 

calfolution  of  ipds^c^zT  Geometrical  problems 9  as 

requiring  the  knowledge  of  the  Elements  if  Geo- 

^  mctry ;  from  which  tbofe  ^Algebra  ought  to  be 

kept,  as  they  really  are,  entirely  dijlin&y  referv^ 

ing  to  bimfeifto  treat  of  the  mutual  relation  of  the 

two  Sciences  in  /Mr  Third  Part,  and,  more  gene^ 

rally  fill,  in  the  Appendix.     He  might  think  too, 

tbatfucb  an  application  was  the  lefs  neceffary,  that 

Sir  Isaac  NewtonV  excellent  Colle&ion  of  Ex^ 

amplcs  is  in  every  bodys  bands,  and  that  there  are 

few  Matbcshatical  writers,  who  do  riot  furnijb 

numbers  of  t  be  fame  kind^ 

a^  Sir 


TO  THE   RKADBR4 

i.  Sir  Isaac  Newton"/ l?fr/^/»  tHhisAtith^ 
metict  Univerfidis^  concerning  the  Refclutions  of 
the  higher  equations^  and  the  Aff'eBions  of  their 
roots,  being,  far  the  mof parti  delivered  without  any 
demon/lyation,  Mr.  Maclauriii  had  de/lgned^ 
that  hit'  Tnati^  JhouU  Jerve  as  a  Commentary  Off 
tlaf  tFork.  For  we  here  find  all  tbofe  difficult 
f^Jpigis  in  SirUAAc*s  Boot,  which  havefo  long 
perplexed  the  Students  ofAlgehra^  clear fy  explained 
ani  demonfhrated^  How  mucbjuch  a  Commentary 
was  wanted,  we  may  learn  from  the  words  of  4 
late  eminent  Author.  *  **  The  ableft  Mathemsi* 
ticians  of  the  laft  age  /^/  he  J  did  not  difdain 
to  write  Notes  on  the  Geometry  of  De  s  Ca  r« 
^*  Tfrsj  andfardy  Sir  Isaac  Newton's  Arith'- 
**  ^medc  no  lefs  deferves  that  honour*  To  ex« 
^*  dtefomeoneof  the  many  fkiiful  Hands  that  our 
**  times  afibrd  to  \indertake  this  Workj  and  to 
**  fliew  the  neceffity  of  it,  I  give  this  Specimen, 
'  ^  in  an  expUcarion  of  two  paiTages  *f*  of  the 
'•  Aritbmetica  Univerfalisi  which,  however,  aie 
not  the  moft  difficult  in  that  Book/' 


'«  "s^Granfefandt^  in  Pijsfat.  fed  Specimen  C(mmitnt.  in  Arlth.  MtX- 
verf, 

t  fix*  The  finding  of  Dkri/ors^  and  the  evolution  of  Aitn/fual  Surdi* 
^f  4  59-^2'  Part  II.   ^  127.  Part  I. 


A  4  miat 


TO  TH£   READBR* 

JFbat  this  learned  Prof  ejfor  fo  earneftfy  wtjhid 
fir^  we  at  loft  Jif  executed  i  notjeparately^  nor 
hi  the  loofe-difagreeabk  form  which  fticb  Cemmen-* 
taries  generally  take^  hut  in  a  manner  equally  nom 
lural  and  convenient  ^  evfry  Demonjlratioh  being  . 
aptly  inftfted  into  the  Body  of  the  Wot  k^  as  a  ne^ 
cejfary  and  infeparahle  Member^  an  Advantage 
which^  witbfome  others^  obvious  enough  to  an  at^ 
tentvoe  Reader ^  witt^  it  is  hoped^  dijlfnguijb  this 
Pefformance  from  every  otber^  ofthekiud^  that 
has  hitherto  appeared.  ^ 

V 

3^  After  having  fu^  explained  the  Nature  of 
Equations,  and  the  Methods^ fnding  their  Roots, 
either  infinite  exprejfions,  when  it  can  be  done,  or 
in  infinite  converging  feries;  it  remained  only  to 
confider  the  Relation  of  Equations  involving  two 
variable  quantities,  and  of  Geometrical  Lines  to 
each  other  I  the  Do&rine  of  the  Loci;  and  the 
CcMiftrufiion  tf  Equations.  Th'efe  make  the  Sub^ 
jeS  of  the  Third  Part. 

Upon  this  Flan  Mr.  M aclaurin  compofeda 
Syfiem  of  Algebra,  foon  after  his  being  chofen 
Profejfor  of  Mqthematics  in  the  Univerfity  of 
EHinburgh ;  which  he^  thenceforth,  made  ufe  if 
in  his  oraindry  Qourfe  of  Leilures,  andwasocca^ 

fio^ally 


TO   TUB  READER. 

Jbnaify  »i^rm)mg  io  tie  FerfeSi$n  be  intended  i$ 
JbwUbave,  kefhn  he  committed  it  to  the  Prefs. 
And  the  befi  Copies  rf  his  Mmnffcript  having 
been  tranfinitted  h  the  Publifixr^  it  ^as  eafy^  bf 
cwtparing  tbem^  tp  eftabUJh  a  corre&  and  germne 
Text.  There  %Dere^  iefides^  fevtrdU  detached  Pa^ 
pers^  fame  of  which  Koere  quite  faiijked^  and  wanted 
onfy  to  be  infertcd  in  their  proper  places.  In  a  few^ 
others,  the  Demonjlrations  were  fo  canci/ely  ex^ 
preffed^  and  couched  in  Algebraical  charaStcrs, 
that  it  was  nccejfary  to  write  them  out  at  more 
length,  to  make  them  of  a  piece,  with  the  reji.. 
And  this  is  the  only  liberty  the  Publijher  has  aU 
towed  him felf  to  take  I  excepting  a  few  inconjide^ 
rable  additions,  thatfeemed  ncceffary  to  render  the 
Booimqre  complete  within  itfclf  and  to  fave  the 
trmtble  of  canftdting  others  who  have  written  om 
the  fame  SubjeSl. 

The  Rules  concerning  the  Impoffible  Roots  of 
,  Equations,  our  Author  had  very  fully  confdered^ 
as  appears  from  his  Manufcript  Papers :  but  as 
he  bad  no  where  reduced  any  thing  on  that  SubjeS 
to  a  better  form,  than  what  was  long  ago  pub^ 
lijbedin  ^^6^  Phibrophic^l  Trania&ions,  No.  394 
and  408^  ur  thought  it  beft  to  take  the  fubjiance 
fifChap.  I  !•  Part  II.  from  thence ^  ejpecially  a§ 
the  latter  ofiAefe  Papers  furn\flies  a  demori/lration 

3  ^f 


Tt>   THE   ItSAD^BR. 

tftbe  orighudRuk^  which  fre^ufp^s  mfy  what   ^ 
the  Reader  has  been  taught  ia  a  preceding  Chapter. 

The  Paper  that  isfubjoined^  on  the  Siiinto£ 
the  Powers  of  the  Roots  c^  &a  EquatioOy  is  taken 
from  a  Letter  of  the  Author  (8  Jul.  1743)  to 
the  Right  timourable  the  E^r/Sx  anhope  i  com^ 
mumcated  to  the  Publijher^  withfome  things  added 
iy  his  Lordjhip^  which  were  wanting  tojinijh  the 
Demonfiration . 

.  Of  tbefe  Materials^  carefully  colle^ed  and  put 
in  order ^  the  following  Elementary  Treatife  is 
compofed*,  which  we  have  chofen  rather  to  give 
in  a  Volume  that  is  within  the  reach  of  every  &tu^ 
dent^  than  in  one  more  pompous^  which  might  be 
lefs  generally  ufeftU.  And  we  hope^  from  the 
pains  it  has  cofi  us^  its  bkmjhes  are  not  many^  ^ 
nor  Jucb  as  4  candid  intelligent  Reader  may  not 
forgive.        ^  , 

fthe  Latin  Appendix  ^  is  a  proper  J^equel,  and 
ahigh  Improvement,  ofwbathad^en  demonjirated 
m-Part  III.  concerning  the  Relation  of  Curve 
Lines  and  Equations ;  a  SubjeB  which  our  Au^ 
thor  had  been  early  and  intimately  acquainted  with ; 
witnefs  his  Geometria  Orgaoica»  printed  in  171 9> 
when  he  was  not  full  twenty^ne  years  of  age ^  and 
which,  though  fo  juvenile  a  work,  gained  him,  at 

*^  A  TnuHttion  of  whicli  is  wm  given  to  thi§  Bdition,  Vj  the  Rtv. 

Mr.  Lawibii. 

once. 


TO*  THH£r  READER. 

oncf,  that  iiflinguijbed  Rank  smmg  Matbematu 
cians,  wbicb.  be  thtncefortb  held  witb  fa  great 
k/lre.  ret  beJrxaAh,^  awns,  be  was  led  to  many 
rftbe  Pw^fi&ani^  m  tbk  Ajppcndjx,/ram  a  Tbeo^ 
rem  of  Mr.  Cot  zu  9  communicated  to  bim^^noitb^ 
out  any  dtmonjlration^  by  the  Reverend  and  Learn^ 
edDr.  Smith^  Majier  of  TxitHiy  College,  Cam* 
bridge.  How  be  bas  profited  of  t bat  Hint,  tbc 
Learned  will  judge  :  Thus  much  we  can  venture 
tpfay^  that  be  bimfelf  fet  fonie  value  upon  this  Ptr^ 
Jhrmance\  having,- we  are  told,  employed fbme  of 
the  latfjt  hours  be  -Could  give  io  fucb  Studies,  in 
revijing  it  for  the  Prefs ;  to  bequeath  it  as  bisiafl 
Legacy  to  the  Sciences  and  t^  the  Public*  - 

7j6^  gentlemen  tOL  whom  Mr.  Macl aur  in  left 
the  care  of  bis  Papers,  are  Martin  Folkes^ 
i§^.  Prejidetit^  of  the  Rtycd.:Sociily  y  Andrew 
MiTCHEL,  Efq.  and  the  Reverend  Mr.  Hill^ 
Chaplain  fa  his-  -Grace  the  Arcbbijhop  of  Canter- 
•bory ;  with  whom  bebhd  lived  in  a  mojl  intimate 
friendpAp.  And'hy  their  direSlioH  this  I'reatife  is 
published, , 
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C  H  A  P.    I. 

Defimtkns  and  Illu/hrations. 

^  I,  A  LGEBRA  is  a  general  metliod  of  com^ 
jf\  putackm  hf  ceitaiii  fignt  and  fyiinbolt 
which  have  been  contrived  for  ^  purpofe^  and 
found  con?enienL  It  is  called  an  Univbrsal 
ArithmeticKj  and  proceeds  by  operations  and 
nika.fimttar  ip  diofe  in  conunoA  aridunedek^ 
founded  upon  the  fame  principles.  ThiS|  how« 
evoTj  is  po  argument  9gainft  irs  ufcfidiiefi  or 
^videncci  fince  arithoietick  is  not  to  be  die  Ids 

Talued 


s  -^   T  R  E  A  T I  s  E    p/         Part  I. 

valued  that  ic  is  common,  and  is  allowed  to  be 
one  of^chc  moft  clear  »nd  Trident  of  the  Sci- 
ences. But  as  a  number  of  fymbols  arc  admit- 
ted into  this  fcience,  being  necelTary  for  giving 
it  that  extent  and  grneraliry  which  is  its  grcatcft 
excellence;  the  import  of  thofe  fymbols  is  to  be 
dearly  ftatcd,  that  no  cbfcuriiy  or  error  may 
arile  from  the  frequent  ufe  and  complication  of 
them. 

^  2.  In  ,GEoubTRv,  lioes  are  reprefcnted 
by  a  line,  triangles  by  a  trtanglci  and  other 
figures  by  a  figure  of  the  fame  kind  j  but,  in 
Algebra,  quantities  are  reprefenied  by  the  fame 
Jctiers  of  the  alphabet;  and  various  figns  have 
been  imagined  for  reprefenting  their  afitftions, 
relations,  and  dependencies,  in  Qeomtuy  the 
reprefentations  are  more  natural,  in  Algebra 
more  arbitrary:  the  former  arc  like  the  firft 
attempts  towards  the  exprcflion  of  obje^s, 
which  was  by  drawing  their  refemblances;  the 
Utter  corrtfpond  more  to  the  prefeni  ufe  of 
languages  and  writing.  Thus  the  evidence  of 
Geometry  is  fqmetimes  more  fimple  and  ob- 
vious; but  the  ufe  of  Algebra  more  cxtcnfivc, 
and  often  more  ready :  efpecially  fmce  the  ma- 
thematical fciences  have  acquired  fo  yaft  an 
extent,  .and  have  beca  applied  to  to  many  en- 
quiries. 

§  3'.    Tn  thofe  fciences,  it  is  not  barely  mag« 

nitudc  chat  is  the  objeA  of  Contemplation:    but 

there 
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there  are  many  afFeftions  and  properties  of  quan- 
titieSy  and  operations  to  be  performed  upon 
them^  that  are  necefiarily  to  be  confidered.  In 
c(timacing  the  ratio  or  proportion  of  quanti- 
'ties,  magnitude  only  is  confidered.  (EUm.  5. 
^^f'  3')  But  the  nature  and  properties  of 
figures  depend  on  the  pofition  of  the  lines  that 
bound  thcm^  as  well  as  on  their  magnitude.  la 
tceatfng  of  motion^  the  direAion  of  motion  as 
well  as  its  velocity ;  and  the  direAion  of  powers 
that  generate  or  deftroy  motion,  as  well  as 
their  forces,  muft  be  regarded.  In  Optics, 
the  pofition,  brightnefs,  and  diftinftnefs  of 
images,  are  of  no  lefs  importance  than  their 
bignefs ;  and  the  like  is  to  be  faid  of  other 
fciences.  It  is  necefiary  therefore  that  other 
fymbols  be  admitted  into  Algebra  befide  the  let« 
ters  and  humbers  which  reprefent  the  magni* 
tude  of  quantities. 

§  4.  The  relation  of  equality  is  expreflTed,  by 
the  fign  = ;  thus  to  exprefs  that  the  quantity  re* 
prefented  by  a  is  equal  to  that  which  is  repre- 
iented  by  h,  we  write  a  zz  b.  But  if  we  would 
exprefs  that  a  is  greater  than  b^  we  write  a  ^  b  ^ 
and  if  we  would  exprefs  algebraically  that  a  is 
lels  than  b^  we  write  a'^b. 

§  5.  QUANTITY  is  what  is  made  up  of  parts> 
or  is  capable  of  being  greater  or  lefs.  It  is  in^ 
creafed  by  Aidition^  and  diminifiied  by  Subtract 
lion  I  which  are  therefore  the  two  primary  ope- 

B  rations 
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rations  that  relate  to  quantity.  Hence  it  is,  that 
any  quantity  may  be  fuppofcd  to  enter  into  al- 
gebraic computations  two  different  ways  which 
have  contrary  effefts;  cither  as  an  increment  or  as 
a  decrement;  that  is,  as  a  quantity  to  be  added 
or  as  a  quantity  to  be  fubtradled.  The  fign  + 
(plus)  is  the  mark  of  Addition,  and  the  fign  — ' 
(minus)  of  SuhlreUiion.  Thus  the  quantity  be- 
ing reprefented  by  a,  +  a  imports  that  a  is  to  be 
added,  or  reprefents  an  increment ;  but  —  d 
imports  that  a  is  to  be  fubtrafted,  and  reprefents 
a  decrement.  When  fevcral  fuch  quantities  arc 
joined,  the  figns  ferve  to  iliew  which  are  to  be 
added,  and  which  are  to  be  fubtrafted.  Thus 
+  J  +  i  denotes  the  quantity  that  arifes  when  a 
and  b  are  both  confidered  as  increments,  and 
therefore  expreffes  the  fum  of  a  and  b.  But 
■^  a  —  b  denotes  the  quantity  that  arifes  when 
from  the  quantity  a  the  quantity  b  is  fubtraftcd  ; 
and  exprefTcs  the  excefs  of  a  above  b.  When 
a  is  greater  than  b,  then  0 — b'n  itfclfan  in- 
crement i  when  a=-b,  then  a  —  b  =  oi  and 
when  a  is  lefs  than  b,  then  a — b  is  itletf  a  de- 
crement. 

§  6.  As  addition  and  fubtraftion  arc  oppo- 
fite,  or  an  increment  is  oppoGtc  to  a  decre- 
ment, there  is  an  analogous  oppofition  between 
the  affcftions  of  quantities  that  are  confidered 
in  the  mathematical  fciences.  As  between  ex-^ 
Cffs  and  dcfcfl  j  between  the  value  of  effcfls 


1 
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or  mooey  due  to  a  man,  and  money  due  by  j 
him ;  a  line  drawn  towards  the  rightj  and  a  line  i 
drawn  to  the  left;   gravity  and  levity;  eleva- 
tion above  the*  horizon,   and  depreflion  below  ' 
it.     When  two  quantities  equal  in  refpeft  of  ' 
magnitudej    but  of  thofe  oppofite  kinds,    are  I 
joined  together,  and  conceived  to  take  place  in  I 
the  lame  fubjed,  they  dcftroy  each  other's  ef-  ' 
feftj  and  their  amount  is  nothing.    Thus  lOo/.  1 
due  to  a  man  and  lOo/.  due  by  him  balance  ( 
eaeh  other,  and  in  eftimating  his  ftock  may  be  . 
)>oth  negleAed.     Power  is  fuftained  by  an  equal  ^ 
power  a£ting  on  the  fanie  body  with  a  contrary  | 
dire^ion,  and  neither  have  effeft.    When  two 
unequal  quantities  of  thofe  oppofite  qualities 
ere  joined  in  the  fame  fubjedt,  the  greater  pre- 
vails by  their  diflference.    And  when  a  grcatej- 
quantity  is  taken  from  a  lefTer  of  the  fame 
kind,   the  remainder  becomes  of  the  oppofite 
kind.  Thus  if  we  add  the  lines  AB  and  BD  to* 
gether,  their  . 

but  if  we  are  ,  ,  t 

to     fubtradk  U       \  ft  A 

BD  from  AB,  ^       ^  ^  ^ 

then  BCrzBD  is  to  be  t^en  the  contrary  way 
towards  A,  and  the  rcn\ainder  is  AC ;  which, 
when  BD,  or  BC  exceeds  AB,  becomes  a  line 
on  the  other  fide  of  A.  '  When  two  powers  or 
ibrces  are  to  be  added  together,  their  fum  a&s 

fi  2  upon 
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upon  ihe  body  ;  but  when  wc  arc  to  fubtraft 
one  of  them  from  the  other,  we  conceive  that 
which  is  to  be  fubtracted  to  be  a  power  with  an 
oppofite  direction  ;  and  if  it  be  greater  than  the 
other,  it  will  prevail  by  the  difference.  This 
change  of  quahty  however  only  takes  place 
where  the  quantity  is  of  fuch  a  nature  as  to  ad- 
mit of  fuch  a  contrariety  or  oppoficion.  We 
know  nothing  analogous  to  it  in  quantity 
abftraftly  confidered;  and  cannot  fubtrad  a 
greater  quanticy  of  matter  from  a  lefler,  or  a 
greater  quantity  of  ligiit  from  a  leffcr.  And 
the  application  of  this  doctrine  to  any  art  or 
fcience  is  to  be  derived  from  the  known  prin- 
ciples of  the  fcience. 

§7- A  quantity  that  is  to  be  added  is  like- 
wife  called  a  fofilivc  quantity  ;  and  a  quantity  to 
,  be  fubtrafted  is  faid  to  be  negative:  they  are 
equally  realj  but  oppofite  to  each  other,  lb  as 
to  cake  away  each  other's  effect,  in  any  opera- 
tion, when  they  arc  equal  as  to  quantity.  Thus 
3  —  3  =  0,  and  a  —  a  =  o.  But  though  +  a 
and  — <3  are  equal  as  to  quantity,  we  do  not 
fiippofe  in  iijigebra  that  +  a= — a-,  becaufc 
to  infer  equality  in  this  fcience,  they  muft  not 
only  be  equal  as  to  quantity,  but  of  the  fame 
.quality,  that  in  every  operation  the  one  may 
■have  the  (ame  cfltdt  as  the  other.  A  decrement 
may  be  equal  to  an  increment,  but  it  has  in  all 
operations  a  contrary  effect;  &  motion  down- 
wards 


A 
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wards  may  be  equal  to  a  motion  upwatxls,  and 
the  depreffion  of  a  ftar  below  the  horizon  may 
be  equal  to  the  elevation  of  a  ftar  above  it; 
but  thole  poGtions  are  oppofire,  and  the  diftancc 
of  the  liars  is  greater  than  if  one  of  them  was 
at  the  horizon  fo  as  to  have  no  elevation  above 
it,  or  depreffion  below  it.  It  is  on  account  of 
this  contrariety  that  a  negative  quantity  is  faid 
to  be  lefs  than  nothings  becaufe  it  is  oppofite  to> 
the  politive,  and  diminilhes  it  when  joined  to  ir> 
whereas  the  addition  of  o  has  no  cfFeft.  But, 
ftiegative  is  to~  be  conftdered  no.  tcfs  as  a  real 
quantity  than  the  po'fitive.  Quantities  that  have 
no  fign  prefixed  to  tb«m  are  un^crftood  to  be 
poGtive. 

§^  8.  The  number  prefixed  to  a  letter  is  call- 
ed the  numeral  ccifficien^^  and  (hefws  how  often 
the  quantity  reprefented  by  the  letter  is^,  to  be 
takenr.  Thus  2<j' imports  that  the  quantity  re- 
prefented by  a  is  to  be  taken  twice;  3^  that  it 
is  to  be  taken  thrice;  and  fo  on.  .When  no. 
number  is  prefixed,  ^imt\%  undcrftood  to  be  the* 
coefficient.  Thus  ir*  is  the  coefficient  of  a  or 
of^.  ^ 

Quantities  are  ftid  to.  he  Jike, or  Jimilar^  that 
are  reprefented  by  the  fame  letter  or  letters 
equally  repeated.  ,  Thus  +  3^1  and — ^  ia  are 
like-;  butf  a  and  b,  or_(^  and  aa  are  unlike,  . 

J^i^^  quantity  is  jfaid   to   confift  of .  as   many 

/ir^  ^s  there  are  parts  joined  by  the.figns  + 

.    '  B  3  or 
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x>r  -^ ;  thus  a  +  t  confifts  of  two  terms,  and  is 
called  a  binomial  i  a  +  t  +  c  confifts  of  three 
termsy  and  is  called  a  irincmiaJ.  Thefe  are 
tailed  compound  quantities :  a  ^fimple  quaintiry 
confifts  of  one  term  only,  as  -^  a,  or  +  ai^  or 
+  abc. 

The  othei;  fymbols  and  definitions  neceflar]^ 
in  Algebra  (kaX\  be  explained  in  their  proper 
places. 


mm 
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CHAP.    IL 


OF    ADDITION. 

§  9«  f^hSE  L    To  add.  quantities  that  ^u'C 
V>4  lil^c  and  have  like  flgns. 

Rule.  Jidd^  togeiber  ibe  coefficients y  to  their  Jum 
prefix  the  common  ftgny  and  Jubjoin  the  common 
letter  or  letters. 

E  X  KM  P  L  E  S. 

t 

To     +  5a        to    —  6b        to       tf  +  h 
Add  +  4^        add  -^a*        add  jtf+5* 


♦-*i 


Sum  +  9^        Sum— 83 


Sum  44+ 6^ 
To 


Cha9,  a« 
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To      sa—  4x 
Add    511 —  8jc 


Sum    2a — i2x 


Cafe  IL    To  add  quantities  that  are  like  but 

have  unlike  figns«    ;^  ^  . 

• 

Rule.  Subtraif  the  leffer  coefficient  from  the 
^  eater  J  prefix  the  Jign  ef  the  greater  to  the 
rimaindir^  and  Jubjoin  the  common  letter  or 
letters. 

EXAMPLES. 


To    — 4ii 
Add   +7>f 

Sum  +3^ 

To         «+6*— £y+8l 
Add  -w  5a — ^4X+  ^—Z 

Sum  —  44J+2X-—  jf+5 


+  5^— 6r 
—3*+ 8c 


■ir 


■*«■ 


2^+  OX 


7a — Q,b 

■24+  lb 
CO 


This  rule  is  eafily  deduced  ftagx  the  nature  of 
pofitive  and  negative  quantitjes^ 

If  there  are  more  than  {wo  quaatities  to  be 
added  together^  firft  add  the  pofitive  together 
into  one  fum^  and  then  the  iiegadye  (by  Cafe  I.) 
Then  add  thefe  two  fums  together  (by  Cafe  II.) 


»4 


EX. 
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EXAMPLE. 

i 

+ 
+ 

7" 
loa 

12a 

Sum  of  the  pofitivc  . 
Sum  of  the  negative . 

.  + 

19a 

Sum  of  all 


Cafe  III.     To  add  quantities  that  are  unlike. 

Rule.     Stt  them  ail  down  one  after  anoibtr^  with 
their  Jjgm  and  coefficients  prefixed. 


EXAMPLES. 

To     +  la 
Atid  +3* 

Sum      2fl+3* 

+  ia         ■ 

—  V 

3"— A' 

To            4o+4i  +  3<- 
Add     — 4A- — 4J  +  32 

4"  +  4* + 3C— 4*— 4?  +  J2 


CHAP, 
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OF  SUBTRACTION. 

§  lO.  i^Ertcral*  rule.  Change  the  Jigns  9ftbi 
V»J  quantity  to  he  JuhtraRtd  into  their 
contrary  Jigtis^  and  then  add  it  fo  ekangei  to  the 
quantity*  from  which'  it  was  to  hepmrdSed  (iy 
the  rules  of  the  lafi  chapter):  thefttm  arijinghy 
this  addition  is  the  remainder.  For,  to  fubtraft 
any  quantity,  cither  pofitivc  or  negative,  is  thp 
fame  as  to  add  the  oppolitc  kind^ 


EX  A  M  P  L  E  S. 


From 
Subtraft 


Iflcmaind.     5^  —  3^,  or  ^ 

From 
Subtraft 


Za —  7i 
Sa— Ilk 


2«— 3*+iy— 6 


iMi^i 


jlcmaind.  —4^1— 7*  6  — 10 

It  is  evident,  that  to  fubtraft  or  take  away 
a  decrement  is  the  fame  as  adding  an  equal  m^ 
crement.  If  we  take  away  -*-^  frort  a — b, 
there  remains  ai  and  if  we  add  +  $  to  a — *, 
die  fum  is  Ekewife  a.  Inr  general,  the  fub- 
traftion  of  a  negative  quantity  is  equivalent  to 
juldinjg  its  poGtive  value, 

'  f     C  H  A  Pv 
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CHAP.    IV. 

OF  MULTIPLICATION. 

§  ii»TN  Multiplication  the  geno-al  rule  for 
X  the  fign  is.  That  wbw  the  Jigns  of 
the  faElors  4ure  iike  (i.  c,  both  +,  or  both-^,) 
^Jign  cf  Hh  produS  is  +  i  but  whin  ibejgns 
€fthi  faHors  ^r  unUis^  ike  Jign  cf  she  frodua 


Cafe  It  When  any  ppfitivc  quantity^  -f  #,  il 
multiplied  by  any  pofitive  number, 
'^n^  the  meaning  isj,  That  +ii  is  to 
be  taken  as  many  times  as  there 
are  units  in  m  and  the  produft  i^ 
evi(Jently  na. 

Cafe  IL  When  — a  is  multiplied  by  »,  then 

-*-tf  is  to  be  taken  as  often  as  there 

are  units  in  n^  and  the  product  mud 
be  "^na. 

Cafe  Ilh  Multiplication  b/  ^  pofitive  number 
implies    a    repeated   addition:     but 
\^  iBukip)ication    by    a    negative    irn-^ 

plies  a  repeated  fubtraftion.  And 
nrhen  :fa  is  to  be  multiplied  by 
if—  jf,  the  meaning  is^  That  +m  \% 
to  be  fubtraded  as  often    as  there 

4  ^'^ 
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are  units  in  n:  therefore  the  prodaft 
is  negative,  being  — »^. 


Cafe  IV.  When  —  <?  is  to  be  multiplied  by  — »i 
then  — <?  is  to  be  fubtra6ted  as  o^- 
ten  as  there  are  ur^its  in  n ;  but  (by 
§  10,)  to  fubtraft  — ?  a  is  equiva- 
lent to  adding  -^a^  coqftquently  thp 
produft  is  +na. 

The  lid  and  IVth  cafes  niay  be  illuftrated 
in  the  following  manner. 

Biy  the  definitiojw,  +  ^  -^  tf  =  o;  therefore, 
if  we  multiply  +  ^  —  ^  by  »,  the  produdt  muft 
vanilh  or  be  o,  becaufe  the  faftor  ^  —  ^  is  o. 
The  firft  term  of  the  produdt  is  +  na  (by 
Cafe  I.)  Therefore  the  fecond  term  of  the  pro- 
duft  muft  be  —  na,  which  deftroys  +  na-,  fo 
that  the  whole  produft  mUft  be  +  na  -^  na 
=  o.     Therefore—  u  multiplied  by  +  »  gives 

In  like  manner,  if  we  multiply  +  a  -y^  ahj 
—  »,  the  ftrll  term  of  the  produft  being  —  na^ 
the  latter  term  of  the  product  muft  be  -hna, 
becaufe  the  two  together  muft  deftroy  .each 
other,  or  their. amount  he  o,  fince  one  of  the 
ftftors  {viz.  a^—a)  is  o.  Therefore  — ^  mull 
tiplied  by  — n  mu(^  give  +  na. 

In  this  general  dodrine  the  multiplicator  is 
always  confidered  as  a  number.     A  quantity  of 

any 
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any  kind  may  be  muldplied  by  a  number:  but 
a  pound  is  not  to  be  multiplied  by  a  pound, 
or  a  debt  by  a  debt,  or  a  line  by  a  line.  We 
fliall  afterwards  confider  the  analogy  there  is 
betwixt  re6hing!es  in  Geometry  and  a  produft 
of  two  fadors. 

§  12.  If  the  quantities  to  be  multiplied  are 
Jimfle  quantities,  find  tbefign  of  fbe  product  by 
the  lafi  rule;  after  it  f  lace  Ibe  produSl  of  the  co- 
efficients, and  then  fet  down  all  the  lelten  after 
tne  ano(b?r  at  in  one  word. 


4 


EXAMPLES. 

Muk.    +<j 

^la                       6x 

By        +4 

+  4*                —  5" 

Prod.     +ab 

— 8d4              — joax 

Mult.  —  8« 

+    31^ 

By      —  V 

—  5,1c 

Prod.    +32i7X 

—  l^aah 

§   1^3.  To  multiply  csw/OKff i/quantitiM,  ypu 

mud  mullifly  every  part  of  the  multiplicand  iy 
all  the  parts  of  ibe  muUiplier  taken  me  ^fter  an- 
other, and  then  collet  all  the  produlls  into  one 
fum:  that fum /hall it  the  prodtt£J  required. 
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EXAMPLES. 


'Mult. 
By 


Prod 


\aa-k-  ab 
•  4     +  tf^ 


ab+bb 


Sum        aa+aab+bb 


Mult. 

By 

Prod. 
Sum 


>   ■■ 


4^^ 


•  • 


ebb 


XX — ax 
x+a 


(xxx-^'-axx 

\       +axx''^aax 

XXX .  .  o^'^ax 


Mult.       tfj+tf*+^* 
By  4^—b    . 


Prod 


Sum 


faaa  + 


^  j^  +  abb 
•"'•^ab — abb — bbb 


aaa  • .  o  .  •  •  o  — bbb 


§  14,  Produfts  that  arifc  from  the  multipH- 

,  cation  of  two,   three,    or   more  quantities,  as 

abcj   are  faid  to  be  of  two,  three,  or  more  di- 

tnenfions ;  and  thofe  quantities  are  called  faSlors 

Qt  roots. 

If 
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If  all  the  factors  are  equal,  then  thefe  pro- 
duiSs  are  called  powers ;  as  aa  or  aaa  are  pow- 
ers of  a.  Powers  are  exprcfled  fometimes  by 
placing  above  the  root  to  the  right-hand  a  figure 
exprcDlng  the  number  of  faftors  that  produce 
them.    Thus, 


IsR: 


aaaa 
aaaaa-J 


ft"^  Power  of  the  fa 

d        root  a,  and     a'' 

V"^  3d   r  is     fhortlys  »* 

S*     4th       exprefled        a* 

^  LjthJ     thus,  Lrt' 


§15.  Thefe  figures  which  exprefs  the  num- 
ber of  faftors  that  produce  powers  are  callctl 
their  indues  or  expenents;  thus  2  is  the  index  of 
a*.  And  powers  of  the  Jame  root  are  multiplied 
hy  adiiittg  their  exponents.  Thus  a'  x  a'  =  a% 
a*  X.  a'  •=  a',  a'  x  «  =  a*. 

%  16.  Sometimes  it  is  ufeful  not  aflually  to 
multiply  compound  quantities,  but  to  fet  them 
down  with  the  fign  of  multiplication  (x)  be- 
tween them,  drawing  a  line  over  each  of  the 
compound  faftors.  Thus  a  +  ^  x  a — b  ex- 
prefies  the  product  of  u  +  i  multiplied  by  a — b. 


CH 


I 

1 


Chap.  ;.       ALGEBRA.  t9 


CHAP.    V. 

OF     DIVISION. 

$  17,  nr^HE  fame  rule  for  the  figns  Is  to  be 
X  obferved  io  Diyifion  as  in  Multi-i 
plication ;  that  is,  If  the  fi^ns  of  the  dividend 
^nd  divifor  are  like^  the  fign  of  tb$  quotient  tnufi 
ie  +  ;  if  tbey  are  unlike^  tbejign  of  the  quotient 
mufi  he  — .  This  will  be  eafily  deduced  from 
the  rule  in  Multiplication,  if  you  confider  that 
the  quotient  muft  be  fuch  a  quantity  as  multi- 
plied by  the  divifor  fhall  give  the  dividend^ 

§18.  The  general  rule  in  Divifion  is,  t^ 
flace  the  dividend  above  a  fmaU  line^  and  the  di^ 
vifor  under  ity  expunging  any  letters  that  may  be 
found  in  all  tbe  quantities  of  tbe  dividend  and  di% 
vifor ^  and  dividing  tbe  coefficients  of  all  tbe  termf 
by  any  common  mtafure.  Thus  when  you  divide 
loab^i^ac  by  20^1^,  expunging  a  out  of  ail 
the  terms,  and  dividing  all  the  coefficients  by 

j;,  the  quotient  1$  —j^i  ^nd 

2b)ai  +  bb{^'^^ 


%iah)zoax —  54^(^^^^. 


^a) 


IS 
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iivided  h^     ^H 
muUiplitd      ^^\ 


And  lhi)^ahc{^~. 

§  19.  Powers  of  the  fame  root  are  divided  h^ 
JuhlraSting  tbeir  exponents  as  tbey  are  multiplied 
by  aiding  thetn.  Thus  if  you  divide  a^  by  a\ 
ihe  quotient  is  a'"*  or  a'.  And  ^*  divided  b/ 
i*  gives  i^~*  or  i^ ;  and  «'i'  divided  by  «'i' 
gives  a^y  for  che  quotient. 

§  ao.  JJ*"  ^j&/  quantity  to  be  divided  is  com- 
pound, then  you  muJI  range  its  parts'  aecorditig 
to  the  dimenfioiis  of  fame  one  of  its  letters  as  in  tht 
following  example.  In  the  dividend  0*+  zai>  +  b*^ 
they  are  ranged  according  to  the  dimenfions  of 
a,  the  quantity  a'  where  a  is  of  two  dimen- 
fions being  placed  fiift,  2<ji  where  it  is  of  one 
dimenfion  next,  and  b\  where  a  is  not  at  all, 
being  placed  la(V.  7'he  divifor  a  +  h  mufl  be  ran- 
ged according  to  the  dimenfions  of  the  fame  letters  -, 
then  you  arc  to  divide  the  Jirfi  term  of  the  dividend 
by  ihefi'fi  term  of  the  divifor,  and  lofet  down  the 
quotient,  •mhich,  in  this  example^  is  a  j  then  mulr 
tiply  this  quotient  by  the  whole  divi/or,  and  fub- 
tre£f  the  fredu£l  from  the  dividend,  and  the  re- 
Kiainder  Jball  give  a  new  dividend,  which  in  ihii 
example  is  ab  +  ^'. 

a  +  i 
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-»'+   ab 


>9 


ab  +  h* 


Bivide  thefirji  term  of  this  new  dividend  by  the 
jirji  term  ef  the  dtvi/ory  andfet  down  the  quotient 
(wbicb  in  this  example  is  b)  with  its  proper  ^gn. 
Then  multiply  the  whole  divifor  by  tbti  part  of  the 
quotient,  and  fubtraSt  the  produSt  from  the  nevf 
dividend  i  and  if  there  is  no  remainder,  the  divifion 
isfinifhed:  If  there  is  a  remainder,  you  are  to 
proceed  after  the  fame  manner  till  no  remainder 
is  left ;  or  till  it  appear  thai  there  will  be  always 
fome  remainder. 

Some  examples  will  illuftrate  this  operation. 

EXAMPLE     I. 
*  +  i)  a^ — h'  )a — i 


—ab — i' 
—ab—b* 


^Efi 

■ 

— ; 
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EXAMPLE     II.                       ^M 
>  —  3^ab  +  3abb  —  bbb  (aa — iab+b&    ^H 

—  aaab  +  ^abb  —  bb^ 

—  7aab  +  labb 

1 

abb  —  bbh 
abb  —  bbb 

J 

^^^^H 

\ 

EXAMPLE    III. 
aaa  —  aab 

i 

aah  —  bbb 
aab  —  abb 

1 

abb  — bbb 
abb  — bbb 

1 

J 

Chap.  5.  ALGEBRA. 


3«-6) 

EXAMPLE 

6aaaa — ^6(2aaa  +  ^a 
6aaaa — tT/taa 

IV. 
+  8a+ 

16 

1 

i2aaa — 96 
i2aaa — 2^aa 

■ 

i^aa — 48  ij 

1 

r 

4U- 
4U- 

-96 
-96 

■ 

0 

0 

§  21,  It  often  >iappens  that  the  operation 
may  be  continued  without  end,  and  then  you 
have  an  infinite  Series  for  the  quoitenf;  and  hy 
comparing  the  firfi  three  or  four  terms  ycu  may 
find  what  law  the  terms  ob/erve:  by  which  weanst 
without  any  more  divifiorty  you  mtrf  continue  iht 
quotient  as  far  as  you  pUafc^  Thus,  in  dividing 
1  by  I — a,  you  find  the  quotient  to  be  i+d 
■¥  aa  ^  aaa  +  aaaa  +  &c.  which  Series  can  be 
continued  as  far  as  you  pleafe  by  adding  the 
powers  of  a. 


Ci 


The 


^     T  R  Ei 


I  S  E     «/  PaRtVI 


The  operation  is  thus : 
I— <i)iCi+d  +  afl  +  ana  i^e. 


»^C. 


^^'  AnoEher  Example. 

— ^.^  /  ,    2*:*  Ur'  %X*  -J 


— tx  +  xx 

—J* — X* 

+  MA: 

-t2XX+ 

a 

r              ~" 

0 

1 

2*' 

2X* 

1 

« 

*' 

fcff. 
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In  this  laft  exarfipie  the  figns  arc  alternately 
+  and  — ,  the  coefficient  is  conftantly  1,  after 
the  6rft  two  terms,  and  the  letters  are  the  pow- 
ers of  .r  and  a;  fo  that  the  quotient  may  be 
continued  as  far  as  you  pieafe  without  any  more 
divifion. 

But  in  Divifion,  after  you  come  to  a  remain- 
der of  one  term,  as  ixx  in  the  laft  example, 
it  is  commonly  fct  down  with  the  divifor  under 
it,  after  the  other  terms>  and  thefe  together 
give  the  quotient.     Thus,  the  ■quotient  in  the 

bft  example  is  found  to  bt  a  —  K  + .  And 

ih  +  at  divided  by  ^  —  a  gives  for  the  quotient 


Nate,  The  fign  'r-  placed  between  any  two 
quantities,  expreffes  the  quotient  of  the  former 
tlivided  by  the  latter.  Thus  a  +  b  -=r  a  —  *:  is 
rfic  quotient  of  a  +  b  divided  by  *  —  *, 


CH  AP^ 


44 
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CHAP.     VI. 


OF    FRACTIONS. 

§  22.  TN  [he  hft  Chapter  it  was  faid  that  the 

X  quotient  of  any  quantity  a  divided  by 

b  is  exprefled  by  placing  a  above  a  fmall  line  and 

h  under  it,  thus,  7-.    Thefe   quotients    are  alfo 

called  FraffioHj;  and  the  dividend  or  quantity- 
placed  above  the  line  is  called  the  T^umeralor 
of  the  fraiSbion,  and  the  divifor  or  quantity 
placed  under  the  line  is  called  the  Dsncniinater* 

Thus  —  cxpreffes  the  quotient  of  2  divided  by  31 

and  a  is  the  numerator  and  3  the  denominator  of 
the  fraftion. 

§  23.  Tf  tbt  numerator  of  a  fraBien  is  equal 
to  the  dencminatorr  thin  the  fraSfion  is  equal  to 
unity.     Thus  —  and  —  are  equal  to  unit.     If  the 

Tiumerator  is  greater  than  the  denominafort  then 
the  fraSiien  is  greater  than  unit.  In  both  thefc 
cafes,  the  fratflion  is  called  improper.  But  if  the 
numerator  is  lefs  than  the  denominator,  then  the 
fraSion  is  lefs  than  unit,  and    is  called  proper. 

Thus        19  an  improper  fraction  j    but   -  and 

—  are  proper  fraftions.     ^  mixt  quantity  is  that 

whereof 


1 
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whereof  one  part  is  an  integer  and  the  other  a 
fraifion.    As  3-J  and  5',  and  «  +  y- 

PROBLEM    L 

%  14.  To  reduce  a  mixt  quantity  to  an  impro- 
per Fraction. 

Rule.     Multiply  the  part  that  is  an  integer  hy  the 
denominator  of  the4raSiiomi  pari  \  and  to  the 
prodult  add  the  numerator ;    under  their  fum 
pUce  the  former  denominator. 
Thus  2  4  reduced  to  an  improper  fraiftion, 

gives  -^  i  a  +  -r  —  — 7 —  J    and  a  —  *  + 


PROBLEM    11. 

§  25.  To  reduce  an  improper  fraliion  to  a 
MIXT  Quantity. 

Rule.  Divide  the  numerator  of  the  fraSlion  hy 
the  denominator,  and  the  quetient  fiiall  give  the 
integral  part  j  the  remainder  Jet  over  the  deno- 
minator  fhall  be  the  fratlional  part. 


=  2|; 


■:fc-+    -r; 


PRO- 
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PROBLEM    III. 

§  26.  To  rtduce  fraBiom  ef  aiffercr.t  eifnamina- 
tions  to  the  fraRhm  of  equal  value  thai  [hall 
have  thefam<_  denominator. 

Rule.  Multiply  each  numerator,  f epar at ciy  taken, 
into  ell  the  demminatori  hut  its  own,  and  the 
frodu^s  Jhall  give  the  new  numet-ators.  Then 
multiply  all  the  denominators  into  one  another^ 
and  ibe  produii  Jhall  give  the  common  denomina- 
tor. 


Thus  the  fradions  - 


,  — ,  arc  rcfpcJlively 


equal  to  thefe  fraftions  -—,    7—,    —^,    whicU 
^  I/id      oca     i/cd 

have  the  fame  denommaior  bed.  And  [he  fraflions 

-*,   i,   — ,  are  rerpedtively  equal  to  thefe  p, 

45      48 
60 '    60' 


PROBLEM    IV. 
§  i-j.  To  ADD  and  SUBTRACT  FraStcns. 
Rule.      Reduce  them  to  a  common  denominator, 
and  add  or  Jubtra£l  the  numerators,  ihejum  or 
difference  Jet  over  the  common  denominator,  ii 
thefuin  or  remainder  required. 

Thus 


Chaf.  6. 


a         t         ad— be 


ALGEBRA. 

ade  +  bet  +  d'i 


^ 3  ^'6-iS_    '    . 

j  4  30  20  ' 

2       3  6-6' 

PROBLEM    V. 
^  i8.    I'o  MULTIPLY  Fra£lioni, 

Rule.  Multiply  iheir  numerators  me  into  anothtr 
to  tihiain  the  numerator  of  the  produli ;  and 
their  denominators  multiplied  into  one  another 
Jball  give  ibe  denominator  of  the  preduS. 

8 


Thus  -  X  -  =  -J 


-+i, 


'5 


and 


If  a  mixt  quantity  is  to  be  multiplied,  firft 
reduce  i 
And  if  an  integer 


:  form  of  a  fradion  (by  Prolr.  I.) 

■  is  to  be  multiplied  by  a  frac- 

rcduce  it  to  the  form  of  a  frac- 


tion, you  may 

lion  by  placing  unit  under  it. 

EXAMPLES. 


5t  >*  f  =  -V 


;      9       X      _=    ^    X     ^ 


3 
a'i  +  abx       eh 
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a    ba  +  bit       a 


PROBLEM    VI. 

§  29.     To  DIVIDE  Fra^ions. 

Rule.  Multiply  the  numerator  of  the  dividend  hy 
the  denominator  of  the  divifor,  their  prcduSI 
fhall  give  the  numerator  of  the  quciiait.  Then 
multiply  the  denominator  of  the  dividend  hy  the 
numtrater  of  the  divifor-,  and  their  produB  fhall 
give  the  denominator. 

,  Th»t\2.(If,l)i(25.    ')"(»i., 

5/3   *»2     7/8\24'    d  J  b  \cb  ' 
a  -^  b\  a  ~  b  ya'  —  2nli  +  b'- 
o—  b)      a       \       (P-  -^Tb 
§  jO.  Thefe  lad  four  Rules  are  eafily  demon-> 
ftraccd  from  the  definiiioaof  a  fraflion. 

1.  It  is  obvious  that  the  fratftions  — ,    -:,    — , 

ii       a'    f 

are  refpeflively  equal  to  ^,    — ,  j^^   fincc  if  J 

you  divide  adfhyldf,  the  quotient  will  be  the 
fame  as  of  a  divided  by  h  ;  aiid  cbf  divided  by 
dif  gives  the  fame  quotient  as  f  divided  by  ^,- 
and  ei  d  divided  by  fi  d  the  fame  quotient  as 
e  divided  by  /. 

2.  Fractions  reduced  to  the  fame  drnomina- 
tion  arc  added  by  adding  their  numerators  and 

J  fub- 
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fubfcribing  the  common  denominator.      I   fay 

7-  +  -7  =  — : — •  ^or  call  t  —  '">  ^i" 
bob  6 

r-  =  »,  and  it  will  be  d  =  w3,  e  =  nh,  and 
tub  -V  nb  =^  a  •¥  Cy  and  m  +  n  =  — - —  ;  that 
is,  T-  +  r  =  ~~i — •  After  the  fame  manner, 
7-  —  r-  =  w— «  =  — T- 


3.  l%f-xl(  = 
dfi  —  c  i   and  bdmn  - 


n)  =  Tji  for  bm  ^  a, 
■,  and  mn  =  — .;  that 


4. 1  fay  —  divided  by  -j,  or  — ,  gives  — ; 
for  mh  —  a,  and  mbd  ti  ad;  nd  =  c,  and 
wid  ■=  ch;   therefgre  — r-r  =  —  j      that     is. 


PROBLEM    VII. 

5  31.  7*0  jind  the  greateji  commm  Mtafurc  of 

two  numhtn ;  that  is,   the  grcatelt  number  that 

can  divide  them  both  without  a  remainder. 

Rule.      F'tTJi  divide  the  greater  number  by  the 

lejfer^  and  if  tbtr£  is  no  remainder  lb-:  leffer 

number  is  the  greatej  common  divifor  required. 


V 


30  ^Tr6atisec/      Part  I, 

If  there  is  a  remainder,  divide  yew  loft  divi/er 
kf  it  j  and  thus  proceed  tonlinaulh  dividing  the 
jaft  divifor  by  its  remainder,  till  there  is  no  re- 
mainder left,  and  then  the  laji  divifor  is  the 
grtatejl  common  Mtafure  required. 
Thus  the  grcatell  common  meafure  bf  45  and 

63  is  9 ;  and  the  greateft  common  meafure  of 

256  and  48  is  16. 

45)63(1  48)256(5 

45  240 


18)45(2 
36 


9)  18  (2 


16)48(3 
48 


§  32.  Much  after  the  fame  manner  the  greateft 
common  meafure  of  algebraic  quantities  is  dif- 
covercd  i  only  the  remainders  that  arife  in  the 
cperalimi  are  to  he  divided  iy  their  ftmple  diviferj, 
and  the  quantities  are  always  to  be  ranged  attord' 
ing  to  the  dimenftens  cf  the  fame  letter. 

Thus  to  find  the  greateft  common  meafure 
©fa'  —  b*  and  a*—  lab  +  h''  -, 

a"  —  b')  a"  ■ —  lab  +  ^'  (1 
fl'  — i* 


-  2nb  +  ai'  Remainder, 
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which  divided  by  —  2  ^  is  reduced  to 


Therefore  a  —  ^  is  the  greateft  common 
mcafure  required. 

The  grounJ  of  this  operation  is,  That  any 
quantity  that  mcafurcs  the  divifor  and  the  re- 
mainder (if  there  is  any)  muft  alfo  meafiJie  the 
dividend;  becaufc  the  dividend  is  equal  to  the 
fum  of  the  divifor  multiphed  Into  the  quotientj 
and  of  the  remainder  added  together*.  Thus 
in  the  laft  example*  a-*-  b  meafures  the  divifur 
a*  —  b\  and  the  remainder  — .  ^ab  +  ai'j  it 
mud  therefore  likewife  meafure  their  fum  a'  — 
iab  +  b^.  You  muft  obferve  in  this  operation 
to  make  that  t!ic  dividend  which  his  the  higheft 
powers  of  the  letter,  according  to  which  the 
quantities  are  ranged. 

P  R  O  B  L  E  IVl     VIII. 
^  33.  To  reduce  any  FraSiion  to  its  loweji  terms. 

Rule.     Find  the  grealefi  common  mtafure  of  the 

numerator  and  denominator -,  divide  them  by  that 

common  meafure  and  place  the  qtitients  in  their 

room,  and  you  Jball  have  a  fraUion  equivalent 

•  See  Chap.  XJV. 


^ 
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tc  the  given   fraSlion  exprejftd  in  ttc  Uafi 
lerms. 

Thus  — ')    75"^^   —  3f_ .   is6fla+  is6a5  _ 
25^/  lajif*-        5r  *   572ffa  —  57211* 
3-j  +     3*  . .  fl'-^'  _.    «  +  *  . 

110  —   Hi    '      a'  —  2<j6  +  i'  a  —  i  ■ 

q}  —  ;.V      _  fl'— ^d       a*  —  ^*      _  c'  +  i' 
d'  -t-  2<ii  +  6'~"  fl  +  i    *   fl*  —  (Hi*  *"       tf' 

When  unit  is  the  greateft  common  meafure 
of  the  numbers  and  quantities,  then  the  fraftion 

is  already  in  its  Joweft  terms.     Thus  ^—r  cannot 

be  reduced  lower. 

And  numbers  whofe  greateft  common  mea- 
fure is  unit,  are  faid  to  be  prims  to  one  another, 

%  34-  If  ii  is  required  to  reduce  a  given  frac- 
tion to  a  fraftion  equal  to  it  that  (hall  have  a 
given  denominator,  you  mufl:  multiply  the  »«- 
metalor  hj  the  given  denominator,  and  divide  the 
prcduif  by  the  former  denominator^  the  quotient 
Jet  over  tie  givsn  denominator  is  tbt  fraSlien  re- 

quired.  Thus  —  being  given,  and  it  being  re- 
quired to  reduce  it  to  an  equal  fraftion  whofe  de- 
nominator fliall  beci  find  the  quotient  of  ac 
divided  by  h,  and  it  fliall  be  the  numerator  of 
the  fraction  required. 
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If  a  Vulgar  fraiflion   is  to   be  reduced 
decimal  (that  is,  a  fradtiun  whofe  denomi 


lo,   or   any    nf  its  powers) 


typber 


eafe 


<  the  I 


■  trad 

r  be  I 


nacor 
K  as  many 
■  numerator,  and  then 
divide  it  hy   the  deueminater,  the  quotient  Jhall 
give  a  decimal  e^ual^  to  lie  Vulgar  fra^ien  ^o- 
fefed. 


Thus— =  .66666  6?<:.i   -^=.6; 

—  =  .2857 142  yc. 


§  3$.  Thefc  fraAions  are  added  and  fiiB-" 
traftcd  like  whole  numbers  (  only  care  mull 
be  taken  Co  fet  fimilar  places  above  one  another^ 
as  units  above  units,  and  tenths  above  tenths, 
is?£.  They  arc  multiplied  and  divided  as  inte- 
ger numbers  ;  only  there  mujl  be  as  many  decimal 
places  in  the  produH  as  in  both  the  msltip&tand 
and  multiplier',  and  in  the  quotient  as  mdny  at 
there  are  in  the  dividend  more  than  in  the  diw/gr. 
And  in  divifion  the  quotient  may  be  continued 
CO  any  degree  of  cxactnefs  you  plc-ife,  by  add- 
ing cyphers  to  the  dividend.  The  ground  of 
thefe  operations  is  caQly  undcrftood  from  the  ge- 
neral rules  for  adding,  multiplying,  and  dividing 
fratflions. 


CHAP. 


:  =  «-'+' 


But  alfo. 


=  -^-^  i  therefore  -^j-  =  a' :  And,  in  gene- 
ral, "  any  quan[ii7  placed  in  the  denominator 
of  a  fradion  may  be  tranfpofed  to  the  nume- 
rator,  if  the  fign  of  its  exponent  be  changed,  " 

Thus  —  =  fl— %  and  — -  =  a\ 


§  39-  The  quantity  a"  exprefies  any  pow( 
of  ii  in  general  j  the  exponent  (m)  being  unde- 
termined;  and  <j— ■  exprelTes -^,  or  a  negative 

power  of  a  of  an  equal  exponent :  and  a"  x  <i~" 
"  a'"""  =:  u"  =  I  is  cheirproduf5t.    a"  exprefies 
«ny  other  power  of  «j  a"  y.  a"  —  fl'"+"  is  the 
•  produd  of  the  powers  iT  and  a",  and  a"""'  iSjj 
their  quotient.  I 

fi40.  To  raifc  any  fimple  quantity  to  its  fe- 
cond,  ihird.or  fourth  power,  is  to  add  its  ex- 
ponent twice,  thrice,  or  four  times  to  itfelf; 
tlicreforc  the  fccond  power  of  any  quantity  H 
had  by  doubling  its  exponent,  and  the  third  by 
.  trebling  its  exponent ;  and,  in  general,  iht 
p6v>tr  txprcJJ'ed  by  m  of  any  quantity  is  bad  hy 
tuuUip^ing  Ihi  exponent  ly  in,  as  is  obvious  froj 
ihe  multiplication  of  powers.  Thus  the  fcconj 
power  or  fquarc  of  a  is  «';(■  =  a*  -,  its  ihirfl| 
powci 


] 
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power  or  cube  is  u''*'  =  <j'  j  and  the  mih  power 
of  a  is  a-'^'  =  a".  Alfo,  the  fquare  of  a*  is 
«'*<•  =  a' ;  the  cube  of  u*  Is  a''**  =  a"j  and 
the  mth  power  of  a*  is  a"'-.  The  fquare  of 
ahc'xsab^c^,  the  cube  is  a'iV,  the  wth  power 


§41.  Thcraifingof  quantities  to  any  power 
is  called  7»:'o/«/«ffs  and  any  fimpie  quantity  is 
invehed  by  multiplying  the  expottent  ly  that  of  the 
power  yefiired,  as  in  ilie  prccedint^Extimples. 

The  corj/iiiiut  mitji  effo  be  raifsd  to  the  fir^c 
power  by  continual  muhiplication  of  itidf  by 
itfclf,  as  often  as  unit  Is  cont.iintd  in  the  ixj-'o- 
ncnt  of  the  power  required.  Thus  (he  cube  of 
^ab  is  3  X  3  X  3  X  a'i'  =  2ja^b*. 

As  to  the  Signs,  f^hen  the  quantity  to  be  in- 
volved is  pejitivet  it  is  obvious  that  all  its  powers 
mujl  be po/uize.  And  when  the  "quantity  to  be 
involved  is  negative,  yel  all  its  peit'ers  who/e  ex- 
ponents are  even  numbers  muJl  be  pofiiive,  for  any 
number  of  multipiications  of  a  negative,  if  the 
number  is  even,  gives  a  pofnivc  j  fince  —  x  — 
=  +,  therefore —  x  —  x  —  x  —  =+  x  + 
=  -k  ;  and  —  X  —  X  —  x^x  —  x  —  = 
+  X  +  X  +  =  4. 

The  poxver  then  only  can  be  negative  when 
its   exponent    is  an  otid   number,    though   the 
quantity  to  be  involved  be  negativi:,  .  ThL- pow- 
ers of —  a  are  —  a,    +  a*,  — -a'^    +  a%   — a', 
D  1  ef 
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■ 

■ 

Jl 

^^H 

H^^^l 
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£f?f.     Thofc  whofe  exponents  are  2,  4,  6,  y^-. 

arc  pofitivc;    but  thofc    whofe   exponents  are        ^i 

*>J>  5.  ^f- ai^^ncg^''^^*                                            ^H 

%  41.     The'involumn  o(  cempoiindquiniiuea       ^H 

is  a  more  difficult  opeiation.     The  powers  of      ^^| 

any  binomial  d  -f  ^  are  found  by  continual  mul-,      ^^| 

tiplication  of  ic  by  itfclf  as  follows.                              ^H 

X 

X 

X 

X 

'^    m 

a    6 

^H 

f 

^^1 

4- 

+  + 

+  + 

+  + 

+  + 

+  + 

++ 

++ 

+  + 

+  + 

^*  ■ 

r 

ftt 

-^ 

%t 

*-t 

=.X 

^w 

^  e 

&-  * 

6.    0 

^T  I 

J  e^ 

rf 

r^<? 

c"  5> 

+ 

+  + 

+ 

+  + 

+ 

4-  + 

+ 

+  + 

+ 

t   r  ■ 

Ui  0 

g 

>■  t> 

0 

mm 

^ 

^4 

Sl_  ft. 

ft  0 

^ 

8-S- 

"-              ■ 

+ 

+  + 

+ 

+  + 

+ 

+  + 

+ 

■ 

g 

si 
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K 

1 

-^ 

a 

^ 

"6* 

'f 

"C  - 

^ 

+ 

+ 

+  + 

+ 
+ 

+  4- 

+ 

+ 
11 

1 
■ 

"*""*"     ^ 
««      " 

%                '                          ^1 

_.       %^^|    II                                                       ^m 
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§43.  If  I  he  powers  of  a  — i  are  required) 
they  will  bf  found  the  fame  as  the  preceding, 
only  ihe  terms  in  which  the  exponent  of  t  is 
an  odd  number  will  be  found  negative;  "  bc- 
caufe  an  odd  number  of  multiplications  of  a 
negative  produces  a  negative."  Thus  the  cube 
of  a  —  i  will  be  found  to  be  a'  —  311'^  + 
3«i'  —  b' :  where  the  2d  and  4th  terms  are 
negative,  the  exponent  of  ^  being  an  odd  num- 
ber in  thefc  terms.  In  general,  "  the  terms  of 
any  power  of  u  —  b  are  poGtivc  and  negative  by 
turns." 

§  44.  It  is  to  be  obfcrved,  that  «  in  the  firft 
term  of  any  power  of  a  "+  i;  the  quantity  a 
has  the  exponent  of  the  power  required,  that 
in  the  following  terms,  the  exponent  of  a  de- 
crcafcs  gradually  by  the  fame  difference  {viz. 
unit)  and  that  in  the  lafl:  term  it  is  never  found. 
The  powers  of  d  arc  in  the  contrary  order;  it  is 
not  found  in  the  firft  term,  but  its  exponent  in 
the  fecond  term  is  unit,  in  the  third  term  its  ex- 
ponent is  2  i  and  thus  its  exponent  incrcafes,  till 
in  the  hit  term  it  becomes  equal  to  the  expo- 
nent of  the  power  required." 

As  the  ejjponents  of  a  thus  decreafe,  and  at 
the  fame  time  ihofe  of  l>  increafe,  "  the  fam 
of  their  exponents  is  always  the  fame,  and  is 
equal  to  the  exponent  of  the  power  required." 
Thus  in  the  6th  power  of -a  +  ^,  viz.  a^  + 
fia'i  +  l^a*^'  +  20a^P  +  i^a'A*  +  6ai>  +  i", 
D  3  the 


4©  ^Treatise*/        Part  I. 

the  exponents  of  a  decreafe  in  this  ordcr» 
6>  5.  ^i  3»  2,  I,  Oj  and  thofc  of  ^  increafe 
in  the  contrary  order,  o,  1,  2,  3,  4,  5,  6. 
And  tKc  fuai  of  their  exponents  in  any  term  is 
always  6. 

§  45.  To  find  the  coefficient  of  any  term, 
the  coefficient  of  the  preceding  term  being 
known;  you  are  to  "  divide  the  coefficient  of 
the  preceding  term  by  t!ie  exponent  of  b  in  the 
given  term,  and  to  multiply  the  quotient  by 
the  exponent  of  o  in  the  fame  term,  incrcafcd 
by  unit."  Thus  10  find  the  coefficients  of  the 
terms  of  the  6th  power  of  a  +  ^,  you  find  the 
terms  arc  < 

a',  e^bj  a*i>'i  a^P^  a'i*,  ab*,  h'' ; 
»nd  you  know  the  coefficient  of  the  firft  term  is 
uniti  therefore,  according  to  the  rule,  the  coef- 


ficient of  the  ad  term  will  be 


5  +  1  =6» 


that  of  the  3d  term  will  be— X4+i=3xj 


I 


=  5x4 

bz  15,  6, 

546. 
any  power  OTj 


that  of  the  4th  term  will  be  —  x  3  +  i 

-10;  and  thofe  of  the  following  will 
I,  agreeable  to  the  preceding  Table, 
In  general,  if  a  +  i  is  to  be  raifed  tu 
the  terms,  without  their  coeffici- 


ents, will  be,  a",  a'^—'b,  a"— 'i',  (T^^b'^  tt^'-b' 
«■— 'i',  t?f.  continued  till  the  exponent  of  b 
becomes  equal  torn. 

The 


J 
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The  coefficients  of  the  refpcftlvc  terms,  ac- 
cording  ro  tlielaft  rule,  will  be 


>>  >»>' 


,w  X  - 


'H::!^ 


+  m  : 


3  + 

^,  (^c,  continued  until  you  have  one  co- 
efficient more  than  there  are  units  in  ro. 

It   follows  therefore  by  thefc  laft  rules,   that 

a  +  i>  =z  a"  +  ma"— '  i  +  M  x  — —  x  a"-''  !>' 

—  ^  a^— '  y  +  m  X  '"~  - 

3  2 

X  ^^^  X  - — -  X  /I"— ^  i*  +  ts'c,  which  is  the 

3  * 

general  theorem  for  raifing  a  quantity  confiftinw 
of  two  tenns  to  any  power  m. 

§  47.  If  a  quantity  confiding  of  three,  or 
more  terms  is  to  be  involved,  "  you  may  dif- 
tingiiifli  it  into  two  parts,  confidering  it  as  a 
binomial,  and  raife  it  to  any  power  by  the  pre- 
ceding rules  J  and  then  by  tlie  fame  rules  you 
may  fubfiitute  inflead  of  the  powers  of  thelir 
compound  parts  their  values." 

Thusrt  +^  +  (r'=d  +  ^  +  f=d  +  i  -i 
tcx  a  +  i  +  <'=<i*+2di  +i'+  2  ac  ^ 
2  t  c  -l-  c\  

And  a  +  1>  ^  c'  r=  a  +  i'-i-3cxa+i'* 
+  3 c*  X  a+  b  +  f '  =  fl'  +  3  d'  i  +  3 c i'  +  *■ 
+  3  a*f  +6flic  +  3*V+3flf'+3*f*+  f'- 

D4  m 
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In  thefe  examples,  ^i  +  ^  +  ^  is  confidered  as 
compofcd  of  the  compound  part  a  -{-  b  and  the 
fimple  part  c  ;  ancj  then  the  powers  of  ^i  +  4 
are  formed  by  the  preceding  rules,  and  fubftitutcd 
for  a  -^  if^  and  a  +  if*. 


CHAP,     VIII. 

OF    EVOLUTION.* 

§  48.  ^TT^HE  revcrfe  of  Involution,  or  the  rc- 
X  folving  of  powers  into  their  roots, 
is  called  Evolution.  The  roots  of  fingle  quan- 
tities are  cafily  cxtrafted  iy  dividing  their  expo^ 
nents  by  the  number  that  denominates  the  root  re- 


8 


quired.  Thus  the  fquare  root  of  a^  is  d^  =  tf*; 
and   the  fquare  root   of    a^b^c^  is  a'b'^c.     The 

6    3 

cube  root  of  a^b'^  is  a'^'b'^  =  d^  b  ;  and  the  cube 
rootofxy^'^  is  Aj'j'z*.  The  ground  of  this 
rule  is  obvious  from  the  rule  for  Involution. 
The  powers  of  any  root  are  found  by  multiply- 
ing its  exponent  by  the  index  that-  denominates 
the  power;  and  therefore,  when  any  power 
is  given,  the  root  muft  be  found  by  dividing 
the  exponent  of  the  given  power  by  the 
number  that  denominates  the  kind  of  root  that 

is  required. 

§  49- 


V 
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§49.  It  appears  from  what  was  faid  of  Invo- 
lucion^  that  "  any  power  that  has  a  pojitive  Jign 
may  have  either  a  pojitive  or  negative  root^  if  the 
root  is  denominated  by  an  even  number.'*  Thus 
the  fijuare  root  of  +  a*  may  ht  +  a  or  —  tf, 
bccaufe  +  a  x  +4«or  —  tfX— ^a  gives  +  «* 
for  the  produft. 

But  if  a  power  have  a  negative  fign,  *'  no 
root  of  it  denorhinated  by  an  even  number  can  be 
cfjigned^^  fince  there  is  no  quantity  that  multi- 
plied into  itfelf  an  even  number  of  times  can 
give  a  negative  produft.  Thus  the  fquare  root 
of — a^  cannot  be  affigned^jwd  is  what  we  call 
an  "  impofjible  or  imaginary  quantity/* 

But  if  the  root  to  be  ext rafted  is  denomi- 
nated by  an  odd  number,  "  then  fhall  the  Jign  of 
the  root  be  the  fame  as  the  Jign  of  the  given  number 
Vibofe  root  is  required.**  Thus  the  cube  root 
of —  a^  is  — iz,  and  the  cube  root  of  -^a^  b^ 
is— tf""^. 

§  50.  If  the  number  that  denominates  the 
root  required  is  a  4ivifor  of  die  exponent  of 
the  given  power,  then  (hall  the  root  be  only  a 
"  lo^wer  power  of  the  fame  quantity**  As  the  cube 
root  of  ii'*  is  a^^  the  number  3  that  denominates 
the  cube  root  being  a  divifor  of  1 2. 

But  if  the  number   that  denominates  what 

fort  of  root  is  required  is  not  a  divifor  of  the 

exponent  of  the  given   power,  "  then  the  root 

required Jball  have  a  fraction  for  its  exponent'* 

'    2  Thus 
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Thus  the  fquare  root  o{ a>  is  a'  ;  the  cube  root, 

of  a-  is  d^,  and  the  fquare  root  of  a  itfclf  is  at.       | 

Thele  powers  that  have  fractional  exponents 
are  called  *'■  Imferf Hi  fffwsn  ot Juris  "  and  arc 
otherwife  exprtffed  by  placing  chc  given  power 
within  the  radical  fign  v'  ,  and  placing  above 
the  radical  fign  the  number  that  denominates 
what  kind  of  root  is  required.  Thus  di  —  v/<*'i 
<i~  =  K^d i  and  a~  =  {/^.  In  numbers  the 
fquare  root  of  i  is  exprclTed  by  V^  and  the 
cube  root  of  4  by  i/4. 

§  51.  Thell*  impcrfeft  powers  or  furds  are 
*'  multiplied  and  divided,  as  other  powers,  by 
adding  and  fubtraSitng  their  expenents."  Thus 
-'  '  -tt  ■'I  'ji 

a"    X    fl>   =    «•  =  d';  d"   X  a*  =wj'^"*'*     = 

a~  =    '\/ii" i  3nd  =  «   '^      ^z  a'  ^  a^. 


They  arc  invslved  liliewlfe  and  evolved  after 
tlie  fame  manner  as  perfcit  powers.     Thus  the 

fquare  of  a^  is  a*    ^  =  a^  -,  the  cube  of  d^  is 

«    ^  —  a^;  The  fquare  root  of  d'^  is«  ^    =0^^ 

the  cube  root  of /i*  is  a*.     But    we  fiiaJI  have 
occafion  to  treat  more  fully  of  Surds  hereafter. 

§   52.     The  fquare  root  of  any  cumpound 

quantity,  as  a*  +  a  a  i  +  i'  is  dil'covered  after 

(his 
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this  manner.  "  Firjl,  take  care  ia  difpofe  tbt 
terms  according  to  the  dimenfiom  of  the  alphabet^ 
es  in  divijion  ;  then  find  the  fquare  root  cf  thefirfi 
term  aa,  which  gives  a/or  ibefirjl  member  of  the 
root.  Then  fubtra£i  its  fquare  from  the  propofed 
quantity,  and  divide  thefirfi  term  of  the  remainder  ' 
(zab  +  h* )  hy  the  double  of  that  member^  viz. 
ia,  and  the  quotient  b  is  the  fecond  member  of  the 
root.  Add  this  fecond  member  to  the  double  of 
thefirfi,  and  multiply  their  fum  (ia  -\-  b)  by  the 
fecond  member  b,  aud  fiibtraSI  the  preduSi  (lah 
+  b'^)  from  the  forefaid  remainder  (o.ab  +  b*) 
and  if  noshing  remains^  tba  the  fquare  root  it 
obtained ;"  and  in  this  example  it  is  found  to  be 

The  manner  of  operation  is  thus : 
a*+iab-i-b^(a-¥h 


I 


X  b^  ^ab-h  b^ 


But  if  there  had  been  a  remainder,  you  mujl 
have  divided  it  by  the  double  of  the  fum  of  the 
two  pnrts  already  found,  and  the  quotient  would 
iave  given  the  third  member  of  the  root. 

Thus  if  the  quantity  propofed  had  been  a*  + 

aab  +  iac  +  b^+Q.bc  +  c\  after  proceeding 

as  above  you  would  have  found  the  remainder 

20  t 
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ad^+aif  +  f',  whicli  divided  by  2  a  +  ai 
gives  £  to  be  annexed  lo  a  +  1/  as  the  3d  mem- 
ber of  tlie  root.  Then  adding  e  to  a  a  +  2  * 
and  multiplying  their  Tum  *2a  +  2^  +  c  bye, 
fubtraft  tlie  produd  2ac  +  2^f+t=  from  the 
forefaid  remainder;  and  fmce  nothing  now  re- 
mainsj  you  conclude  lhai«  +  ^  +  f  is  the  fquare 
root  required. 

The  operation  is  thus  : 
a*  +  1  a  ^  +  z  a  £  +  y-  -i^  2 1>  c  +  c""  (_a  +  l>-*-e 


K  cJ  2a£  +  2l>c  +  c' 


Another  Example. 
xx~ax  +  jaa  (  x—l  a 


2  *  —  ia-L  —  ax  +  iaa 
-  iaJ  —  ax+  iaa 


K  The  fquare  root  of  any  number  is  found  out 

^B  after  the  fame  manner.     If  it  is  a  number  under 

^M  100,  its  nearfd  fquare  root  is  found  by  the  fol- 

^1  lowing  Tabic  3  by  which  alio  its  cube  root  is 

^^  found 
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found  if  it  be  under  lOOOj  and  its  biquadrate  if 
ic  be  under  loooo. 


I  he  Roo. 

1       4 

I     s 
t  16 

J 

87 

4 

_5 

-IS 
.25 

b 
216 

.14  < 

b4      8> 
S12    719 

Squire 

Cube 

BiqujJ. 

2<.b\b.5 

,.,6 

7.401 

+0966561 

But  if  it  is  a  number  above  joo,  then  its 
fquarc  root  will  confift  of  two  or  more  figures, 
which  mufl:  be  found  by  different  operations  by 
ihe  following 

RULE. 

I  53*  P^«  «  poitt  abovt  ihe  number  that  is 
19  fie  flact  of  nitj,  fa/s  the  place  of  tens^  and 
place  again  a  poiiit  ever  that  of  hundreds,  andgt 
6M  tewards  the  left  band,  placing  a  point  ever  every 
^d  figure;  and  by  I hefe  points  tbt  number  wili 6t 
di^in^uijhld  into  as  many  parts  as  there  are  figures 
in  the  red.  Then  find  tbefquare  root  of  the  firjl 
part,  and  it  will  give  tbefirft  figure  of  the  root  ; 
fuhtraB  itsffiare  fro7n  that  part,  and  annex  the 
fecond  fart  of  the  given  number  to  the  remainder, 
^ben  divide  this  new  number  (negleBing  its  laft 
figure)  by  the  double  of  the  firft  figure  of  the  rooty 
annex  the  quotient  to  that  double,  and  multiply  the 
number  thence  arifing  by  the  fiid  quotient,  and  if 
the  produll  is  lejs  than  your  dividend,  or  equal  to 
it,  that  quotient  Jhall  be  the  fecond  figure  of  the 

Ij-oBt.     But  if  the  preduit  is  greater  than  the  divi- 
dend, yott  muji  take  a  lefs  number  for  the  fecond 
figure 


I 
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figure  of  the  root  than  that  quotient.  Much  afcei*  1 
the  fame  manner  may  the  other  figures  of  the  1 
quocient  be  found,  if  chere  are  more  points  than  ' 
two  places  over  the  givea  number. 

To  find  the  fquare  root   of  99856,  I  firft  ' 

I  point  it  thus  99856,  then  I  find  the  fquare 
\  root  of  9  to  be  3,  which  therefore  is  the  firft 
^gure  of  the  root ;  I  fubirad  g,  the  fquare  of  3, 
from  9,  and  to  the  remainder  I  annex  (he  fccond 
part  98,  and  divide  (neglei5ling  the  lall  figure 
8)  by  the  double  of  3,  or  6,  and  I  place  the 
quotient  after  6,  and  ihcn  multiply  61  by  i, 
and  fiibtraft  the  produft  61  from  9S.  Then  to 
the  remainder  (37)  I  annex  the  lall  parr  of  the 
propofid  number  (56)  and  dividing  375')  (ne- 
glefling  the  lad  figure  6)  by  the  double  of  31,  , 
that  it  by  62,  I  place  the  quotient  after,  and  I 
multiplying  6a6  by  the  quotient  6,  I  find  the  I 
produft  to  be  3756,  which  fubtrafled  from  the 
dividend  and  leaving  no  remainder,  the  cxaft 
root  muft  be  316. 

EXAMPLES. 

'998  56  (316 
9 


6:6)3756 
X  t'  37-56 
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49 


27394756  (  5234 

2S 


529  (  23 
4 


43>  119 
X3,'  129 


I02\  239 

X  a/  204 

»043-.  3547 
^3^3'^^ 

io-v64\  41856 
X  4'  41856 


§  54.  In  general,  to  extraft  any  rooc  out  of 
any  given  quantitr,  "  firfl  range  that  quantity 
according  to  ih  dimen/ons  cf  its  ktSers,  and  ex' 
trait  the  /aid  root  out  of  the  firji  term^  and  that 
Jhall  he  the  Jirjl  member  of  the  root  required' 
Then  rai/e  this  root  to  a  dimenfion  lower  by  unit , 
than  tbt  number  that  denominates  the  root  ri- 
quirtd,  and  multiply  the  power  that  arifes  by  that 
number  it/elf;  divide  the  fecond  term  cf  the  given 
quantity  by  the  produSit  end  the  quotient  Jbdll give. 
the  fecond  member  of  the  root  required." 

Thus  to  cxtraft  the  root  of  the  5th  powcrout 
oTa'  ■¥  $a^  b  +  loa' b'  +  10  a^  b'  +  $  ab*  +  b', 
I  find  that  the  root  of  the  fch  power  out  of  a^ 
gives  a,  which  I  raife  to  the  4th  power,  and  mul- 
tiplying by  5,  the  produ£l  is  5a* ;  then  divid- 
ing the  fecond  term  of  the  given  quantity  5  n*  i 
by  5fl*,  I  fi.id  h  10  be  ihc  fecond  membi-r  ;  and 
riiiipg 
K 


$0 
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nifing  a  .\.  h  to  the  5th  power  and  fubtra6ling 
it,  there  being  no  remainder,  I  conclude  that 
tf  +  ^  is  the  root  required.  If  the  root  has  three 
members,  the  third  is  found  after  the  fame 
manner  from  the  firft  two  confidered  as  one 
member,  as  the  fecond  member  was  found  from 
the  firft  ;  which  may  be  cafily  undtrftood  from 
what  was  faid  of  cxtrading  the  fquare  root. 

§  55.  !n  extrafling  roots  it  will  often  happen 
that  the  exad:  root  cannot  be    found   in  Bnlte 
terms  i  thus  the  fquare  root  of  a'  +  *'  is  found 
lobe 
■  «+  il_.Jll  +  jL- 5^  +  f^f. 

The  operation  is  thus : 


ad  +  — )•  +  ** 

^  — J  —  *  +  — ; 

"____l£. 

»»  »♦ ,  A. 

«•>+  7  — -57.)  — JT- 


SaV-        l,t'        8"'''6+o' 


So*        64«» 


After] 
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After  rhe  fame  manner,  the  cube  rool  of 
*'  +  *'  will  be  found  to  be 

'*  «*     ,     5*»  10*'*     ,    -, 

^  3fl»       .9a'        8irt'         243/" 

§  56.  "  The  general  Theorem  vhich  we  gavg 
for  the  Involution  of  binomials  wiirfcrve  alfj 
for  their  Evolution  j"  bccaufe  to  extraft  any 
root  of  a  given  quamiiy  is  the  fame  thing  as 
to  raife  that  quantity  to  a  power  whoft  ex. 
ponent  is  a  fra£tion  that  has  unity  for  its 
numerator,  and  the  number  thai  exprcfTes 
what  kind  of  root  is  to  be  cxcrafted  fur  its 
denominator.  Thus,  to  extraft  the  fquarc 
root  of  a  +  ^,  is  to  raift  <»  +  ^  to  a  power  wliofe 

exponent  is  t :  Now  fince  a -f.  i  !^  a"  -t-  m  x 

^->i  +  n  X  :i=i_4-T'  *^  +  «  X  ^i=ix 
2  2 

^^2_x  if—'  b-  &c. 

3 

fuppofing  ra  =  f,  you  will  find 

,t        k      ,         -I 


X  —  i  X  a—il' 


'-  fl~''^'   &c. 


L.i 


— +  -^-  —  t?c.    And  after  this  manner 

you  will  find  that 

^ ,\  »'  **  *°  rj  _ 

•'  +^-  ="  +  ,-7-87;  +  7F?  -  ^'-  "' 

before, 

§  57.    The  roots  of  numbers  are  to  be  ex- 

trafted  as  thofe  of  algebraic  quantities.  "  Place 

£  a  point 
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a  point  ever  the  units,  and  then  place  points  avtr 
every  third,  fourth  or  fifth  figure  towards  the 
left  band,  according  as  it  is  the  root  of  the  cuhe^ 
of  the  ^tb  or  ^th  power  that  is  required;  and  if 
there  lie  any  decimals  annexed  to  the  number,  point 
tbem  after  the  fame  manner,  proceeding  from  the 
place  of  units  towards  the  right  hand.  By  this 
means  the  number  will  be  divided  into  fo  many 
periods  as  there  are  figures  in  the  root  required. 
Then  enquire  which  is  the  greatffi  cube,  biqua- 
drale,  cr  ^ih  power  in  the  firji  period,  and  the  root 
of  that  power  will  give  the  firfi  figure  of  the  root 
required.  Sublratl  the  greatefi  cube,  hiquadrate, 
cr  ^th  power  from  the  firfi  period,  and  to  the  re- 
mainder annex  the  firfi  figure  of  yourfetondperiod-, 
which  jhall  give  your  dividend. 

Raife  the  firfi  figure  already  found  to  a  power 
leji  by  unit  than  the  power  who/e  root  is  fought, 
that  is,  to  the  id,  ^d,  or  ^b  power,  according 
as  it  is  the  cube  root,  the  root  of  the  4/i,  er  the 
root  of  the  ^ih  power  that  is  required,  and  mul- 
tiply that  power  by  the  index  of  the  cube,  ^h,  er 
^th  power,  and  divide  the  dividend  by  this  produ£I, 
fo  fhall  the  queiitJit  be  the  feeond  figure  of  the  root 
required. 

Raife  the  part  already  found  of  the  root,  to  the 
power  whofe  root  is  rtquired,  and  if  that  power 
he  found  lejs  than  the  two  firfi  periods  of  the  given 
number^  the  ficond  figure  of  the  root  is  right.  But 
if  it  be  found  greater^  ycst  muft  diminijh  the  feeond 
-fgure  of  the  net  till  that  power  be  found  equal  to 
'■■      4  •? 
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or  lefs  than  thoft  periods  of  the  given  numhtt. 
SubtraEi  it,  and  to  the  remainder  ahnex  the  next 
ptriod;  andptecetd  till  you  have  gene  through  the 
vohok  given  number^  finding  the  3d  figure  by 
means  of  the  two  firfi,  as  you  found  the  fecond  by 
the  firfi  J  and  afterwards  finding  the  ^th  figure 
(if  there  be  a  ^ih  period)  after  ihe/ame  manner 
from  the  three  firfi." 

Thus  to  find  the  cube  root  of  13824;  point 
it  13824  J  find  the  greateft  cube  in  13,  viz.  8, 
whofe  cube  root  1  is  the  firft  figure  of  the  root 
required.  Subtraft  8  from  13,  and  to  the  re- 
mainder 5  annex  8  the  firfl:  figure  of  the  fecond 
periodi  divide  58  by  triple  the  fquare  of  2, 
viz.  12,  and  the  quotient  is  4,  which  is  the  fe- 
cond figure  of  the  root  required,  fince  the  cube 
of  24  gives  13814,  the  mimber  propofcd. 
After  the  fame  manner  the  cube  root  of 
13312053  is  found  to  be  237. 
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i33»2o5i(  237 
8=2x2x2 

12)  53  (4  or)  3 
Subtr^ft         12167  =  23  X  23  X  13 

3X23>c23  =  i587)"45o(  7 

Subtraft  13312053=237x1^7x137  J 

Remam.  o 

In  extrafling  of  roots,  after  you  have  gone 
through  the  number  propofed,  if  there  is  a  re- 
mainder, you  may  continue  the  operation  by 
adding  periods  of  cyphers  to  that  remainder,  and 
find  the  true  root  in  decimals  to  any  degree  of 
ezaftnels. 


CHAP.    IX, 


OE    PROPORTIQN, 

$  58.  "TT THEN  quantities  of  the  fame  kind  ^ 

VV  arc  compared,  it  may  be  confi- 
dercd  either  how  much  the  one  is  greater  than 
the  other,  and  what  is  their  difference;  or,  it 
may  be  conGdered  how  many  times  the  one  is 
contained  in  tlic  other  i  or,  more  generall)% 
2  what , 
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what  is  their  quotient.  The  firft  relation  of 
quantities  is  exprefled  by  their  Ariibmetical  ra- 
tio i  the  fecond  by  their  Geometrical  ratio.  That 
term  whofe  ratio  is  enquired  into  is  called  the 
antecedenty  and  that  with  which  it  is  compared  U 
called  the  confequeHtt 

^  59.  When  of  four  quantities  the  di6«rencc 
betwixt  the  firft  and  fecond  ts  equal  to  the  dif- 
ference betwixt  the  third  and  fourth,  thofe 
quantities  are  called  Ariibmetical  proportionals i 
as  the  numbers  3,  7,  12,  16.  And  the  quan- 
tities, a,a  -^^  b,e,e  +  b.  But  quantities  form 
a  /tries  in  arithmetical  proportion,  when  they 
"  incresje  or  decrtafe  hy  Ibe  fame  conftant  differ- 
ence". As  thefe,  a,  a-i-bya-^%b,  a+  3  ^^ 
«+  4*,  &c;  «■,  X — #,  X — lb,  &C}  or  the 
numbers,  i,  2,  j,  4,  5,  Cs'f ;  and  10,  7,  4,  i, 
— 2,  — 5,  — 8,^f. 

§  60.  In  four  quantities  arithmetically  pro- 
pertianal,  "  tbe/um  of  tbt  extremes  is  equal  to  the 
fum  of  the  mean  terms  J*  Thus<7,  a  +  b,e,e  -i-  b, 
arc  arithmetical  proportionals,  and  the  fum  of 
the  extremes  (ij  +  ^  +  i^)  is  equal  to  ihe  fum  of 
the  mean  terms  (  a  +  ^  +  tf).  Hence,  to  find 
the  fourth  quantity  arithmetically  proportional  to 
any  three  given  quantities;  "Add  the  fecond 
and  third,  and  from  their  fum  fubtraft  the  firft 
term,  the  remainder  fhall  give  the  fourth  arith- 
metical proportional  required,'' 


I 
I 


Ej 


561. 
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§  61.  In  A  /tries  of  arithmetical  proportion- 
als, "  tbe/um  of  the  firfi  and  UJi  term  is  equal  to 
the /urn  of  arty  two  terms  equally  dijiant  from  the 
e}ctTemet"  If  the  firft  terms  are  a,  a  +  h^ 
a  +  lb,  &c.  and  the  kft  term  x,  the  laft  term 
but  one  will  be  jf  —  b,  the  laft  but  two  x  —  a  *, 
the  laft  but  three  *■ — ji,  &c.  So  that  the  firft 
half  of  the  terms,  having  thofe  that  are  equally 
diftant  from  the  laft  term  fct  undft  them,  will 
(land  thus ; 

tf ,  d  +  *,  a  +  ai,  fl  +  3  *j  <*  +  4  *.  ft,- 
X,  *  — 3,  * —  lb,  X  —  3^,  *— 4  ht 
a-i-  X,  a  +  X,  a  +  .V,  a  +  x,  a -i-  x,  &c. 
And  it  is  plain  that  if  each  term  be  added  to 
the  term  above  it,  the  fum  will  be  «  +  *■  equal 
to  the  fum  of  the  firft  term  a  and  the  laft  term 
X.     From  which  it  is  plain,  that  "  the  fum  of 
all  the  terms  of  an  arithmetical progreffion  is  equal 
to  the  fum  of  the  firfi  afid  laji  taken  half  as  often  as 
there  are  terms,"  that  is,  the  fum  of  an  arithme- 
tical   progrelfion  is  equal   to  the  fum  of  the 
firft  and  laft  terms  multiplied  by  half  the  num- 
ber of  terms.     Thus  in  the  preceding  ferics,  if 
n  be  the  number  of  terms,  the  fum  of  all  the 

terms  will  be  a  +  Jf  >:  — . 
2 

§  6a.  The  common  difi^erencc  of  the  terms 

being  b,  and  b   not  being   found   in   the  firft 

term,  it  is  plain  that  "  its  coefficient  in  any 

term 


I 


4 
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term  will  ht  equal  to  the  number  of  terms  that 
jprecede  that  term."  Therefore  in  the  laft  term 
X  you  mud  have  n  —  i  x  ^^  fo  that  x  muft  be 
equal  toa  +  n —  i   x  ^.    And  the  fum  of  all 

the  terms  being  «  +  ir  x  — ,  it  will  al/b  be  equal 

to ,  or  to  a  + X  n.  Thus 

for  esiample,  the  fcries  1  +  2  +  3+4+5  ^^* 

continued  to  a  hundred,   muft    be    equal   to 

%  X  100  +  loooo— 100 
^ =  5050. 

$  63.  If  a  (cries  have  (o)  nothing  for  its  firfl: 
term,  then  "  its  /urn  Jhall  be  equal  to  half  the 
froduR  of  the  Jdft  term  multiplied  by  the  number 
of  terms**    For  then,  a  being  =  o,  the  Turn 

of  the  terms,  which  is  in  general  a  -{-  x  x  — » 

2 

will  in.this  cafe  be  — .     From  which  it  is  evi- 

2 

dent,  that  "  the  fum  of  any  number  of  arith- 
metical proportionals  beginning  from  nothing, 
is  equal  to  half  the  fum,  of  as  many  terms  equal 
to  ihe  greatcft  term." 

Thuso  +  i+a  +  3  +  4+5  +  6  +  7+  8  +  9  = 
9 +  9  +  9 +9+9+9+9+9+9+9  _  10x9  — 

2  2     ^^S' 

§  64.  If  of  four  quantities  the  quotient  of 
the  Jlrfi  and  fecond  be  equal  to  the  quotient  of 
the  third  and  fourth,  then  thofe  quantities  are 

E  4  faid 
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fdid  to  be  in  Geometrical preperiios.  Such  arc 
ihc  numbers  2,  6,  4,  12;  and  the  quantidea 
«>  tfr,  ^,  ^;  which  are  exprefled  after  thij 
manner  j 

a  :  6  :  :  4  :  12. 
a  :  er  '.  :  b  '.  br. 
And  you  read  them  by  faying,  As  2  is  to  6,  fo  is  . 
4  te  12 1  or  as  ft  is  to  ar,  lb  is  ^  to  hr. 

In  four  quantities  geometrically  proporti- 
oml,  "  the  produSf  of  the  exlremes  is  equal  to  lbs 
p,r6du£l  of  ibe  middle  terms,"  Thus  a  x  ^r  = 
ar  X  b.  And,  if  it  is  required  to  find  a  fourth 
proporsional  to  any  three  given  quantities, 
*'  multiply  lbs  fecond  by  the  third,  and  divide  lb< 
produil  by  the  firjl,  the  quotient  Jhall  give  the 
fourlh  proportional  required."  Thus,  to  find  a 
fourth  propurtional  to  a,  ar,  and  b,  I  multiply 
ar  by  b,  and  divide  the  produfl:  ar bhy  the  firft 
term  rt,the  quotient  br  is  the  fourth  proportional 
required. 

§  65.  In  calculations  it  fometlmes  requires  a 
little  care  to  place  the  terms  in  due  order;  for 
which  you  may  obfcrve  the  following  Rule. 

"  Firjl  fet  down  the  quantity  that  is  of  the 
fame  kind  wilb  tbe  quantity  fought,  then  conftder, 
from  the  nature  of  tbe  tiuijlion,  whether  that  which 
is  given  is  greater  or  kfs  than  that  wbicb  is 
/ought  J  if  it  is  greater,  then  place  the  greateji  of 
tbe  other  two  quantifies  on  tbe  left  hand ;  hut  If 
it  is  lefs,  place  the  leaji  of  the  other  two  quantities 
en  the  left  band,  and  tbe  other  on  the  right.'' 
Thea 


I 


I 
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Then  fliall  the  terms  be  in  due  order  (  and  you 
are  to  proceed  according  to  the  rule,  multi- 
plying the  fccond  by  the  third,  and  dividing 
their  produft  by  the  firft. 

EXAMPLE. 

If  2^  men  do  atiy  piece  ef  work  in  12  d^Sy  bffoj 
many  tneji  fJiall  do  it  in  1 8  dayj  ? 

Becaufe  it  is  a  number  of  men  that  is  foughr, 
firft  fet  down  jo,  the  number  of  men  that  is 
given :  I  eafdy  fee  that  the  number  that  is  given 
is  greater  than  the  number  that  is  fought,  there- 
fore I  place  1 8  on  the  the  left  hand,  and  1 2  on 
the  right ;    and  find  a  fourth  proportional  to 

18,  30,  12,  VIZ.  - — g —  =  20. 

§  66.  When  a  fcries  of  quantities  incrcafc  by 
one  common  multiplicator,  or  decreafe  by  one 
common  divifor,  they  arc  faid  to  be  in  "  Geo- 
metrtcal proportion  continued." 

As  Oy  er,  ar^,  ar',  ar*,  ar*,  Sec  ; 


or. 


&c< 


The  common  multiplier  or  divilbr  is  calfe 
their  "  common  ratio." 

In  fuch  a  ferirs,  "  the  prodi'M  of  the  firji  and 
hji  is  always  equal  to  the  preduH  of  the  fecond 
find  lajl  but  one,  or  to  the  produ^  ef  any  two 
terms  e/ptatly  remote  from  the  extremes."  In  the 
fcries  a,  ar,  ar^^  ar\  &c.  if  y  be  the  hft  term, 
then 


€e> 
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then  fhall  tht  four  lalt  terms  of  the  ferics  be ,  j 
:  is  plain  that  a  y.y=.  ar  x 


y    y    y 


,  &c. 


§  67.  "  Thejum  of  ajeries  of  geomstrkal pro~ 
forlionah  wanting  tbefrji  term,  is  equal  to  the /urn 
of  aU  but  the  Icift  term  multiplied  by  the  common 
ratio" 


For  ar  +  ar^  +  ar^  &c.  + 


■  +  y 


zzr  xa  +  ar  +  ar*  &c.  +  ^+4+^+* 
Therefore  if  J  be  the  fum  of  the  fcries,  s  —  a 
will  be  equal  to  j  ~~y  x  n  that  is  s  —  a  = 
sr  —  JT,  or  jr  —  s  —yr —  a,  and  s  =  —£"—.*  . 

§  68.  Since  the  exponent  of  r  is  always  in- 
creating  from  the  Xccond  term,  if  the  nun[iber 
of  terms  be  »,  in  the  laft  term  its  exponent  will 
be  » — 1.  Therefore  jr  =  or"~'i  and  >r  = 
ar'-'+'^at'i    and  j  =  (^^^-5~^)  =  ^f^.  So 

that  having  the  firft  term  of  the  feries,  the  num- 
ber of  the  terms,  and  the  common  ratio,  you 
■  may  eafily  find  the  fum  of  all  the  terms. 

if  it  is  a  decreafing  feiics  whofe  fum  is  to  be 

foundj  as  of  ^  +  2.  +  ^  +  1  &c.   +  ar'  + 

(jf •  +  ar  4-  a,  and  the  number  of  the  terms  be 


*  Sec  the  Rules  in  ibe  foUowiug  Chapter. 


fup- 
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foppoftd  infinite,  then  (halla,  the  laft  term,  be 
equal  to  nothing.     For,  becaufe»,  and  confe- 

qucndy  r"- '  is  infinite,  a  =  -—-  =,  o.  The  fum 

of  fuch  a  feries  s  =  i  which  is  a  finite  fum, 

though  the  number  of  the  terms  be  infinite. 


and  1 


-  &f  f .  = ^  = 

3-1 


CHAP.    X. 


Of  equations  that  involve  only  ONE 
UNKNOWN  QUANTITY. 

§  69.  A  N  equation  is  "  a  propofition  offertitig 
xV  the  equality  of  two  quantities."  It  is 
expreffed  moft  commonly  by  fetting  down  the 
quantities,  and  placing  the  fign  (=)  between 
them. 

An  equation  gives  the  value  of  a  quantity, 
when  that  quantity  is  alone  on  one  fide  of  the 
equation  :  and  that  value  is  known,  if  all  thofe 
that  are  on  the  other  fide  are  known.     Thus  if 

I  find  that  x  =  ■  =  8,    I  have  a  known  va- 

3 
lue  o(x.    Thcfcare  the  laft  conclufions  we  are 

to 
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to  feck  in  queftions  to  be  refolvedi  and  if  there 
be  only  one  unknown  quantity  in  a  given  equa- 
tion, and  only  one  dimcnfionof  it,  fuch  a  value 
may  always  be  found  by  the  following  Rules. 

RULE     I. 

§  70.  "  Any  quantity  may  he  tranfpofed  from  etiff 
fide  of  the  equation  to  the  sther,  if  you  (hange 
ttsfis»" 

For  to  take  away  a  quantity  from  one  fide, 
3nd  lo  place  it  with  a  contrary  fign  on  the  other 
fide,  is  to  fubiraft  it  from  both  fides ;  and  it  ts 
ceitain,  that  "when  from  equal  quantities  yoii 
fcbtract  the  fame  quantity,  the  remainders  muft 
be  equal." 

By  this  Rule,  when  the  known  and  unknown 
quantities  are  mixed  in  an  equation,  you  may 
fc-parate  them  by  bringing  al!  the  unknown  to 
cne  fide,  and  the  known  to  the  other  fide  of  the 
equation  ;  as  ia  the  following  Examples. 

Suf^fc  ^x  +  50  =  4*  +  56, 
By  tranrpofit.     s^  —  4'  =  56  —  S^>  or «  =  S. 
And  if     2*  +  a  =  *  +  ^, 

then     zx-^x  =  b  —  a,   or  x  =  ^  —  <»; 

RULE    II. 

571.  "  Any  quantity  hy  which  the  unhiewa 
quantity  is  multiplied  may  he  taken  away^  if 
you  divide  alt  the  ether  quantities  en  hothjides 
of  the  equaticn  ky  it." 


t 
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For  that  is  to  divide  both  fides  of  the  equa- 
tion by  the  fame  quantity ;  and  when  you  divide 
equal  quantities  by  the  fame  quantity,  the  quo- 
dents  muft  be  equal     Thus, 
If  ax  =  *, 
then    X  =    . 

And  if  3*  +  It  —  27, 
by  Rule  i,  3*  =  27  —  n  =  i  j, 
and  by  Rule  s,    jc  =  --  =:  j, 

Alfo  if  <w  +  aba  =  3«; 

by  Rule  1,  tix  =  3C£  —  iba^ 

and  by  Rule  2,   *  5:  5ff  —  a^, 

RULE    III. 

^  72.  •'  ^/-^  unknown  quantity  it  £micd  ly 
any  qmnlily,  that  quantity  may  he  taken  away 
if  youmultip^  all  the  other  memberi  of  the  e^ua- 
fien  by  it"    Thus, 

tlien  Ihall  »  =  W  +  5*. 


If  |.  +    4  =  IO. 
then  *  -f  20  =  JO, 
'uilj by  Ruje  I,  «  =  50  —  20  =  30. 
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Iftl  +  24=2*+    6, 
3 
then  4*  +  72  =  6*  +  18, 
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by  Rule  i,  72 — 18  =  6*— 4*,  or  54  =  as-,  . 

and  by  Rule  2,     *  =  —  =  27. 

By  this  Rule  an  equation,  whereof  any  partis 
a  fraftion,  may  be  reduced  to  an  equation  that 
Ihall  be  expreffed  by  integers.  If  there  arc 
more  fradlions  than  one  in  the  given  equation, 
you  may,  \if  reducing  them  to  a  common  de- 
nominator, and  then  multiplying  all  the  other 
terms  by  that  dcnonunator,  abridge  the  calcu- 
lation thus } 

and  by  this  Rule  3*  +  5*  =  i5Jf— loj, 

and  by  Rule  i  and  2.  ;f  =  H5  =  i  c . 
7 

RULE    IV. 

S  73-  "  If  that  member  of  the  equation  that  in- 
volves the  unknown  quantity  be  a  furd  roit, 
then  the  equation  is  to  be  reduced  to  another 
that  Jhall  be  free  from  any  furd,  hy  bringing 
that  member  firfi  tofland  alone  upon  one  fide  of 
the  equation^  and  then  idcing  away  the  radical 
Jign  from  itt  and  raifing  the  other  ftde  of  the 
equation  to  the  power  denominated  by  the  furd.'* 
Thus 


I 
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«5 


Thus  if 
then 
and 

and 

• 

•  4J?  + 

4*  + 
4X  = 

^    X  = 

i6  =    la, 
i6  =  i44» 

144— i    16  =:  ; 

128 

4    =^^- 

If 

then 
and 

and 

•  ax  + 

^ax  + 

ax  + 

X  = 

« 

then       a*x  - 
and           X: 

RUL 

-  yx  =  «», 

.E    V. 

=  I2S» 


^  74.  "  JjT  tbatjide  of  the  equation  that  contains 
tie  unknown  quantity  be  a  complete  /quarOp 
cube^  or  other  power  5  then  extraH  the  fquare 

sTOotf  cube  root,  of  the  root  of  that  power,  from 
both  fides  of  the  equation,  and  thus  the  equation 

fhaU  be  reduced  to  one  of  a  lower  degree^\ 

If  ^*  +  6x  +  9  =  20^ 
then  X  +  3  =  ±  •  20, 
and   X  =  +  •  20  —  3. 

If 
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If  y*  +  tfx  +  -  =^% 

4 

then  X  +—=+*. 
and    X   =  +  ^  —  — . 

—  2 

if  X'  +  nx  +  49  =  III, 
then  X  +    7  = +11. 
and   «=+ii — 7=4,  or  — 18. 

R  U  L  E    VI.  J 

§  75.     *'  A  proportion  may  he  converted  imo  am  1 
equation,   ajjertitig  the  frodu^  of  the  extreme 
terms  equal  Jo  the  produif  of  the  mean  terms  ^ 
cr  aiTf  etie  of  the  extremes  equal  to  the  froduR  of 
the  means  divided  hy  the  other  extreme." 


If  12— *:-::4:  ', 

then  12  —  3r=  2x  ....  3*  =  12  .. 

Orifao — *  :  Jf::  7  :  3, 

then  60 — 3*=:7;if  ....lojf  =  60  . 

. .  and  *  =  4. 
. .  and  xz=.6. 

RULE    VII. 

%  76.     "  If  any  qnantily  be  found  on  hothftdes  of 

tbt  equation  iuith  the  fame  fign  prefxl,  it  may 

ht  taken  av^ay  fromj/oth  :"     *'  Atfo,  if  all  the 

quantities  in    the  equation  are  multiplied  or 

divided 
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divided  hy  tbe  fame  quantity^  it  may  he  firuck 
out  af  them'  all"    Thus, 


If  jx  +  i  :^  a  +  i  ....  2^  rza  ....  and x  =  — . 

!£  —  +---:  —  ....  2X  +  i  zz  16  ....  and  ^=4* 
3       3        3 


RULE    VIII. 

§  77.  '^  Inftead  of  any  quantity  in  an  iquationyon 
mayfuhfiitute  another  equal  to  p.'* 

Thus,;if3x+7  =  24, 
and  y  ^91 

then  3x  +  9  =  24  ...'.  X  =  -21112.  s:  5. 

and     y^^xi 
then  15X  +  5^  (=  20x)  =  120, 

and      X  =  —  =  6. 

20 

The  further  improvement  of  this  Rule  fhall 
be  taught  in  the  following  chapter. 


CHAP. 
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C  H  A  ?•     XL 

O*  THE  SOLUTIONS  OF  QUESTIONS  that 
PRODUCE  SIMPLE  EQlfATIONS. 

SIMPLE  f^uarioris  arc  thofc  "  wherein 
the  unknown  quantity  is  only  of  one  di- 
menfion:**  In  the  folution  of  which  we  are  to 
obferve  the  following  direAions. 

DIRECTION    L 

§78.  ^^  After  forming  a  diftinSi  idea  of  the  quef 
lion  propofed,  the  unknown  quantities  are  to  be 
exprejfed  by  letters,  and  the  particulars  to  be 
tranjlated  from  the  common  language  into  the 
algebraic  manner  of  exprefftng  them^  that  is, 
into  fucb  equations  asjball  exprefs  the  relations 
or  properties  that  are  given  of  fucb  quantities^ 

Thus,  if  the  fiim  of  two  quantities  muft  be  60, 
that  condition  is  exprefled  thus^  x  +  j^  =  6o. 

If  their  difference  muft  be  24,  that  condition 
gives X  — y  z=  24. 

If  their  produft  muft  be  1640,  then  xy  -=.  1640. 

If  their  quotient  muft  be  6^   then   .  .  .   —  =  6  . 

If  their  proportion  is  as  3  to  2,  then  x\y  \\  ^\^, 
or  2x  ^  ^y*  bccaufe  the  produft  of  the  ex- 
tremes 
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tremes  is  equal  to  the  produft  of  the  mean 


terms. 


DIRECTION    II. 

§  7  9,  "  After  an  equation  is  formed^  if  you 
have  one  unknown  quantity  only,  then,  hy  the 
Rules  of  the  preceding  Chapter^  bring  it  to  ft  and 
alone  on  one  Jide^  Jo  as  to  have  only  known 
quantities  on  the  otba^  jide:'^  thus  you  fhall 
difcover  its  value. 

EXAMPLE. 

A  perfon  being  ajked  what  was  bis  age,  an-^ 
fwered  that  |  of  his  age  multiplied  by  ^  of  bis 
age  gives  a  produS  equal  to  bis  age.    Qu.  what 
was  his  age  ? 

It  appears  from  the  queftion^  that  if  you  call 
his  age  x,  then  (hall  .  .  .  ^^  x  —  —  ;^, 


12 


that  is 


•  •  • 


3*2  _ 
4«  "  ^» 


and  by  Rule  3,  •  .  .  3  ^*  =:  48  x, 

and  by  Rule  7,  .  .  .  3  ;c  =  48, 
whence  by  Rule  2,  •  •  .     ^  =  16. 

DIRECTION    III. 

§  80*  '*  If  there  are  two  unknown  quantities^ 
then  there  muft  be  two^  equations  ariftng  from 
the  conditions  of  the  queftion :  Suppofe  the  quan- 
titics  X  and  y ;  fnd  a  value  of  x  or  y,  from 

F  2  eadf 
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each  of  the  equations^  and  iben  iy  putting  tbeje 
two  values  equal  to  each  other ^  there  will  arije 
a  new  equation  involving  one  unknown  quaif^- 
tity  I  which  muft  be  reduced  by  the  Rules  of  the 
former  Chapter. 


EXAMPLE    I. 

Let  the  fum  of  two  quantities  be  s,  and  their 
difference  d.  Let  s  and  d  be  given,  and  let  it  be 
required  to  find  the  quantities  tbemfelves.  Sup« 
pofe  them  to  be  x  and  y^  then^  by  the  fuppo- 
fition. 


X 

+^  =  j 

K 

-jr  =  i 

whence 

=  d  +  y 

and  d  +  y 

=  s-y 

uy 

=  s~d 

• 

• 

9ruf  af 

s  +  d 

EXAMPLE    n. 

Let  it  be  required' to  find  two  numbers  whofe 
fum  is  Sj  and  their  proportion  as  a  to  b.    Let  the 
numbers  be  x  andy,  thenfi)all 
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■^  J^  ""  ^,  ?  by  the  fuppoC 


X 

x\y 


bx  :=:  ay 

—  II 

X  s=  J-^-J^ 
ay 

tf  +  *  X  y  zz  is 

bs 


a  +  b 


as 


^  —    b         a+  b 
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EXAM  PL  E    IlL 

A  privateer  running  a  I  the  rate  of  10  miles  an 
bour^  di/covers  a  Jhip  1 8  miles  off  making  way  at 
the  rate  of  8  miles  an  hour :  It  is  demanded  bow 
many  miles  tbe  Jhip  can  run  before  Jhe  be  over-^ 
taken  ?  , 

Let  the  number  of  miles  the  (hip  can  run 
before  fhe  be  overtaken  be  called  x ;  and  the 
number  of  miles  the  privateer  muft  run  before 
fhe  come  up  with  the  (hipi  bcj^;  then  fhall 
(by  Supp.)  c.jr  =  x+ii  ....  and  xty  ::  8  :  10, 

whence  xca'=8j...,  y=:  —  ....  and  ;c  =j^— -18. 

F  3  Whence 
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Whence jr— -18  =  ^,  ana7=90...;r  =7—18 
=  7«. 

To  find  the  time^  fay,  if  8  miles  give  i  hour  $ 
72  miles  will  give  9  hours. — ^Thus,  8  : 1 ::  72: 9. 

^  EXAMPLE    IV. 

Suppt/e  the  diftance  between  Ix^ndon  and  Edin- 
burgh to  be  360  miles^  and  that  a  courier  Jets  out 
from  Edinburgh  running  at  the.  rate  of  10  miles 
an  bouf  i  another  Jets  out  at  the  fame  time  from 
London,  and  runs  8  miles  an  hour.  It  is  re- 
quired to  know  where  they  will  meet  ?  Suppofe 
the  courier  that  fets  out  from  Edinburgh  runs  x 
miles,  and  the  othcnj^  miles  before  they  mcet^ 
then  fliall 


by  fuppof.  < 


X  +  y  ^  360 
X  :  y  ::  5  -.4 


4 
X  =  360 — y 

52=360-;. 

9y=  1440 

^=  111?  =  ,60 
9 

*=  360  — y  =  aoo. 

EXAMPLE    V. 

Ttoe  ferfons  difceurjing  of  their  revenues,  fays 
A,  if  B  vsould  yield  bim  a  fofi  be  bas  of  25/.  a 

year^ 
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year^  their  revenues  would  be  equal:  Says  b,  //  a 
would  give  him  a  place  be  holds  of  2sU  per  an- 
num, the  revenue  of  B  would  be  double  that  of  a  • 
>u.  their  revenuei  ? 

Let  the  revenue  of  -^  be  calkd  x,  that  of  iJ, 
y;  then, 

25 

44 


{; 


jr  —    X  +  25  +  25  =s    ;^  +  50 

jr  =  2X  —  44 22  =  «— ^  66 

a;c  —  66  =    X  +  ^o 
a?  =  66  +  ^o  =  116 
j^  =    ^  +  50  =  166^ 

EXAMPLE    VL 

ji  gentleman  dijiributing  money  among  fome  poor 
people^  found  he  wanted  los.  to  be  able  to  give  5  s. 
to  each',  therefore  he  gives  each  ^s.  only,  and 
finds  that  he  has  5  s.  left.  Qu.  the  number  of 
Jhillings  and  poor  people  ? 

Call  the  number  of  the  poor  x^  and  the  num- 
ber of  (hillings  y ;  then, 

=   j^  +  10 

y—  5 


by  fupp.[^*  = 


y  = 

5* 

— 

10 

y  = 

4^ 

+ 

5 

5jf- 

■  10 

■~- 

+«  +  $ 

5Jf  — 

4* 

17 

15 

X  = 

15 

y  = 

4* 

+ 
F 

5  = 
4 

65 

EX- 
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EXAMPLE  VII. 
2w^  merchants  were  copartners ;  tbejum  of  their 
ftock  was  300I.  One  of  their  flocks  continued  in 
company  1 1  months  \  but  the  other  drew  out  his 
ftcck  in  9  months.  \  when  they  made  up  their  ac-^ 
counts  they  divided  the  gain  equally.  Qu.  fybae 
was  each  man's  ftock  ?  SuppoTe  the  ftock  of  the 
firft  to  be  X,  and  the  ftock  of  the  other  to  be  7  i 
then, 

=  300 

9y 


byfupp.[*+^  = 


=  2^  = 


II 


300 


I  ij'  +  9y  -  zz°^ 

10  y  —  3300 
_  3300  _ 


20 


=  165  .  .*  =  300  -y=i  135. 

t 

EXAMPLE    VIII. 

There  are  two  numbers  whofe  fum  is  the  6tb 
part  of  their  produiij  and  the  greater  is  to  the  lejfer 
as  3  to  2.  Qii.  fVbat  are  tbefe  numbers  ?  Call 
them  X  andj^;  then, 


fupp 


6 


{A 
X  \y  w  :ii 

yx  =  6x  +  6y 
yx  —  6x  zz  6y 

y  —  6  X  x  =  6y 

6y 

X  =  — ,  whence  • 
2 


^  —  6        2 
I2y  =  3yy- 

3oy  =  3yy 

=  ^  - 

^        3   ■" 


i8jf 


10 


3  X  10 

X  =  ' zz  ic, 

2  •' 


D  I  R  E  C- 
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DIRECTION    IV. 

§  81.  '*  H^en  in  one  of  the  given  equations^  the 
unknown  quantity  is  of  one  dimenjiony  and  in 
the  other  of  a  higher  dimenjion ;  you  mufi  find  a 
value  of  the  unknown  quantity  from  that  equa^ 
tion  where  it  is  of  one  dimenjion,  and  then  rai/e 
th(ft  value  to  the  fower  of  the  unknown  quantity 
in  the  other  equation ;  and  by  comparing  it,  Jo 
involved,  with  the  value  you  deduce  from  that 
other  equation,  you  fball  obtain  an  equation  that 
will  have  only  one  unknown  quantity,  and  its 
powers.'* 

That  is,  when  you  have  two  equations  of 
different  dimenfions,  if  you  cannot  reduce  the 
higher  to  the  fame  dimendon  with  the  lower, 
you  muft  raife  the  lower  to  the  fame  dimenfion 
with  the  higher. 

EXAMPLE     IX. 

nefum  of  two  quantities,  and  the  difference  cf 
their  fquares,  being  given ^  to  find  the  quantities. 
Suppofe  them  to  be  x  zndy,  their  fum  s,  and  the 
difference  of  their  fquares  d.     Then, 
{x  ^  y  zzs 

\x*  — y  zi  d  ♦2i^  =  j» — d 

X  zz  s  —y  ^  "     IS 

x^^s^^^sy^f  and  ;.  =  i-t.^. 

x^  :=^  d  ^  y  2s 

d  -{•  y^  :=,  s^  "^  2sy  +  y* 

d  ^  s*—  2sy,  whence 0 

EX* 
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EXAMPLE  X. 

Let  the  proportion  of  two  mtmbers  and  tbefum 
of  their  fquares  be  given,  and  let  it  be  required  to 
find  the  numbers  themfelves.  Suppofe  their  pro- 
portion to  be  the  faitie'  as  that  o(  a  to  b,  and  let 
the  fum  of  their  iquares  be  ^^  that  is>  let 


{ 


x:y :  :  a:b 


w 


then  X  :r  -^, 
and  **  =  —77- ; 

but  A-*  =  f  — y^, 

hence  r—  jp*  =  ^^ 

b^yj^a^y  -  cb"^ 
a'  +  b^  >^y--cb^ 


a*  7 


•^ =JvT¥^  *"^*=  y 


ra' 


II*  +  /'*• 


EXAMPLE    XL 

Let  the  proportion  of  two  numbers  be  that  of 
a  to  by  arJ  the  difference  of  their  cubes  be  d* 
Q^.   What  are  the  numbers  ?  Then, 

xiy 
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x'.y  ::  9:  i 


(: 


>3.i3 


^  =  y,  and  ;?'  =  —; 


whence 


J+f-  ^, 


but  x^  =1  d  +  y\ 
and  a^y^  —  i^y^  =  dP 


-  3  /_££_ 

-  V     ^i  _  ^J 

—  V    ^3   _   AJ* 
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DIRECTION    V. 

§82.  *'  ij^  /itfrf  tfr^  /Ar^f  unknown  quantities^ 
there  mufi  be  three  equations  in  order  to  deter- 
mine  them,  by  comparing  which  you  may^  in 
all  cafesy  find  two  equations  involving  only 
two  unknown  quafitities  \  and  then^  by  Direc- 
tion 3,  from  tbefe  two  you  .may  deduce  an 
equation  involving  only  one  unknown  quantity-^ 
which  may  be  refolved  by  the  Rules  of  the  lafl 
Chapter  :\ 

From  three  equations  involving  any   three 
unknown  quantities,  x,  y^  and  2,  to  deduce  two 

equations 
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equations  involving  only  two  tfnknown  quanti- 
ties^ the  following' Rule  will  always  ierve. 

RULE. 

*•  Fini  tbr^e  values  of  x  from  the  three  given 
equations ;  tben^  By  comparing  the  firft  andfe^ 
eond  value,  you  will  find  an  equation  involving 
onfyy  and  z  ;  again^  by  comparing  the  firft  and 
thirds  you  will  find  another  equation  invoking 
only  y  and  z ;''  and  laftly^  thofe  equations  are  to 
he  refolved  hy  Diredtion  3.  ' 

EXAMPLE    XIL 


Suppofc 

*  +  V  +  w^  = 

3     * 

:  20I  ^  1  20- 

-  y— 

-2Jf- 

2 

•    2llft 

•3«  .  d. 
•  3z  j  3d 

• 

12  — y  —  2 

.12  — J  —  2 

=  20 

=  l8 

—  2;r  — 
a 

32 
32 

Thefe  two  laft  equations  involve  only  y  and 
2,  and  are  to  be  refolved,  by  Dire£lion  j,-  as 
follows. 


^y 
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32  —  z  =  20 —  la  =  8 
8 


I  y  +  azr: 


36  —  3y  —  6z  =  24  —  «y  —  22 

12  =  j^  +  42 

,  f    8  —  2z  •  •  ift  value 

whence  jr  =  ^  ,      , 

'^       \ij  —  42. .2d  value    • 


8    —  22  =:  12  — 42 
22  =  12  —    8=4 

and  2  =r    2 

jr  (  =    8  —  22)  =  4 

;r(  =  12 — jr— 2)  =6. 

^  83.  This  method  is  general,  and  will  ex- 
tend to  all  equation^  that  involve  three  un- 
known quantities :  but  there  are  ofcen  eafier  and 
(horter  methods  to  deduce  an  equation  involving 
one  unknown  quantity  only  -,  which  will  be  beft 
learned  by  praftice. 

EXAMPLE     XIII. 

r^  +y  +  Z  :=:  26 
Suppofing  <  X  — y  =  4 

[at  — 2  =  6 

by  addition  3*  =  36 

r  =  —  =  12 

3 
jr  =   AT  —  4  rz  8 

2  =  X  —  6  =  6. 

EX- 


8o 
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i'x  +y  zza 
y  +  Z=:  c 


X  zz  a — y 
a'-^y  +  zzz  t 
y  +  z  zz  c 


:x(zza^y)zz 


a  +  b*-^  c 


§  84.  It  is  obvious  from  the  3d  and  5th 
Direftions,  in  what  manner  you  are  to  >\ork  if 
there  are  four,  or  more,  unknown  quantities, 
and  four,  or  more,  equations  given.  By  com- 
paring the  given  equations,  you  may  always  at 
length  difcover  an  equation  involving  only  one 
unknown  quantity  ;  which,  if  it  is  a  fimple 
equation,  may  always  be  refolved  by  the  Rules 
of  the  laft  Chapter.  We  may  conclude  then, 
that  **  When  there  are  as  many  fimple  equa- 
tions given  as  quantities  required,  thefe  quan- 
tities may  bedifcovered  by  the  application  of  the 
preceding  Rules." 

§85. 
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§  85.  *'  If  indeed  there  are  more  quantities 
required  than  equations  given^  then  the  queC- 
tion  is  not  limited  to  determinate  quantities; 
but  is  capable  of  an  infinite  number  of  (blu- 
tions.**  And,  **If  there  are  more  equations 
given  than  there  are  quantities  required,  it  may 
,be  impoflible  to  find  the  quantities  that  will 
anfwer  the  conditions  of  the  queftion  ;'*  bc- 
caufe  fome  of  thcfe  conditions  may  be  incon- 
fiftent  with  others. 


CHAP.     XIL 

CONTAINING  some  GENERAL  THEOREMS 
FOR  THE  EXTERMINATING  UNKNOWN 
QUANTITIES  in  given  EQUATIONS. 

IN  the  following  Theorems,  we  call  thofe  co- 
efficients of  the  ^^/awe  order*'  that  are  pre- 
fixt  to  the  lame  unkno\^n  quantities  in  the  dif- 
ferent equations.  Thus,  in  Tbeor.  2.  a^  J,  gy 
are  of  the  fame  order,  being  the  coefficients  of 
X :  alfo  ii  e,  h,  are  of  the  fame  order,  being  the 
coefficients  of  ^ :  and  thofe  are  of  the  fame  order 
that  zffc6t  no  unknown  quantity. 

But  thofe  arc  called   "  oppofif/*  coefficients 
that  are  taken  each  from  a  different  equation, 

and 


-J 
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and  from  a  different  order  of  coefficients :  As 
4,  e^  and  d^  b^  in  the  firft  Theorem;  and 
tf,  e^  ky  in  the  fecond;  alfo  «»  h^  f\  and 
J,i,k,8uu 

THEOREM   I. 

§  86.  Suppofe  that  two  equations  are  given^ 
involving  two  unknown  quantities^  as 

ax  +  By  :s  c 
dx  +  ey  =/ 


{ 


then  fhall  y  =s  — — rl* 

Where  the  numerator  is  the  difference  of  the 
products  of  the  oppofite  coefficients  in  the  or- 
ders in  which  y  is  not  foundy  and  the  denomina* 
tor  is  the  difference  of  the  produfts  of  the  oppo- 
fite coefficients  taken  from  the  orders  that  in- 
volve the  two  unknown  quantities. 

For  from  the  firll  equation,  it  is  plain  that 

ax  ^  c  —  h  ••  and x ^z ^*"  "^t 

a 

from  the  ad,  dx  =/—  ey  .  •  and  x  =:-LZLi?^ 

therefore  -^-^  ^—^i  and  cd — dby  =  af^^ay^ 

whence  aty^^dby  =  af — cd^ 

J      —  af—cd 


after  the  (ame  manner,  '  = 


_  ci--hf 


EX- 
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>3 


EXAMPLE    I. 


<   X   80   —  1    X    100  100 


andx 


5x8-3x7 


I 


EXAMPLE    n. 

r43f  +  8jr  =    90 
I3*  -  ajf  =  160 

_  4x160  — 3XqO_6^Q— 270_  37o,_  » 

•''-4X-2-  3^»~  -8-24  ~-3a-~"T*- 

THEOREM    II. 

\  87.  Suppofc  now  that  there  arc  three  un- 
known quantities  and  three  fquations,  then  call 
the  unknown  quantiues  x,  y,  and  z. 

dx  +  ey  -v/z^n 
gx  +  by  +KZ  =p 


Then  Ihall  z  =  ■'^-''*'' + '^^^-'^^  ^^^"-^^'"^ 

ati  —  ahj  +  ahc  ~  M  -^  gbf  —  gee 
Where  the  numerator  confifls  of  all  the  dif- 
ferent produfts  that  can  be  made  of  three  oppo- 
fitc  coefEcients  taken  from  the  orders  In  which 
z  is  not  found  ;  and  the  denominator  conlifts  of 
all  the  produfts  that  can  be  made  of  the  threa 
G  oppofitc 
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oppofite  coefficients  taken  from  the  orders  thacl 
involve  the  three  unknown  quantities.  For^fl 
from  the  taft  it  appears,  that 

y  = ::-: — 77 ,  and  that 


en  —  afi  — 


at  -db 
ckx-gm 


■till 


ah- 

an  —  afz  —  dm  +  dcz  x  ah  —  g 


therefore 

•  aiz  ~  gm  +  gcx 


atidl 


■a/z-hi 


gbdm — ghdcx -^^  ap  —  gm  —  akz  +  gcz  xas  — ; 
db  y^  ap  —  akz  +  ghdm  —  gbdcz. 

Tii\i&  gbdm  —  gbdcz  from  both  fides,  and 
divide  by  a.  To  fhall 

an  —  dm  —  afz  +  dcz  x  b  — gbn  +  gbfz 
ap  —  gm  —  akz  +  gcz  x  e  —  dbp  +  dbkx, 
Tranipofe  and  divide,  lb  fhall  you  find 

_  aep  —  ahn  +  dhm  —  ei/f  +  fhn  —  jcm       _, 

~"  oti    —  ahf  +    tlhc  —  abk  +  7*/ — gt< 
values  of  x  and  y  are  found  after  the  fame  man- 
ner, and  have  the  fame  denominator.    Ex.  gr, 

_  "fp  +  "*"  —  '^^''*  +  ''''/' — 'f "  +  sf"' 
^  ~    ack  -  ahf  +  Jhi-  -  ahk  +  gbj-  g,c  ' 

If  any  term  is  wanting  in  any  of  the  three 
given  equations,  the  values  of  z  and  y  will  be 
found  more  fimple.  Suppofe,  for  example,  that 
/  and  *  are  equal  to  nothing,  then  the  term  /* 
will  vanilh  in  the  fecond  equation,  and  kz  in 

tiep  —  jinh  +  Jhm  —  ilSp  +  ^"b  —  grm 

third,  and  z  = ' d 


y-: 
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If  four  equations  arc  given,  involving  four 
unknown  quantities,  their  values  may  be  found 
much  after  the  fame  manner,  by  taking  all  the 
produfts  that  can  be  made  of  four  oppofite  co- 
efficients, and  always  prefixing  contrary  figns  to 
thofc  that  involve  the  produ£ts  of  two  oppofite 
coefficients. 


CHAP-    XIIL 


OF  QUADRATIC  EQUATIONS. 

^  88.  tN  the  folution  of  any  queftion  where 
X  you  have  .got  an  equation  that  in- 
volves one  unknown  quantity,  but  involves  at 
the  fame  time  the  fquare  of  that  quantity,  and 
the  produft  of  it  multiplied  by  fome  known 
quantity,  then  you  have  what  is  called  a  ^a^ 
draff c  equation  -,  which  may  be  refolved  by  the 
following 

RULE. 

1 .  "  Tran/po/e  all  the  terms  that  involve  the  un- 
known quantity  to  onefide^  and  the  known  terms 
to  the  other  Jide  of  the  equation. 

%.  If  the  fquare  of  the  unknown  quantity  is  mul- 
tiplied by  aUty  coefficient^  you  are  to  divide  all 
the  terms  by  that  coefficient^  that  the  coefficient 

G  a  of 
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of  the  fquare  of  the  unknoitm  quantity  may  I 
unit. 

3.  Md  to  both  fides  the  fquare  of  half  the  (oef-X 
ficient  prefixed  to  the  unknown  quantity  it/e^M 
and  the  fide  of  the  equation  that  involves  tbe\ 
unknown  quantity   will    then    be   a    compleit 

fipiare. 

4.  Exlralf  the  fquare  root  from  both  fides  of  the 
equation;  -which  you  will  find,  en  one  fide,  aU 
ways  to  he  the  unknown  quantity  with  half  ■ 
the  forefaid  coefficient  joined  to  it  \   fo  that  i 
by  iranfpofing  this  half  you  nay  obtain  the  v«- J 
lue  of  the  unknown  quantity  exprejfcd  in  Ane% 
terms"    Thus, 


Ics       J 


-  =  «  +  — .1 


Suppofcy  + 1 

Add  the  fquare  0 
to  both  fides 

a  t         a*  \ 

Extraft  the  root,  y  -^  —  =±V^"*"  "Tm 

Tranfpofe  — ,  y  =  ^-J b  +  ■ — . 

§  89.  The  fquare  root  of  any  quantity,  as 
-f  dj,  may  be  +  <?,  or  —  a;  and  hence,  "  All 
quadratic  equations  admit  of  two  folutions." 
In  the  laft  example, 

my  +  —  =  ^  +  — ,  it  may  be  inferred  tha( 
^  +  —  =  +^b+  ^,  or  to  —  ^  b 
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if 


—  ^  l>  +  —  X  —  ^  B  +  -  gives  if  +  '■ 
well  as  +  Ji  +  ^  x  +  J  i  +  : 


4 
There 

are  therefore  iwe  values  of  y,    the  one  gives 
y  =  +  ^  b  + — ,  the  other 


^  4  » 


§  go.   Since  the  fquares  of  alj  quantities  are 

pofitive,  it  is  plain  that  "  The  fquare  root  of  a 

negative  quantity  is  imaginary,  and  cannot  be 

affigned,"    Therefore  there  are  fomc  quadratic 

equations  that  cannot  have  any  folution.     For 

example, 

Suppofey  —  ay  +  3a'  =  o, 

then  y*  —  ay  =  —  ja' ; 

J 1  ^'     i_    T_    ,  .  "*  4  .  "*         1 1«* 

add— tobotho"^— jj"  +  —  =  —  3a*  +  — = , 

4  4  4  4 

cxtraft  the  root,  y  —  —  =  +  ^ —, 

and^  =  i  +  y-i^^ 
whence  ihe  two  values  of  _j'  muft  be  imaginary  or 
i  mpoHJble,  bccaufc  the  root  of  —  — —  cannot 
pofllbly  be  afligned. 

But  of  this  wc  (hall  treat  more  fully  in  the 
Second  Part. 


03 


Suppofe 


mk 


88^         ^  T  KE  ATI  %n  cf       Part  I; 

Suppofe  that  the  quadratic  equadon  propofed 
to  be  reiblyed  iay^^^ay  =  ii 

thtny^  —  ay  +  f  =  *  +  -, 


2  V  ^ 


If  the  fquarc  root  of  k  +  ^  cannot  be  eztrafted 

4 

cxa6lly,  you  muft,  in  order  to  determine  the 
value  ofy,  nearly  approximate  to  the  value  of 

^6  +  f!^  by  the  Rules  in  Cbap.  8.    The  fol- 

lowing  examples  will   illuflratc  the  Rule  for 
quadratlcequations. 


EXAMPLE    I. 

To  find  that  number ^  which  if  you  multiply  iy 
8,  the  produH  Jhall  be  equal  to  the  fquare  of  the 
fame  number j  having  1 2  added  to  it. 

Call  the  number  j^  J  then 

/  4-  12  =  8  J, 
cranfp,  j^*  ~-  8j^  =  —  1 2, 
Add  the  fq,  of 4,/  —  %y  -{■  i6  =  —  I2  +  i6  =^4, 
cxtraft  the  root,  y  —  4  =  ±  2, 

tranfpofe,  ^  =  4  ±  2  =  6,  or  2. 


EX- 
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EXAMPLE    IL     . 

f  9  find  a  number  Jkcb  thai  if  yon  fiibtra^  it 
from  lo^  and  multipfy  thi  remainder  by  the  number 

itfelf^.fbe  produQ  fiMlljive  %i.  , 
,CaUitj?s  then 


lO 


that  h,  io;r  — 

tranfpofe    j^*'- 

iaddthcfq.of5,;^*-' 

atr.thc  fq.root,j?  — 

andjr  =; 


-  lo;^  =  —81, 
iqy+a5  =  —  21  +  25 

.  5  =  ±  v^T  =  ±  3, 
5  ±  a  =  7,  or  3. 


EX  A  M  P  L£    m. 

-  fhMjum  of  tivo  quantities  is  a^  their  froduB  h 
^^  What  are  the  quantities  ? 

'PC  +  y  '=z  a  ...  then  ;c  =  a  — "7j 
Suppofe ' 


^ «  then  ;r  =:  — . 

therefore  «  —  v  s  — • 

y 

and  tfjf  — /  =  bi 
tranfp,  y  •^^ay  zi  —  b. 


4         ' 


it:  ±  y 


extraft  •,  jr  - 

and^  =  •-■  ±  V  " 

G  4 


ill' 
*  +  £. 


£  X- 


90  jfTSiZATlSZ    Cf  PARTlij 

EXAMPLE    IV. 
JJ>e  Jum  of  Iwo  quaniitiei  is  a,  and  the  /um  of  I 
their /quarts  b.     Qu.  the  quantities  ? 

.  then  X  ~  a  — jr, 

-/» 

invol.  **  =  a'  —  2(iy  +  y*t 
whence   a* — 2fly+y=i— ^*j 
tranlp.  C-iy*  —  ijty  —  b  —  a\  xM 


Or  thus,  y  =■  — ,  and  *  : 


EXAMPLE    V. 

A  company  dining  together  in  an  inn,  find  their  ^ 
ifill  amounts  to    \T S  fiitlings ;   two  ef  tbemwere  , 
Met  allowed  to  pay-,  and  the  rejl  found  that  tbeir  j 
Jhara  amounted  to  los.  a  matt  more  than  if  all  hai 
paid.     Qu.  Haw  many  were  in  company  ? 

Suppoie  their  number  x;  then  if  all  had  paid, 

each  man's  ftarc  would  have  brcn  — ,  feeing  1 
*  —  2  is  the  number  of  ihofe  that  pay.  It  \%  1 
therefore,  by  the  qucftion, 

»75 
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and  175*  —  175*  +  350  =  10**  — aocj 
that  is,    lojc'  —    20*  =  350, 
and  *'—      2*  =  J5i 
add  I . .  jc*  —     2*  +  I  =  3  J  +  I  =  36 ; 
extr.  •</     , .  X  —  I  =  ±  6, 

X  =  I  ±  6  =  7,  or  —  J. 
It  is  obvious  that  the  jwfitive  value  7  gives 
the  folution  of  the  queftion;  the  negative  value 
—  5  being,  in  the  prefcnt  cafe,  ufelel's. 

EXAMPLE    V[. 

^bere  art  three  numhers  in  continual  geometrical 
proportion  ;  tbejum  of  tbefirfi  and  Jecond  is  i®, 
aud  the  difference  of  the  fecend  and  third  is  24. 
Qu.  the  numbers  ? 

Let  the  firll  be  *,  and  the  fecond  will  be 
JO  —  *,  and  the  third  34  —  x  i  therefore, 

a:  :  10  —  X  ■.:  10  —  ■»; :  34  —  x^ 
and  34X  —  X*  —  100  —  20A'  +  x* ; 
tranfp.     C54T  =  100  +  2x', 
anddivid.  {     x' —  2',x  rz  —  50, 
1.27    27        ,  ,  729      720  _  S'O 

cxtraft  ^-...x-v. = ±  yns = ±  y, 


and  X 


-  '7  +  '3 


,  a7-'3 


=:  25,  or  2. 
So 
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So  the  thrcQ  continued  proportionals  are 

a  :  8  t  3*,  or 

a5  : -^  15  :  9. 

» ■ 

§  9t*  Any  cquatito  of  this  form  jr  ♦^  +  45^  ==  *, 
Inhere  the  greateft  indte  of  the  uiiknown  quan- 
tity y  is  double  to  ^die  index  of  jr  in  the  other 
term,  may  be  reduceid  to  a  quadratic  z*  +az^t, 
by  putdngjT  =  z,  and  coniequcntly  y^  =  z\ 
And  this  quadratic  refblved  as  above^  f^ves 

And  fccingy  =  z  ar  —  — ±  ^  3  +  — 

EXAMPLE    I. 

T'i&e*  produS  of  two  quantities  is  a,  and  ibefitm 
(ff  their /quarts  b.     Qu,  the  quantities  ? 

Supp.^J^  =  ^---^'"^=>'^*  =  7^ 


fl* 


whence  ^  — jr*  =  — ; 

mult,  by  >* . .  by*  — y^  =  a% 

tranfp.  y  —  ^  j^*  =  —  a*. 
Put  now  jr*  =  z . . « and  confequcnUyjr*  =:  2% 
and  it  is 
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4* 

add  — ,  2* 
4 

exuy/",  X 


3x  +  —  = «*, 

4       4 


and  z  5:  -  ±^— —41*5  and,  feeing  j^  = 


,=±717^ 


4*. 


EXAMPLE    !!• 


ToJmJ  a  number  fnm  the  cube  of  which  if  you 
Jubtrap  19^  and  multiply  the  remainder  by  that 

€ube\  Ihe  produSl  Jhatt  be  o,  i  6. 

« 

Call  the  number  required  xi   and  then^  by 
the  quefiion^ 


x^ 
Put  u^ 

25* 


— .  19^'  =  216. 

^  z xf^  zi  z\  and  it  will  be 

,^^   .   36»«^,ir  ^  361  _  1225 


2  *      "*  2  ' 
^9  ±  35  _ 


andy^^.z- 

whehce  z  » 
Buc  X  =5  VV}  wherefore  x  =s  +  3,  or  —  2. 


=  27,  or  ss  —  8. 


EX. 


A 
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EXAMPLE    III. 
To  jittd  the  value  of  x,  fuffofmg  that  *'  —  I 
7*^  =  8. 

Put  Jf-  =  z,  and  *»  =  2'  j 

then  z*  —  yz  =  8, 


z  =  8. 
But  *'  =  2%  and  x  =  v^z*  =  ^64  =  .4." 


CHAP.     XIV. 


OF     SURDS. 


^  gs.TF  a  Icfs  quantity  mcafures  a  greater  (o 
X  a3  to  leave  no  remainder,  as  2  «  mea- 
furcs  10  a,  being  found  in  it  five  times,  it  is 
fjid  to  be  an  aliquct  part  of  it,  and  ihe  greater 
is  faid  to  be  a  multiple  of  the  lefs.  The  left 
quantity  in  this  cafe  is  ihc  greatejl  common  mta~ 
Jure  of  tkc  two  quantities;  for  as  it  maafures  the 
greater,  fo  it  alfo  meafures  itfelf,  ar.d  no  quan- 
tity can  mcafore  it  that  is  greater  than  kfelf. 

Whsn  a   third    quantity  meafures   any   rwo  \ 
propofcd  quantities,   as   a  a  meafures  6  a  and  J 


I 


Chap.  14.      ALGEBRA.  gj 

lOD,  ic  is  faid  to  be  a  common  meajun  of  thefe 
quantities;  and  if  no  greater  quantity  mcafure 
diem  both,  it  is  called  their  greateCt  common 
meajurt. 

Thole  quantities  are  (aid  to  be  cemmenfurabU 
which  have  any  common  meafurc;  but  if  there 
can  be  no  quantity  found  that  meafures  them 
both,  they  are  faid  to  be  incommenfurabU ;  and 
if  any  one  quantity  be  called  rational,  all  others 
that  have  any  common  meafure  with  it,  are  alfo 
called  rational :  But  thofe  that  have  no  com- 
mon meafure  with  it,  are  called  irratieHoi 
quantities. 

^  9J.  If  any  two  quantities  a  and  b  have  any 
common  meafure  *,  this  quantity  x  (hall  alfo 
meafurc  their  fum  and  difference  a  ±.  b.  Let 
X  be  found  in  a  as  many  times  as  unit  is  found 
in m,  fo  that  a  ~  mx;  and  in  b,  as  many  times 
as  unit  is  found  in  n,  fo  that  b  =  nx;  then 
fhall  i34:i  =  »j:±Mx  =  m±»x*;  fo  that  m 
fhall  be  found  in  a  ■±.  b,  as  often  as  unit  is 
found  in  «  ±  » ;  Now  fince  m  and  «  are  integer 
numbers,  m  ±:  h  muft  be  an  integer  number  or 
unit,  and  therefore  x  muft  meafure  a  ±  b. 

§  94.  It  is  alfo  evident,  that  if  x  meafure 
any  number  as  u,  it  mult  meafure  any  multiple 
of  that  number.  If  it  be  found  in  a  as  many 
rimes  as  unit  is  found  in  w,  fo  that  a  =  mx, 
then  it  will  be  found  in  any  multiple  of  a,  as 
Ha,  as  many  times  as  unit  is  found  in  mn-,  for 
na  r=  mnXt 

$95- 
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§  95.  If  two  quantities  a  and  b  arc  propofed, 
and  b  meafure  a  by  the  units  that  are  in  m  (that 
is,  be  found  in  a  as  many  times  as  unit  is  found 
in  m)  and  there  be  a  remainder  c;  and  if  *  be 
fuppoftd  to  be  a  common  meafure  of  a  and 
i,  it  fhall  be  alfo  a  meafure  of  c.  For  by  the 
fuppofition  a  =  i»^  +  f,  fince  it  contains  h  as 
many  times  as  there  arc  units  in  m,  and  there 
is  c  befides  remaining;  therefore  a  —  mb  ■=  c. 
Now  X  is  fuppofed  to  meafure  a  and  b,  and 
therefore  it  meafures  mh  (Art.  94.)  and  con- 
fcquently  a  —  mb  (Art.  93.)  which  is  equal 
io  e. 

\i c  meafures  b  by  the  units  in  «,  and  there  be 
a  remainder  d,  fo  thai  b  =  nc  +  d,  and  b  —  nc  —  J, 
then  fhall  x  alfo  meafure  d;  becaufe  it  is  fup* 
pofed  to  meafure  b,  and  it  has  been  proved  that  - 1 
it  meafures  e,  and  confequently  nc,  and  b—  ne  ' 
(by  Art.  9+.)  which  is  equal  to  d.  Whence,  as 
after  fubtrai5ting  b  as  often  as  pofTible  from  «, 
the  remainder  t  is  mcafurcd  by  x ;  and  after 
fubtrafting  c  as  aften  as  pofljble  from  b,  the  re- 
mainder d  is  alfo  meafured  by  x ;  fo,  for  the 
fame  reafon,  if  you  fubtraft  d  as  often  as  pof- 
fible  from  c,  the  remainder  (if  there  be  any) 
muft  IVill  be  meafurcd  by  x :  and  if  you  pro- 
ceed, flill  fubtrafting  every  remainder  from  the 
preceding  remainder,  till  you  find  fome  re- 
mainder which  fubtraiftcd  from  the  preceding 
leaves  no  further  remainder,  but  exaftly  mea- 
1  ^>u«sl 
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fures  it,  this  lift  remainder  will  ftiU  be  meafured 
by  JIT,  any  common  mcafurc  of  a  and  i. 

^  96.  The  Uil  of  thcfe  remainders,  viz,  that 
which  exatUy  meafurcs  the  preceding  remainder, 
mull  be  a  common  meafuie  of  a  and  1/ :  fup> 
pole  that  d  was  this  laft  remainder,  and  that  it 
meafured  c  by  the  units  in  r,  then  fhall  c  ^  rd, 
and  we  (hall  have  thefe  equations, 

a  —  mh  +  c, 
i  =  tJC  +  d, 
t  ^rd. 


Now  it  is  plain  that  fince  d  metfures  r.  It 
muft  alfo  meafurc  nc,  and  therefore  muft  mea- 
fure  HC  +  dy  or  i'.  And  fuice  it  meafurcs  i  and 
*,  it  muft  meafure  «i  +  c,  or  a  t  fo  that  it  muft 
be  a  common  meafore  of  a  and  i.  But  further, 
it  muft  be  their  grtatefi  common  meafure  [  for 
•very  common  meafure  of  a  and  b  muft  meafurc 
d,  by  the  laft  article ;  and  the  grcatcrt  number 
that  meafures  d  is  icfclf,  which  therefore  is  the 
grcateft  common  meafure  of  a  and  b. 

%  97.  But  if,  by  continually  fubtraifting  every 
remainder  from  the  preceding  remainder,  yoii 
can  never  find  one  that  meafures  th;it  which  pre- 
cedes it,  cxaclly,  no  quantity  cm  be  found  that 
will  meafure  both  a  und  b;  and  therefore  they 
wiU.be  vicammenfurabU  to  each  odivr. 

For  if  there  was  any  common  mf  afurc  of  thelc 

quanciiies,  as  *,    it  would  nccelTurily  meafurc 

all 
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all  the  remainders,  c,  d,  &c.  For  it  would 
meafure  a  —  tsb^  or  r,  and  confequcnily  b  —  nc^ 
or  d;  and  fo  on.  Now  thefe  remainders  dc- 
creafe  in  fuch  a  manner,  that  they  will  necefla- 
rily  become  at  length  lefs  than  *,  or  any  aflign- 
abie  quantity :  for  t  muft  be  lefs  than  ^  a ;  be- 
caufc  c  is  lefs  than  b^  and  therefore  lefs  than  mb^ 
and  confequendy  lefs  than  ^t  +  \mb,  or  ^a.  in 
like  manner  d  muft  be  lefs  than  ^  b,  for  d  is  lefs 
than  c,  and  confequenrly  lefs  than-~i/  +  -^jif,  or 
^b.  The  third  remainder,  in  the  fame  manner, 
muft  be  lefs  than  \c,  which  is  itfelf  lefs  than  \a  : 
thus  thefe  remainders  decrcafe  fo,  that  every 
one  is  lefs  than  the  half  of  that  which  preceded 
it  next  but  one.  Now  if  from  any  quantit)'  you 
take  away  more  than  its  half^  and  from  [he 
remainder  more  than  its  half,  and  proceed  tn 
this  manner,  you  will  come  at  a  remainder  lefe 
(Euclid  Prop.  i.  Book  lo)  than  any  aflignable 
quantity.  It  appears  therefore  that  if  the  re- 
mainders c,  dy  &c.  never  end,  they  will  become 
lefs  than  any  alTignable  quantity,  as  x,  which 
therefore  cannot  poflibly  meafure  them,  and 
therefore  cannot  be  a  common  meafure  of  a  , 
and  b.  i 

%  98.  In  the  fame  way,  the  greateft  common  * 
meafure  of  t*o  numbers  is  difcovcred.  Unit 
is  a  common  meafure  of  all  integer  numbers, 
and  two  numbers  are  faid  10  be  primt  to  each 
other,  when  they  have  no  greater  common  mea- 
fure than  unit}  fuch  as  9  and  25.     Such  alwayi 
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are  the  leaft  numbers  that  can  be  aflumed  in 
any  given  proportion ;  for  if  thffc  had  any 
common  meafure,  then  rhe  quotients  that  wouH 
arife  by  dividing  them  by  that  commcn  mea- 
■fure  would  be  in  the  fame  pruporcion,  and  be- 
ing lefs  than  the  numbers  ihcmfelves,  thrfc 
nun^ers  would  not  be  the  leaft  in  the  lame 
proportion  j  agsinfl  the  fuppoliiion. 

^  99,  The  icaft  numbers  in  any  proportion 
always  meafurc  any  other  numbers  that  are  in 
the  fame  proportion.  Suppofc  a  and  i  to  be 
the  leaft  of  all  integer  numbers  in  the  f^me 
proportion,  and  that  c  and  d  are  other  numocrs 
in  that  proportion,  then  will  a  meafure  c,  and 
b  meafure  d.  ' 

For  if  a  and  b  are  not  aliquot  parts  off  and 
d,  then  they  muft  contain  the  fame  number  of 
the  fame  kind  of  pans  of  c  and  4  '^"'^  therefore 
dividing  a  into  parts  of  ;,  and  b  inco  an  equal 
number  of  like  parts  of  d^  and  calling  one  of 
the  firft  »),  and  one  of  the  latter  n ;  then  as  tn 
•  is  to  «,  fo  will  the  fum  of  all  the  ws  be  to  the 
ii«n  of  all  the  »s  ;  that  is,  m  :  n  ;  :  a  :  hi 
therefore  a  and  b  will  not, be  the  ICaft  in  the  fame 
proportion;  againft  the  fuppofition.  Therefore 
a  and  b  muft  be  aliquot  parts  of  c  and  d.  Hence 
we  fee  that  numbers  which  are  prime  to  each 
other  are  the  leaft  in  tlie  fame  proportion ;  for 
if  there  were  others  in  the  fame  proportion  lefs 
than  them,  thefe  would  meafure  them  by  the 
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famc  number,  which  therefore  would  be  their 
comiron  meafurc  againft  the  fuppofition,  for 
we  fuppofcd  them  to  be  prime  to  each  other. 

^  too.  If  two  numbers  a  and  i  are  prime  to 
one  another,  and  a  third  number  f  mcafures  otie 
of  them  Of  it  will  be  prime  to  the  other  p.  For 
iff  and  i  were  not  prime  to  each  other,  they 
would  have  a  common  meafurc,  which  becaufe 
it  would  meafure  (,  would  alfo  meafurc  a,  which 
is  meafured  by  r  j  therefore  a  and  i>  would  have 
a  common  meafure  againft  the  fuppofition. 

§  loi.  If  two  numbers  a  and  i  are  prime  to 
r,  then  fhall  their  produft  ai>  be  alfo  prime  to  e, 
for  if  you  foppofe  them  to  have  any  commoo 
meafurc  as  J,  and  fuppofe  that  J  meafures  ak 
by  the  units  in  e,  fo  that  de  =■  a  i,  then  (hall 
ti  :  a  : :  i  :  e.  But  fince  J  mcafures  Cy  and  c  is 
fuppofed  to  be  prime  to  a,  it  follows  (by  Arr. 
loo.)  that  d'and  a  are  prime  to  each  other;  and 
therefore  (by  /irt.  99.)  d  muft  meafure  h  j  and 
yet  fince  rf  is  fuppofcd  to  meafurc  c,  which  tB 
prime  to  i,  it  follows  that  4  is  alfo  prime  to  i 
that  is,  d  is  prime  to  a  number  which  it  meft>- 
fures,  which  is  abfurd. 

^  102.  It  follows  from  the  laft  article,  that 
i(  a  and  t  are  prime  to  each  other,  then  a*  will 
be  prime  to  e :  For  by  foppofing  that  a  is  equal 
to  i,  then  ai  will  be  equal  to  a^;  and  confe- 
qucntly  a*  will  be  prime  to  f.     In  the  latnc 
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%  loj.  If  two  numbers  a  and  i,  are  both 
prime  to  other  two  f,  d,  then  (hall  the  produ^ 
d^  be  prime  to  the  produft  ed}  for  (by  Art, 
IOI.)  1^  will  ^^  prime  to  c  and  alfo  co  >/,  and 
therefore,  by  the  fune  article,  cd  will  be  prime 
to  d^. 

§  104.  From  this  it  follows,  that  if  a  and  c 
are  prime  to  each  other,  then  fhall  a*  be  prime 
to  c',  by  luppofing,  in  [he  laft,  that  0  —  b,  and 
c  =.  d.  It  is  alfo  evident  that  a'  will  be  prime 
to  f%  and  in  general  any  power  of  a  to  anjT 
power  of  «  whaifoever. 

§  105.  Any  two  numbers,  a  and  i,  being 
^iven,  to  find  the  lead  numbers  that  arc  in  the 
iame  proportion  with  them,  divide  ihem  ty  their 
preat^  commeti  mee/ure  x,  end  ike  ^actients  c  and 
djball  be  the  leqjt  number i  in  the  Jame  profortign 
teith  a  and  b. 

For  if  there  Could  be  any  other  numbers  in 
that  proportion  lefs  than  c  and  d,  fuppofe  them 
to  be  e  and/,  and  thefc,  being  in  ihe  fame  pro- 
portion as  a  and  b,  would  mcafure  them  :  And 
the  number  by  ■*  hiCh  they  would  mcjfure  them, 
-would  be  greater  than  *,  becaufi:  e  and/arO 
fuppofed  lefs  than  t  and  tf,  fo  that  x  would  not 
be  the  greateft  common  rtieafure  of  n  and  hi 
againft  the  ruppofition, 

§  106.    Let  it  be  required  to  find  the  leaft 

number  thdi  any  two  given  numbers,  aa  a  and 

>,  can  meafure.     Firft,  if  they  art  prime  te  taeh 
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other ^  then  their  praduSi  a  b  is  the  leajl  number 
Vibkb  they  can  hctb  mea/ure. 

For  if  they  could  mcafure  a  lefs  number  than 
»b,  as  c,  fuppofe  that  c  is  equal  lo  ma,  and  to 
nh;  and  fince  r  is  IcTs  than  ai>,  therefore  ms 
"win  be  It-fs  than  ab,  and  m  lefs  than  b ;  and  nh 
being  Icfs  than  ab,  it  follows  that  »  muft  be 
lels  than  a ;  but  fince  ma  =  n  b,  and  confe- 
qiiendy  a  :  b  :  :  n  :  m,  and  a  and  b  arc  prime  to 
each  other,  it  would  follow  that  a  would  mea- 
fure  »,  and  b  mcafure  m  ;  that  is,  a  greater nurtl'- 
ber  would  meafure  a  Icfs,  which  is  abfurd. 

But  if  the  niiitibers  a  and  b  are  not  prime  n 
each  other,  and  their  grcateft  common  mcafure 
is*,  vhich  meafures  a  by  the  units  in  m,  anS 
rreafurcs  b  by  the  units  in  w,  fo  that  a  =:  mx,  and 
b  —  nx;  then  (h.ill  a  a  (which  Is  equal  to  bm, 
becaiife  a  -•  b  : :  m  x  -.  >}  x  :  :  m  :  n,  and  therC- 
1  fore  ats  =  bm)  be  the  leaft  numbrr  that  d'and 
j  can  both  meafure.  For  if  ihry  could  mearutc 
^ahy  number  c  Icfs  than  na,  fo  that  f  =  /a  =  iJ, 
then  a  :  b  ::  m  :  n  ::  k  :  I;  and  becaufe  *  h 
fuppofed  to  be  the  grcaidl  common  meafure  of' 
a  and  b,  it  follows  that  m  and  w  are  the  leaft  of 
"all  numbers  in  the  fame  proportion,  and  there- 
fore m  meafures  k,  and  fi  meafures  /.  But  asV 
is  fupjiofcd  to  be  lefs  than  wij,  that  is, /j  Icfs 
than  no,  therefore  /  is  lefs  than  «,  fo  that  a 
'greater  would  meifure  a  Jefs,  •.vhich  is  abfurd. 
'licrefore  a  land  i  cannot  meafure  any  number 
"     '  left  I 
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lefs  than  na-,  which  they  both  meafurc,  be- 
csLukna  zn  mb. 

It  follows  from  this  reafbning,  that  if  a  and 
i  meafure  any  quantity  r,  the  leaft  quantity  na^ 
which  is  meafured  by  a  and  b^  will  alfo  mea* 
furc  €.  For  if  you  fuppoic  as  before  ihat  r  =  /j, 
you  will  find  that  n  muft  meafure  I,  and  na 
muft  meafure  la  or  c. 

§  107.  Let  a  expreis  any  intrger  number,  and 

—  any  fraftion  reduced  to  its  loweft  terms,  fo 

that  m  and  n  may  be  prime  to  each  other,  and 
confequendy  an  ^  m  alfo  prinie  to  n^  it  wiU 

follow  that  an  -Tm    will  be  prime  to  »*,  and 

confequently  ^^  ^ ^-  will  be  a  fradHon  in  its  leaft 

terms,  and  can  never  be  equal  to  an  integer 
number.   Therefore,  the  fquare  of  the  mixc  num- 

ber  ^  -f  T-  is  ftUl  a  mixt  number,  and  nev^r 

m  integer.  In  the  lame  manner  the  cube,  bi- 
quadratc,  or  ^ny  power  of  a  mixt  number,  is 
ftill  a  mixt  number^  and  never  an  integer.  It 
follows  from  this,  that  the  Jquare  root  of  an  in- 
teger mufi  bf  an  integer  or  an  iftcommen/urable. 
Suppofe  that  the  integer  propofed  is  b,  and 
that  the  fquare  root  of  it  is  lefs  than  ^  +  i,  but 
greater  than  j,  then  if  muft  be  an  incommen- 
furablc ;  for  if  it  is  a  commeiifurable,  let  it  be 

^  +  rr,  where  ^  reprefents  any  fraiJtion  reduced 
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to  its  lead  terms;  it  wou)d  follow  that  a  +  ■ 

(quared  would  give  an  integer  number  a,  thai 
contrary  of  which  wc  have  dcmonflrated. 

§  io3.    It  follows  from  the  laft  article,  thaci 
ibt  Jqnare  rents  cf  alt  numbers  but  ef  i,  4,  (^  I 
i6»  =5.  36,  49,  6\,  81,  100,   lai,  144,  Wf. 
(which  are  the  fquares  of  the  integer  nu.Tibca 
>.  -.  3>  4j  5.  6,  7,  8,  9,    10,   II,   12,   (^c.)  art 
ineommefijuralks ;    after   the   (ame   manner,   tbt 
eukt  regis  cf  all  numbers   but  of  the   tuba  ef 
>>   3,  3,  4,  5,  6.  7,  8,  9,  ^c.  are  incommeufu- 
rabies:    ard  quantities  that  are  to  one  another 
in  the  proportion  of  fuch  numbers,  miift  alJb 
have  their  fquare  roots  or  cube  roots  incom*  1 
mcpfurable.  j 

§  109.  The  roots  of  fuch  numbers  being 
incomincnfurablc,  arc  enprefled  therefore  by 
placing  the  proper  radical  fign  over  them  ;  thus, 
X/'i->Vli  1/5,  \/6,  V7,  v'8,  Vio,  l^c,  exprefs 
numbers  incommenfurabte  with  unit.  Theft 
numbers,  though  ihey  are  incommenfurablc 
themfclves  with  unit,  are  conimenJurMe  in  ■po'jucr 
with  it,  bccaufe  their  powers  are  integers,  thai 
ii,  multiples  of  unit.  They  may  alfo  be  corn- 
men  f^ur  able  fometimes  with  one  another,  as  the 
^/U,  and  the  \/Zy  becaufe  they  arc  to  one  an- 
other as  2  to  1  :  And  when  ihcy  have  a  com- 
inon  meafuic,  as  \/%  is  the  common  mcafure 
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of  boch,  then  their  ratio  is  reduced  to  ah  cx- 
preflion  in  the  lealt  terms,  as  that  of  commcn- 
furable  quantities,  by  dividing  them  by  their 
greaceft  common  nieafure.  This  common  mea- 
fure  is  found  as  in  commenfurable  quantities, 
only  the  root  of  the  common  meafure  is  to 

be  made  their  common  divifor.    Thus =* 

V4  =  n  and  -J-  =  31/a. 


§  no.  A  rational  quantity  may  be  reduced 
to  the  form  of  any  given  furd,  by  raifing  the 
quantity  to  the  power  that  is  denominated  by 
the  name  of  the  furd,  and  then  fetting  the 
radical  fign  over  it  thus,  a  =  \/<^  =  \/a*  — 
^a*  =  </«'  =  i/a',  and  4  =  ^16  =  ^64  = 
t/ase  =  ^10*4  =  v/4-. 


§  III.  As  furds  may  be  confidered  as  powers 
with  fraflional  exponents,  they  are  reduced  ta 
others  of  the  fame  value  that  jhall  have  the  fame 
rddical  Jign,  by  reducing  thoje  fraHional  exfa- 
nents  to  f  rations  having  the  fame  value  and  a 

commcn  deHeminator.       Thus    r/  fl  =  ^    and 

C^a  =<riand  — =  — ,    —  =  —     and  there- 
n        nm     m        n/n 

fott  C/tf  and  y/aM  reduced  to  the  fame  radical 
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fign,  become  '^a"  and  "C^^i'.  If  you  arc  t* 
reduce  ^3  and  ^2  to  the  fame  denominatorj 
confider  ^3  as  equal  to  y,  the  I/2  as  equal  to| 
a^,  whofc  indices  reduced  to  a  common  deno- 
minator, you  have  3^  =  y'  and  2'''  =  2\  sn^ 
confequcntly  ^3  =  ^3'  =  l/?~,  and  ^2  =; 
^2*  =^4;  fo  chacthe  piopofcd  fuids^3ar.d 
^a  are  reduced  to  other  equal  firrds  ^Tf  and 
^4,  having  a  common  radical  (Ign. 


.  §  III.  5«rrfj  0/  ibe  fame  rational  quantity  art 
multiplied  by  adding  their  expotunlj,  and  divide^ 
itf  Jubtraittng  ibtm. 


I 


Thus  ^a  X  ^a  =  a*  x^s'  = 


S  «»3.  If  the  furds  are  of  different  rational 
quantities,  i&!i/a'  andy/i',  and  have  the  fame 
fign,  multiply  tbefi  rational  quantifies  into  one 
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another^   or  diwde  them  by  one  another,   and 
Jet  the  common  raSeal  fi^n   over   their  pro- 

dnif  or  quotient.  <  Thus  5/?"  x  C/F= <{/tf^; 


24 


8 


If  the  furds  have  not  the  fame  radical  Hgn, 
reduce  them  by  the  \\\th  Art.  tofucb  asfttall  have 
tbe/ame  radical  Jign,  and  proceed  as  before.   Thus 


%/8.  If  tiie  furds  have  any  rational  coeffi- 
cients,  their  produd  or  quotient  mud  be  pre- 
fixed*    Thui,  ly/j  X  5^6  =  io;/i8* 


§  1 14.  The  powers  of  furds  are  found  as  the 
powers  of  o^^ipr^quantities,  hy  multiplying  their 
ixpofUMti  hy  ihi  ifklcx  of  the  power  required.  Thus 

the  fquarfe  bf  (/a  is  2^^*  =2^   =  C^4  J    the 

cube 
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—  a'-'  b''  —  «'— 


°  ^  -  &c.  - 
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a"-"  _  a"-""  ir  +  fl—- '  ^"'  —  fl"—  i*  Are. 
multiplied  by  a"'  +  i",  gives  a'  +  i",  which 
is  dcitiooftrated  as  the  ocher.     Here  ihc  fign 

of  ^  is  poGtive  when  —  is  an  odd  number. 


§  1 19,  'When  any  binomial  ford  is  propolftj, 
Juppo/e  the  index  cf  each  number  equal  to  m,  ami 
lit  n  be  the  Uafi  integer  luwlar  thai  is  meafltrei 
by  m,  then  fiall  a"""  ±  «"-'"  b"  +  a""'"  i*" 
8cc.  give  a  lompsund/urd,  which  multiplitd  into  the 
prope/ed/uTd  a"  in  b",  wilt  give  a  rational  produB. 
Thus  10  find  the  furd  which  multiplied  by 
X/a  —  K^b,  will  give  a  rational  quantity.  Here 
iw  =  4->  and  ihc  lead  number  which  is  mra- 
fured  by  '„  i^  unit;  let  »  =  i,  then  (hall 
«'—  +  a'-**  ir  +  rf— '-  b"^  &c.  =  fl'-i  + 
«'~*A*  +  b'A'  -  «'  +  «^  i^  +  *'  -\/?  -^ 
l/ah  +  V^,  which  multiplied  by  y/a  —  V** 
gives  a—b. 
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To  find  the  furd  which  mukipIi6J  by  V^  + 
X/h^  =  a'  +  h^^  gives  a  rational  produfl.  Here 
»  =  -y  and»  =  3,  and  a"-'  —  a'—^"  h'"  +  (J"-3» 
^-  &c.  =  <:'"*  — fl'^^'  +  j'"'^'  — a'"' 
^  =  a'  —  a*  i*    +  a*  ^*  —  ^^  =  t/a^  -r 

■1 
THEOREM    III. 

§  1 10.  Let  or  +  V\k  multiplied  by  «"-"  '^ 
o— *-  ^  +  u— 3"'  h^  ^  a—4-  iJi  +  i£t.  and  the 

j>rodu6t  (hall  give  a"  ±  ^••.-  therefore  n  muji  he 
taken  the  Uaji  integer  thai  Jhall  give  —  alfo  an 
integer, 

X  a"  ±  hi  r--"&c.  tf"^*""' 

a-  qi  a"-"  ^  +  a"-^"  ^^^  &c. 

+  ti—m  II  —  e-^"  b^  Sec.  ±  h^' 


I 


The  fign  of  i"  is  pofirive  only  when  —  is 
an  odd  number,  and  the  binomial  propurcJ  is 


114  ATntATiszef       PARrlfc, 

Alfo  ."-^  iT-  =  (bccaufc  w  =  •§,  /  =  I,  »  =  3, 


and  rt'  _  ^''  =  8  - 


-9  =  -l)  = 


^ 


=  —  8^^5—4^10  ^^3— 4v/j  >«  v/9  — 


§  124.  When  the  Iquare  root  of  a  furd  is  re- 
quired, it  may  be  found  ncirly  liy  exiraSling  the 
root  of  a  rational  tjuatttity  that  appreximates  to  itt 
value.  Thus  to  find  ihe  Iquare  root  of  3  +  2^/2, 
we  firft  calculate  ^2  —  i,  41421,  and  therefore 
3  +  2^2  =  5,  82842,  whofe  root  is  found  to  be 
nearly  2,  4142J  :  lb  that  v^g  +  2^2  is  nearly 
2,41421.  But  fomtriirnes  we  maybe  able  to 
cxprefs  the  roots  of  furds  ex3<ftly  by  other  furds  ; 
as  in  this  ex.imple  the  fquare  root  of  3  +  2^1 
is  I  +  y/a,  for  rT^/T  >:  i  +  v^  =  t  +  a^/* 

+     a   =    3     +     2y/2. 

In  order  to  know  when  and  how  this  may  be 
found,  let  us  fuppofe  that  x  -^  y  \%  a  binomial 
ford,  whofc  fquare  will  be  x'  +  j'  +  ixy  :  If* 
and  y  are  quadratic  furds,  then  x^  +j'  will 
be  rational,  and  Q.xy  irrationali  fo  that  ixy 
Ihall 
5 
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Ihall  dways  be  kis  than  9i(^  4^  ^V  b^cstuie  the 

difference  is  ^*  +  y  -^  ajj';^  =  ^i^-^^j  which  is 
always  policive.  Suppofe  that  a  pfdpofed  furd 
confiding  of  a  rational  part  a,  atid  an  irrational 
part  B,  coincides  with  this,  then  ^*  +  jr*  =  a, 
and  fy  =  ^  B :  Therefore  by  what  was  faid  of 
Equations,  Chap.  13  th, 


B* 


y*  sr  A  —  **  =1  — ,^  and  thcrefcrc 


B*  ,  B* 


AX*  —  **  =  — ,  and  X*  — *  AX>  +  -•  =  oj 

4  4 

from  whence  ^tf  have  ^*  =  ^ — il^-JZi  and 

2 

A  —  4/A*  —  B* 

j^»  = V    .,    „    ,  Thtreforewhetiaq^uantifjf 

.partly  rational  and  partly  irratbnal  is  propofed  td 
have  its  root  extrafted,  call  the  ratiotuil  part  a, 
'the  irrational  b,  and  tbe-Jquan  of  the  greateji 

A  +   a/a*  —  B* 

member  of  the  rootjball  be *  ■      ■,  and  the 


A  —  V^A*  —  B* 

fquare  of  the  lejfer  part  fhall  be ^ • 

And  as  often  as  the  fquare  root  of  a*  --*  b*  Can 
be  extraftcd,  the  fquare  root  of  the  propofed 
binomial  furd  may  be  exprcffed  itfelf  jas  a  bino* 
mial  furd  For  example,  if  3  +  iVi  is  pro  • 
pofcd,  then  a  =  3,  b  =  2v^2,  and  a*  —  b*  =:  jj 

—  8  =2  t.  Therefore x*  = '  "^*  3 2, and 

2 


wtm^mmmmm 


>*?: ir^^.  T"  =ai.  Therefore ;i^+ J 2ri  +  •  2. 
2 

I  To 


"Treatise    of       Part  I." 
Tofindthefquarerootof — i  +  s/ — K,rup- 
pofe  A  =  —  I ,  B  =  \/ —  8,  fo  that  a'  —  b»  =  91 

,  A  +  v/a'— B*  _  ^ +_3  _  J  A  — y/A*— b' 

2  ~        2        ~     *  2 

= —  —  2,  therefore  the  root  required 

is  I    +   v/ 2. 

§  135.  But  though  x  and^  arc  not  quadratic 
furdsor  roots  of  integers,  if  they  are  the  roots 
of  like  furds,  aa  if  they  are  equal  to  y/m  y/z 
and  \/n  ^z,  where  m  and  »  are  integers,  then 
A^m  +  HX  Vz,  and-jB  =.^mnz  -,  a* — b"  = 

+  ^ir^—-  _ 


m  —  »1*  ^  z>  and  x' 
fn  +  n  •/^•Vm—iWx  _ 


"v/^.y  =  ■ 


-v/a 


=  w  v/^'  ^""^  X  -V  y  —  y/m  y/z  +  v'b  ^z.  The 
part  A  here  eafily  diftingxiifhcs  itfdf  from  b  by 
its  being  greater. 

§  126.  l(  X  and  y  arc  equal  to  \/m  ^x  and 
\/»  t/tt  'hen  ;c'  +  2Jfy  +  ^'  =  w  ^z  +  »  ^/  + 
2  >ymny/zt.  So  that  if  z  or  /  be  not  multiples 
one  of  the  other,  or  of  fome  number  that  mca- 
fures  them  both  by  a  fquarc  number,  then  will 
A  itfelf  be  a  binomial, 

%  117.  Let  *  +  ^  4  2  exprefs  any  trinomial 

furd,  its  fquare  .v*  +  jf'  +  2'  -j.  2xy  +  2*2  +  Tfz 

may  be  fuppofed  equal  to  a  +  b  as  before.    But 

rather 
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rather  multiply  any  two  radicals  as  axjr  by  2xz^ 
and  divide  by  the  third  2yz,  which  gives  the 
quotient  2^^  raftiona],  and  double  the  fquare  of 
the  furd  ^  required.    The  fame  rule  ierves  when 

there  are  four  quantities,  x*  +  jr*  +  2*  +  j*  + 
2xy  +  2XS  +  ixz  +  oyz  +  oys  +  2Zs,  multiply  axy 
by  2xs^  and  the  produft  4**ij^  divided  by  2  jy 
gives  2x^  a  rational  quotienty  half  the  fquare 
of  2X.  In  like  manner  2xy  x  2yz  :=  ^^xz^  which 
divided  by  2xz  another  member  gives  2y\  a  ra- 
tional quote,  the  half  of  the  fquare  of  2y.  In 
the  fame  manner  z  and  s  may  be  found  -,  and 
their  fum  x  +y  +  z  +  j^ihc  fquare  root  of  the 

(epttnomial  ;if*  +  jr*  +  z*  +  j*  +  2xy  +  2xs  + 
2XZ  +  2yz  +  2ys  +  22j,  difcovered. 

For  example,    to  find  the   fquare  root  of 
10  +  ^2^  +  v/40  +  v/60i  I  try^^^i^g^, 

which  I  find  to  be  ^16=4,  the  half  of  the  fquare 
root  x>f  the  double  of  which,  viz.  -J-  x  ^8  =  y'a, 
is  one  member  of  the  fquare  root  required  j  next 

— ?~ =  6,  the  half  of  the  fquare  root  of 

the  double  of  *rhich  is  ^^3,  another  member  of 

the  rctot  required  i  laftly,     ^^^ —  =  10,  which 

^ves  •  5  for  the  third  member  of  the  root  re- 
quired :  From  which  we  conclude  that  the  fquare 
root  of  10  4.  ^24  +  ^40  +  •eois  v'2+  v^3 
+  VS*  and  trying  you  find  it  fucceeds,  fince 

1  2  multi- 
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niukiplied  by  itfclf  ic  gives  the  propofed  qua- 
driaomial. 

§  128.  For  cittraftmg  the  higher  roots  of  3 
binomial,  whofe  two  members  being  fquared 
ate  comraenJurable  members,  there  is  the  fol- 
lowing 

RULE. 
*  "  Ltt  thi  quatililjy  h  a  +  i,  idbereef  a  i> 
the  greater  part,  and  c  the  exponent  of  the 
root  rtquired.  Seek  the  leaji  number  n  whofe 
■power  ri  is  dtvifible  hy  aa  —  bb,  the  quotient 
being  cl-  Compute  Va  +  b  x  ^q_  ib  /^^ 
neareji  integer  number-,  which  fuppafe  to  be  r. 
Divide  A  -y/ft.  by  its  grtatefi  rational  tU^ifitf 

r  +  -         ' 
and  let  the  quotient  if  *,  aitd.kt  -1 — ^  r»,  tt^ 

nearefi  integer  number  be  /,  fo  jh^  ike  r*f/ 

.      ,,     ts  +•("**  —  »       .,     , 

,  required  be   -■"■■^—      v,    tf  the.  e  root   ^ 

A  ±  i  can  if  extraifetf. 

EXAMPLE    I 

Thus  to  find  the  cube  rpot  of  y' 968  +  aj^ 
we  have  a'  —  b'  =  343,  wHofe  divifors  are 
7,  7>  7>  whence  »  =:  7,  and  q,=  I.  Further, 
A+  B  X  \/q_,  that  is,  ^^968  +  25  is  a  little  more 

*  Aridiis.  UuverU.  p.  ^9, 
f  than 
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than  $6,  wbofe  neircft  cube  root  is  4.  Where* 
fofe  r  =:  4*  Again^  dividing  \/^i  by  its  greats 
eft  rational  divifor,  we  have  a  %/iizz  12  V2,  and 


the  radical  par(  ^2  =  /,  and 

the  neareft  integers,  is  2  rr  /.    And  laftlr, 

/J  =r  a^2,  y/tU^^n  =  I,  and  ;/v=  */?=  i. 
Whence  a  -/a  +  i  is  the  root,  whofc  cube,  upon 

trial,  I  find  to  be  s/'c^  +  fi%. 

EXAMPLE   II. 

To  find  the  cubd  root  of  68  *—  v^4374 1  iwc 
have  A* — B*  :=  250,  whofe  divifors  xrt  5,  5, 5, 2. 
I'hence  »  =   5    x  2  =  10,  and  ^2=  4,  and  ' 

A+B  X  5/0^  or  ^68  +  \/4374  x  2  is  nearly 

7=ri  again,  Av/<L,or68x  4^ 4=  136  x  •!, 

^  +  T      i^  +  It 
that  is,  /  =  ij  and  — - — ,  or  ^-^'   ,  is  nearly 

=  4  =  /.    Therefore  //  =  4,  ^/z V  —  ir  =  %/6, 
andi/<^=:v^4  s^2»  whence  die  root  t^  be 

tried  is  ^—^ . 

y/2 

E  X  A  M  P  L  E    III. 

Sappofe  the  fifth  root  of  09^/6  4-  41  1/3  is 
demanded,  a*  •—  b*  5?  3^  and  n  =  3>  ^2=  8^, 

I  3  r  =  5, 


and  y/<i,=  '^8i  =  y'9.     And  therefore  trial  U  _ 
to  be  made  with r; — -.  '■ 

In  thefe  operations,  if  the  quantity  is  a  frac- 
tion, or  if  its  parts  have  a  common  diviforj  you 
are  to  extra<5l  the  root  of  the  numerator  and  de- 
nominator, or  of  the  faSiors  feparately.  Thus 
to  cxtraft  the  cube  root  of  s/ii,%  —  **■§■» 
this   reduced    to    a    common    denominator   is 

— — '^~-^.    And  the  roots  of  the  numerator 
2 

and  denominator,  feparately  found,  give  the 
root  — ^- .     And  if  you  fcek  any  root  of 

v^93  +  v''i7i7iii25,  divide  its  parts  by  the 
common  divifor  v/j,  and  the  quotient  being 
ic  +  v'liS.  the  root  of  I  he  quantity  propofed 
will  be  found  by  taking  the  roots  of  ^3  and 
ofii  +  v/i2j", and  multiplying  them  into  eacli 
other, 

%  I2g.    The  ground  of  this  Rule  may  be  e 
plained  from  the  following 


THEOREM. 

Lei  ibt  fum  er  difference  ef  two  quantities  i 
sudy  be  raifed  to  a  fwver  whoje  expomnt  it  1 
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and  let  the  \fi,  ^d,  ^ib,  -jtb,  &c.  term  of  that 
pnpgr,  coUt£itd  into  one  Jum^  he  called  a,  and 
the  reft  of  (he  terms,  in  the  even  places,  call  bj 
the  difference  of  the  fquares  of  a  and  b  fhall  be 
equal  to  the  difference  of  the  fquares  of  x  and  y 
raifed  to  the  fame  power  c. 

For  the  terms  in  the  c  power  of  jf  +  y  (writ- 
ing for  thdr  coefficients,  rcfpcftivcly,  i,  c,  d, 
t,  Src)  are 

X'  +  ex*— 'J'  +  dic-^y  +  ex'-^y^  +  &c.  =  A  +  B, 
and  the  fame  power  of  *  — y  (changing  the  figns 
in  the  even  places)  is 

jf — cx'—'y+  dx—^y*  —  ex'~'^y^  +  &c.  =  a  —  b, 
and  ihereforepc  +_>'l'  x  x  — yV  =  a  +  bxa  —  a 
_  A*  —  B"  (=  *  +  J  X  * — y\  )  =  *'  —  j'V- 
Q^E.  D. 

Let  one,  or  both,  of  the  quantities  x,  y,  be  a 
quadratic  Jurd,  that  is,  let  x  +  y,  the  c  root  of 
the  propofed  binomial  a  +  b,  belong  to  one  of 
thefc  forms,  p  +  li/q,  ki/f  +  j,  or  i  •/>  +  Vy. 
And  it  follows, 

I.  \(x-i-y~p-\-l  -/q,  that,  c  being  any 
■whole  number,  a,  the  fum  of  the  odd  terms,  wU! 
be  a  rational  number  j  and  b,  the  fum  of  the 
terms  in  the  even  places,  each  of  which  involves 
an  eddpower  o(y,  will  be  a  rational  number  mul- 
tiplied into  the  quadtatic  furd  v'y, 

a.   Let  e,  the  exponent  of  the  root  fought, 

be  an  odd  number,  as  we  may  always  fuppofe 

I  4  it. 
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it,  becaufc  if  i:  is  even,  it  may  be  halved  by  the 
CXtraQion  of  the  fquare  root,  till  it  becomes  odd 
flnd  let  ;(    +  y   =,  k-/p   +    q.     Then  a  will 
involve  the  fur.l  V^,  and  b  will  be  rational. 

3.  But  it  both  members  of  the  root  are  irrt- 
tional  (;f  +  ^  =  kVp  +  /v'j)  ^  and  B  arc  both 
irrational,  ihe  one  involving  v'p,  and  the  other 
the  furd  v"?. 

And  in  alt  thefc  cafes,  it  is  eafily  feen  that 
when  *  is  greater  than  >,  a  will  be  greater 
than  B. 

%  130.  From  this  compofition  of  the  binomial; 
A  +  B,  we  are  led  to  its  refolution,  as  in  the 
foregoing  rule,  by  thefc  ftcps. 

I. 

When  A  is  rational^  and  a'  —  b'  is  a  peifcift  if 
power.  

I.  By  the  Tbesrem^  a' —  b'  =  .v' — y'Y  (fcnr- 
ratefy;  and  therefore  extrading  the  c  root  of 
4» —  b'  it  will  be  jf*  — >'.     Call  this  root  n. 

z.  Extraft  in  the  nearcft  integer  the  c  root 
of  a  +  B,  it  win  be  {nearly)  x  -^  y.  Which 
put  =  r. 

3.  Divide  *'  —7*  (=  h)  by  *  ■\-  y  (=  r)  the 

quotient  is  (nearly)  x  ■ — y;    and  the  fum  of  the 

divifor  and  quotient  is  (more  nearly)  2x;  that  U, 

if  an  integer  value  of  ;f  is  to  be  found,  it  will  bb, 

r  +  -^ 

(he  nearcft  to  — — ^ . 


I 
I 
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4.  *•-.«»-/  =j,»,  or, 

■s 


r7? 

r 


"3 


•  =/T 


trhence  y 


n^  and  therefore  put. 


n 

ting  /  =      >    .J  the  root  fought  jc  +  t  =  ^  + 

\//^  ^  ;ij  the  fame  expreflion  as  in  the  rule, 
when  q.=  i>  /  :=  I,  that  is,  when  a*  -r  b*  is 
a  perfeft  c  power,  and  the  greater  member  a  ia 
rational. 

II. 
when  A  is  irrational,  and  <i^=:  i. 

By  the  fame  procefi,  x  =  — -  (=  t)  and 

y  =  v^T*  —  Ji.  But  feeing  a  is  fuppofcd  irratio* 
nal,  and  c  an  odd  number,  x  will  be  irrational 
likewife  j  and  they  will  both*  involve  the  (amc 
irreducible  furd  vp%  or  'j,  which  is  found  by 
dividing  a  by  its  greateft  rational  divifor.  Write 
therefore  for  x  or  t,  its  value  /  x  /,  and  x  ^  y 

zz  ti  +  v^/*j*  —  n. 

III. 

If  the  c  root  of  a*  —  b*  cannot  be  taken, 
multiply  A*  -—^  B*  by  a  number  ^,  fuch  as  that 
the  produA  may  be  the  (leaft)  perfect  c  power 
if  (=;  A*Q.—  B*q.)     And  now   (inftead  of 

A  + 
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A  +  b)  extraft  the  c  root  of  a  +  b  x  \/q3, 
which,  found  as  above,  will  be  /j  +  v'/V*  — -wj 
and  confequcntly  the  £  root  of  a  +  b  will  be 
n  +  *'(*j'  —  «,  divided  by  the  c  root  of  ^'^j 

that  is,  'jjL:fiEEl.  J 

It  is  required  in  the  rule  that  a  perfeSl  c  fewer)  1 
f»')  ie  found  which  Jhall  be  a  multifle  of  \*  ^ 
b'  by  the  whole  number  ^  To  find  this  power, 
let  the  given  number  a'  —  b'  be  reprefcntcd 
by  the  produifl  a''bfdf;  whofc  fingle  divtfors 
let  he  a,  a,  a,  .  .  .  .  b,  h,  b,  ....  J,  /j  and 
the  produft  of  thcfe  divifors  raifed  to  the  power 
c,  which  is  db'd^fi  divided  by  ^b^df^n'^AX  give 
the  quotient  (J'"~"^'~''i/'~'/'^'  =  q_  a  whole 
number,  provided  fomc  index,  as  m  or  /•,  be 
not  greater  than  c.  If  it  is,  take,  inflcadofthe 
Cngle  divifor  a  or  b,  d^  or  i',  a'  or  i',  &ff. 
till  there  be  no  negative  index  in  the  quotient  J 
that  is,  till  %,be  a  whole  number.  V 

^131.    We  may  add  the  following  remarks. . 

1.  If  the  refidual  a  —  b  is  given,  it  is  evi- 
dent from  its  gencfis  by  involution,  that  the 
fame  rule  gives  its  root  ;f  — y, 

2.  The  extracting  the  c  root  of  a  +  b,  or  of 
A  +  B  X  v'A.i  in  ^''f  neareft  integer,  neglcft- 
ing  the  fraftional  part,  will  always  give  x  ■¥  y 
fuch,  that  the  value  of  x  which  refults  in  thd 
operation  ftiall  not  differ  from  its  true  value  by 

unity ; 
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unity;  thai  is,  it  (hall  be  the  true  integer  value 
fought. 

For  /  being  fome  proper  fratStion,  let  *  +  j" 

±  /  be  the  accurate  value  of  /  a  +  b  x  \/  »i., 
and  let  the  quotient  of*'  — y'  divided  by  it  bC 
X  "  y  +  i,  then  the  fum  of  the  divifor  and 
quotient  being  ix  dz  /  ^  g,  if  our  reckoning  the 
fraftional  part  could  nuke  a  difference  of  unity 
in  the  value  of*,  it  would  follow  that/  —  g  or 
g  — /  =  2.  Which  is  abfurd,  ^,  as  well  as/, 
being  a.  proper  fraftion. 

3.  If  both  A  and  b  are  irrational  i  or,  if  the 
leffcr  of  the  two  members  is  rational,  no  root 
denominated  by  an  even  number  can  be  found. 

4.  When  the  greater  member  is  rational, 
and  the  exponent  e  is  an  even  number,  it  is  am- 
biguous whether  the  greater  member  of  the  root 
is  rational  or  furd.  And  though  a  root  in  the 
form  ofp  +  l</a  is  not  found,  yet  a  root  in  the 
formof*v'f  +  q,  or,  that  failing,  in  the  form 
k^/p  +  iVq,  may  be  obtained. 

If  we  look  for  a  root  k'/p  +  y,  we  are  now 
to  fubtrad  x  —y  from  *  +  >,  and  half  the  remain- 
der will  give  jp  (or  y)  the  rational  part.  And  to 
ff*  —  y  (=  »)  adding  J)',  the  fum  will  be  x'. 

'-'-       PW 

So  that  y  = ,  and  x  =  v  +  » ;  the 

*  2     I 

CxprelTiOns  being  the  fame  as  when  c  is  odd, 
with 


I 

J 


ta6 
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with  the  fign  of  n  changed.     Jf  this  does  not 

fuccecd,  and  a  prime  number  ftands  under  the 

radical  fign,  no  farther  trial  need  be  made. 

But  if  a  compofuc  number  ftands  under  the 

[.radical  Cgn,    the  root  may  poITibly  belong  to 

I  ^e  form  k'/f  +  /v'y  j  and  that  compofite  num- 

I  fxx  being  p  ^  q,  fince  Ic'p  —  /*y  =  ff,  and  k-/p 

^  *,  the  numbers  k^  /,  may  be  Ibughc  for  in  the 

I  ipearcft  integers,  and  trial  made  with  k^/p  +  /v'yj 

as  in  this 

EXAMPLE. 

^0  find  the  fmrtb  roar  0/49849— 1895  \/2i4l 

The  4th  root  of  a*  —  b'  is  i  57  =  x*  —  y  =  n, 

and  the  4th  root  of  a  —  a,  ihat  is,  *  —  jf  =  r  =  j 

nearly:   and  —  =  — -  =   17  nearly.     Whence. 

X  = —  =  13.  But  now  the  leaft  radical  fac- 
tor in  B  being  v/14  =  y/y  x  2,  I  put  13  (=  *) 
E=  k  ^7,  and  k  in  the  neareft  integer  =  5, 
Again  k*p  —  I'q  =  rt  =  \ji  —  /*  x  2  =  1575 
that  is,  /*  X  2  =  18,  and  i  =  3;  which  gives 
the  root  5*^7  —  3v'2. 

In  this  manner  the  even  roots  may  be  fought 
immcdlaxly.  But  to  avoid  ambiguity  and  need- 
lefs  trouble,  it  is  belter  firft  to  dcprefs  them  hy 
extrafling  the  fquaie  root,  as  jn  §  124. 


I 


A    SUP- 
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ASUPPLEMENT 


TO    THIS 


CHAPTER. 


§  132.  THHERE  occur  fomctimcs,  efpecially 

Jt    in  the  rcfolution  of  cubic  equations 

by  Cir^JWs  Rule  (Part  II.  §  79^)  binomials  of 

this  fonii  A  ±  B  \/ —  y,  whofe  cube  roots  mud 
be  fijund.  To  thefe  the  foregoing  rule  caimot 
be  applied  throughout,  becaufe  of  the  innagi- 
nary  fa&or  •—  q.  Yet  if  the  root  is  exprcffi* 
ble  in  rational  numbers^  the  firfl:  ftep  of  that 
rule  will  often  lead  \is  to  it  in  a  (hort  way^  not 
merely  tentative,  the  trials  being  confined  to 
known  limits. 


For  it  being,  univerfaUy,  \/a*  —  b*  =  **  —  ^% 

and,  in  the  prefent  cafe,  (/a*  +  b*^  zz  x*  -^  y^ 

—  ^»  +  /»  X  J ;  i  f  we  divide  the  part  under  the 

radical  fign  by  its  greateft  rational  divifor,  the 

<)Uote  is  the  imagi  nary  fiird  •—  y,  and  from 

Va*  +  B*q  fubtrad^iing  p»  the  fquare  of  fomc 
divifor  of  A,  the  rcitiaindcr  is  /*  x  j,  a  known 
rnultiple  of  the  fqua  re  of  /  a  divifor  of  b.  • 

2  That 
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That  p  and  /  are  divilbrs  of  a  and  b  refpec- 

tively  is  evident;  for  cubing p  +  /  v/ — q,  you 

iA=p=    — 


the  figns  ofp  and  /  muft  be  fuch  as  * 


-  i'lj.  And 
'ill  give  the 


produfts  ofp  X  ;>*  —  2^'  ^  ^  3p'  —  /"?  of  the  ^ 
tame  flgns  as  a  and  b  refped^ivcly. 

EXAMPLE. 


To  find  the  cube  root  of  St  +  s/~ 
8i  +  jox/— 3- 

HereA  =  8i,  b  =: 30,5-  — j;  \/^\  x8i  +  2700 1 
=  21  =  />*  +  /'y.    Subtrafting  therefore  from  2 1 
the  fquarc  of  (/>)  ±  3,  wliich  is  a  divifor  of  a,  \ 
there  remains  (/'  x  j  =  )  2  x  2  x  3.  And  (/  =  )  3 
15  a  divifor  of  30.     Laftly,  A  (  — />  x  ^'  —  3/'^) 
being  pofitive,  and  the  faiftor  f-  —  3/"^  nega- 
tive, p  inuft  have  the  negative  fign  ;  and  for  rhtf  J 
like  rcafon  /  =  +  2.     So  that  the  root  is  —  j.*! 

+  2y=^3-  J 

It  will  be  (hewn  In  the  fecond  Part  of  this 
Treatifc  that  "  every  cube  or  other  power  has 
IS  many  rooa,  real  and  imaginary,  as  there  arc 
iiniB  in  ihc  exponent  of  the  power;"  particu- 
larly,   that  unity  itfelf  has  the   cube  roots  i. 


r-J,  and- 


If  therefore 


we  would  find  the  other  two  cube  roots, 


1  this 


fxample,  feeing  z'  =  2'  J<  l,  and^z'  x  \/i  =  *! 
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(z'  reprefcnting  any  cube  whatever,  and  2  any 
of  its  roots)  we  are  to  multiply  —  3+2  V  —  j, 
(he root  already  found,  by —  ^  +  ^s/  —  3,  and 
by— i_-j  s/  —  3,andtheprodu(fts  — i— -J.v'—j, 
and  t  +  ^  v/  —  3  will  be  the  roots  required. 

Or,  becaufe  the  denominator  of  the  imagi- 
nary roots  of  unity  is  2,  taking  p  ^=  i,  one 
half  of  a  divifor  of  a,  wc  have  2 1  —  J  =  y  =: 
V  X  3  =  /"y,  that  is  /  =:  4- ;  and/-'" —  3 /'j  as  well 
as  3p'  —  /'J  being  ncgacive,  both  p  and  /  muft  be 
negative,  and  the  root  is  —  |  —  i\/  —  3.  Again 
take  p  :z  h  and  you  (hall  find  /  =  +  ■i  i  fo  the 
remaining  root  is  ^  +  ■!■  v/ — 3,  as  before. 

We  may  here  obfcrve  that  the  operation  ought 
to  be  abridged,  where  it  can  be  done,  by  divid- 
ing the  given  binomial  by  the  greateft  cube 
that  it  contains;  and  finding  the  root  of  ihe 
quotient;  which  multiplied  by  the  root  of  the 
cube  by  whicli  you  divided,  will  give  the  root 
jcquircd.  Thus,  in  ihe  foregoing  Example, 
8 1  +  v^  —  2700  =  27  X  3  +  \/ —  V^%  and  the 
■  '-^  being  now,  more  eafily, 

'  !     /        " 

"2  ^V    T 


roots  of  3  +  \/  - 

found  to  be  —  i  +  i\/  —  4 

and  4  +  ^  %/  —  4-,  thcfe  multiplied  by  3,  the 

cube  root  of  27,  give  the  roots  required  the  fame 

as  above. 

**  If  the  coefficient  of  the  imaginary  mem- 
ber of  the  binomial    has   a  contrary  fign,  the 
roots  will  be  the  fame,  with  the  figns  of  the 
imaginary 


J3«  -^    Treatise    e/       Part  I. 

imaginary  parts  changed."  Thus  the  cube 
roots  of  8 1  —  \/  —  a?oo,  or  8 1  —  3"  \/  —  J, 
will  be  —  3  —  2  \/  — ^  —  r  +  4  v^  —  3»  and 
|._i>/  — 3.  And thercforc^8i+\/— 2700  + 


v/gi  —  \^  —  2700  =  —  3  X  2=  —  6,  or  = 
—  4  X  2  =  —  3>  or  =  4  >*  2  =  J,  the  imagi- 
nary parts  vanilhing  by  the  contrariety  of  their 
figiis. 

We  may  obfervc  likewife,  that  fuch  roots, 
whether  cxpreffible  in  rational  numbers,  or 
not,  may  be  found  by  evolving  the  binomial 
A  +  B  v^  —  J  by  (he  Theorem  in  fag.  41,  and 
fumming  the  alternate  terms.     As,  in  the  fore* 


■ 
I 


»7|i  y-  I  +  Yr  \/ — 3J',  being  expanded  into  a 
fcries,  the  fum  of  the  odd  terms  will  continually 
approach  to  4.5  =  f,  and  the  fum  of  the  co- 
efficients of  the  even  terms  to  "I",  which  is  the 
coefficient  of  the  imaginary  part.  But  for  a  ge- 
ncraland  elegant  folution,  recour(e  mull  be  had 
to  Mr.  de  Mehre's  Appendix  to  Dr.  Saunder/ot^s 
Algebra,  and  the  continuation  of  it  in  Phile/i 
Tranf.  N°  451.  What  has  been  explained  above 
may  fervc,  for  the  prefent,  to  give  the  Learner 
fbmc  notion  of  the  compofitlon  and  refblution  of 
thofc  cubes  ;  that  he  need  not  hereafter  be  fur- 
prifed  to  meet  with  expreflions  of  real  quantiiic* 
which  involve  imaginary  roots. 

"End  of  thi  First  Pa^it. 
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PART     ir. 

Of  the  Genefis  and  Refolution  of  Equations 
of  air  Degrees ;  and  of  the  different 
AffeSiions  of  tke  Roots. 


r  H  A  P.    L 

Of  the  genesis  and  RESOLUTION  of 
EQUATIONS  IK  GENERAL;  and  the 
NUMBER  OF  ROOTS   an  EQUATION  of 

ANY  DEGREE  MAY  HAVE. 

§  I.  A  FTER  the  fame  .manner  as  the  higher 
jLjL  powers  are  produced  by  the  multipli- 
cation of  die  lower  powers  of  the  fame  root ; 
equations  of  fuperior  4>rders  are  generated  by 
the  multiplication  of  equations  of  inferior  orders 
involving  the  fame  unknown  quantity.    And  an 

K  equation 


1 
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equation  of  any  dimetifion  may  be  coti/idered  as  pro- 
duced by  the  mult:p!ication  of  as  rnanyjimple  equa- 
tions as  it  has  dimenfions  ;  or  of  any  ether  equa* 
lions  wbatfeever,  if  the  Jum  of  their  dimenfions  it 
equal  to  the  ditiienfion  of  that  equation.  Thus  any 
cubic  equation  may  be  conceived  as  generated  by 
the  multiplication  of  ti>ree  ftmple  equations,  or 
of  one  quadratic  ^nd  one  fimple  equation.  A 
biquadratic  as  generated  by  the  multiplication 
oK  four  fimple  equations,  or  of  two  quadratic 
equations  j  or  laftly,  of  one  cubic  and  one  fimple 
equation. 

§  1.  If  the  equations  which  you  fuppofe  mul- 
tiplied by  one  another  are  ti)e  fame,  then  the 
equation  generated  will  be  nothing  clfe  butfome 
power  of  thofe  equations,  and  the  operation  Is 
merely  involution ;  of  which  we  have  treated  al- 
ready :  and,  when  any  fuch  equation  is  given, 
the  fimple  equation  by  whofe  multiplication  ic 
is  produced  is  found  by  evolution,  or  the  extrac*] 
tion  of  a  root. 

But  when  the  equations  that  are  fuppofed  to 
be  multiplied  by  each  other  are  different,  then 
other  equations  than  powers  are  generated  j 
which  to  refolve  Into  the  fimple  equations  whence 
iheyare  generated,  is  a  different  operation  from 
involution,  and  is  what  is  called,  the  refelution 
of  equations. 

But  as  evolution  is  perfornr.cd  by  obferving 

and  tracing  back,  the  ftcps  of  involution  j    fo  ti> 

<■  difcover 


i 
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dlfcover  the  rules  for  the  refolution  of  equa- 
tions, we  muft  carefully  obferve  ihcir  genera' 
tion. 

%  3.  Suppofc  the  unknown  quantity  to  be  x, 
and  its  Values  in  any  fimple  equations  to  be 
d,  *,  c,  d,  Sec.  then  thofc  fimple  equations,  by 
bringing  all  the  terms  to  one  fide,  become 
*  —  a=o,x  —  ^  =  0,  *  —  f  =  o,  &c.  And, 
the  produfl;  of  any  two  of  thefc,  as  x  —  ax 
X  —  i  =  o  will  give  a  quadrasic  equation,  or  an 
equation  of  two  dimenfions,  Thc'produft  of 
any  three  of  them,  asx  —  a  x  x  —  i  x*— -c 
=  o  will  give  a  cuiie  equation,  or  one  of  three 
dlmenfions.  The  produft  of  any  four  of  th«m 
will  give  a  biquadratic  equation,  or  one  of  four 
dimenfions,  as*  —  a  x  x  —  b  x  x  —  c  x  x  —  J 
=  o.  And,  in  general,  "  In  ibi  equation  pro- 
duced, the  bigbcjl  dimenjion  of  the  UMknown  quantity 
will  he  equal  to  the  nMmher  of/mple  equations  that 
are  multiplied  hy  each  other." 

§  4.  When  any  equation  equivalent  to  this 
biquadratic  *  —  a  x  x  —  b  x  x^^c  xx  —  d  =  0 
is  propofed  to  be  rcfolved,  the  whole  difficulty 
confifts  in  finding  the  fimple  equations  jr  —  a  —o 
X  —  b  !^o,x- — c  =  o,x-~d  =  o,  by  whofe mul- 
tiplication it  is  produced ;  for  each  of  thcfe 
fimple  equations  gives  one  of  the  values  of  *, 
and  one  folutioti  of  the  propofed  equation.  For, 


K  2 


if 
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if  any  of  the  values  of  x  dednccd  from  thofc 
fimpic  equations  be  fubftituted  in  the  propofcd 
equaiion,  in  place  of  x,  clien  all  the  terms  of 
thdt  equation  will  v-iniHi,  and  the  whole  be 
found  equal  to  nothing.  BcCauTc  when  it 
fuppofcd  that  X  =  a,  OT  X  =  l-,  or  X  —  c,  or  x 
then  the  produfl  x  —  a  ■K  x  — u  x  *  —  c 
does  vanifh,  bccaufe  one  of  the  factors  is  cqui 
to  nothing.  Thtre  are  therefore  four  Aippofi- 
lions  that  give  x  —  a  xa  —  b  '^  x  —  c  ^  x  —  d 
=  o  according  to  the  propofcd  equation ;  that  is^ 
there  arc  four  roots  of  the  propofed  equation. 
And  after  the  fame  manner,  "  Any  olker  equa- 
tion admits  of  as  many  folutions  as  there  arc 
fimple  equations  multiplied  by  one  another  that 
produce  ir,"  or  "  as  many  as  there  arc  units 
the  hightfl:  dimcnfion  of  the  unknown  quanci! 
iji  the  propofcd  equation." 

§  5.  Bu'l.  as  there  arc  no  other  quantities  what- 
focver  bcfidcs  ihcfe  four  {a^  b,  e,  d,')  that  fubfti- 
tuted in  the  produil* —  flx  X — hy^x — cxx — dy 
in  the  place  of*,  will  make  the  produfl  vanifli ; 
then  fore,  the  equation  *  —  a  x  x  —  b  %  x—s 
yx — (/=o,cannotponibIy  have  more  than  thefe 
four  roots,  and  cannot  admit  of  more  folutlons 
tlian  f  lUr.  If  yoli  fubliitule  in  that  produfl  a 
quantify  neither  equal  to  a,  nor  ^,  nor  c,  nor 
d,  which  fuppofe  e,  then  fiace  neither  e  •^— «, 
/  —  b,  e  -^tj  nor  /  —  d  h  cquil  td  nothing  ^ 
dtcir 


'4 
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their  produft  e-^^  a  x  e  —  b  x  e  —  c  x  ^  —  d 
cannot  be  equal  to  nothing,  but  nnuft  be  fomc 
real  produft ;  and  therefore  there  is  no  fuppofi- 
tion  befide  one  of  the  forefaid  four,  that  gives  a 
juft  value  of  X  according  to  the  propofed  equa- 
tion. So  that  it  can  have  no  more  than  thcic 
four  roots.  And  after  the  fame  manner  it  ap- 
pears, that  **  No  equation  can  have  more  roots 
than  it  contains  dimenfions  of  the  unknown  quan- 
tity" 

§  6.  To  make  all  this  ftill  plainer  by  an  ex- 
ample, in  numbers ;  fuppofc  the  equation  to  be 
refol ved  to  be  x*  —  i  ox^  +  35X*  —  50X  +  24 = o, 
and  that  you  difcover  that  this  equation  is  the 

fanric  wirh  the  produ<5^  q(^  —  ixx  —  2  ^x  —  3 

XX  —  4,  thc«  you  certainly  infer  that  the  four 
values  of  X  are  i,  2,  3,  4;  feeing  any  of  thefc 
numbers  placed  for  x  makes  that  produd,  and 
confcqiiendy  x*  —  lox'  ^  35X*  —  50X  +  24, 
equal  to  nothing,  according  to  the  propofed 
equation.  And  it  is  certain  that  there  can  be  no 
other  values  of  x  befides  thcfe  four:  fince  when 
you  fubftitute  any  other  number  for  x  in  thofc 
faftors  X  —  I,  X  —  2,  x  —  3,  x  ~  4,  none  of  the 
fadors  vanifh,  and  therefore  rheir  produft  can- 
not be  equal  to  nothing  according  to  the  equa- 
tion. 

§  7.    It  may  be  ufeful  fometimes  to  confider 

equations  as  generated  from  others  of  an  infc- 

.  *  K  3  rior 
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rior  fort  befidcs  fimple  ones.  Thus  a  (uhU 
equation  may  be  conceived  as  generated  from 
the  quadratic  »*  —  fx  +  y  =0,  and  K\\zfmpU 
equation  *  —  a  =■  o,  multiplied  by  each  other  ( 
whofe  produft 
«' — fx''  +  qx — aq\  _ 
—  (Wf*  +  apx  J  " 
equation  whofe  roots  are  the  quantity  i^a)  the 
value  of  Jf  in  the  fimple  equation,  and  the  two 
roots  of  the  quadratic  equation,  viz. 
P  +  ^P'-  4?  ,„^  p-y/p^~ 


\ ;    as  appears  from 

And,  according  as  thcle  roots 
,  two  of  the  roots  of  the 


=  o  may  exprefs  any  cubic 


Chap.  13.  P(^rl 
are  real  or  m 
cubic  equation  are  real  or  impoffit 

§  8.  In  the  doi5l%ne  of  involuiion  we  fhewed 
that  '*  the  fquare  of  any  quantity  pofuive  or 
negative,  is  always  pofitive,"  and  Therefore, 
fqudre  root  of  a  negative  is  impo/Jible  or  it 
g^njr>."  For  example,  the  y/a^  is  either 
or  —  a,  but  v' — a"  can  neither  be  +  a  nor 
•—  a,  but  niuft  be  imaginary.  Hence  is  under- 
ftood  thjt  "  a  quadratic  equation  may  have  no 
impoflible  exprtflion  in  its  coefficients,  and  yet 
•when  it  is  rcfolvcd  Into  the  fimple  equations 
that  produce  It,  they  may  involve  impofllble 
expreflions."  Thus  the  quadratic  equation 
»*  +  a*  =  o  has  no  impoiTible  coefficient,  but 
the  fimple  equations  from  which  it  is  proLiuced, 
w'z.  *  +  \/  —  a'  =  o,  and  »  —  y/  —  0^  =  o, 
both,. 


e  or 
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both  involve  an  imaginary  quantity ;  as  the 
i^uare  -^  a*  is  z  real  quantity,  but  its  fquare 
root  is  imaginary.  After  the  fame  manner  a 
biquadratic  equation,  when  refolved,  may  give 
four  (imple  equations,  each  of  which  may  give 
an  impoiilble  value  for  the  root :  and  the  fame 
may  be  faid  of  any  equation  that  caim  be  pro- 
duced from  quadratic  equations  only ;  that  is, 
whofe  dimenfions  are  of  the  even  numbers. 


§  9.  But  *'  a  cubic  equation  (which  cannot 
l^e  generated  from  quadratic  equations  only, 
but  requires  one  fimple  equation  befides  to  pro- 
duce it)  if  none  of  its  coefficients  are  impoffible, 
will  have,  at  leaft,  one  real  root,*'  the  fame 
with  the  root  of  the  fimple  equation  whence  it 
is  produced.  The  fquare  of  an  impoflible  quan- 
tity jiiay  be  real,  as  the  fquare  of  \/  —  a*  is 
•—  tf*  i  but  **  the  cube  of  an  impoflible  quan^ 
tity  is  ftill  impoffible,"  as  it  ftill  involves  the 

fquare   root  of  a  negative:  .as,  y/  —  a"^    x 


is  plainly  imaginary.  From  which  it  appears, 
that  though  twp  fimple  equations  involving 
impoffible  expreffions^  multiplied  by  one  ^n- 
otljer,  may  giye  a  produdt  where  no  impoffible 
cxpreffion  may  appear ;  yet,  "  if  three  fuch  fim- 
ple eqii^tions  be  multiplied  by  each  other,  the 
impoffible  expreffion  will  not  difappear  in  their 

K  4  pro- 
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produ6t/'    And  hence  it  is  plain,  that  though  a* 
quadratic  equation  whofe  coefficients  are  all  real 
may  have  its  two  roots  impoffible,  yet  *'  a  cubic 
equation  whofe  coefficients  are  real  cannot  have 
all  its  three  roots  impoffible.'* 

§  10.  In  general  J  it  appears  that  th&  hnpofl 
iible  expreffions  cannot  difappear  in  the  equation 
produced,  but  when  their  number  is  even  \  that 
there  are  never  in  any  equations,  whofe  coeffi- 
cients are  real  quantities,  (ingle  impoflible  roots> 
or  an  qdd  number  of  impoflible  roots,  but 
*^  that  the  roots  become  impoffible  in  pairs  ;'* 
tind  that  *^  an  equation  of  an  odd  number  of  di- 
menfions  has  always  one  real  root." 

§  1 1.  "  The  roots  of  equations  are  either  z^^- 
fttive  or  negative  according  as  the  roots  of  the 
fimple  equations  whence  they  are  produced  are 
pofitive  or  negative/*  If  you  fuppofcA:  =  —  ^, 
X  •=-  —  b^x  zz  —  CyX  zn  —  dj  &c.  then  fliall 
;if  +  tf  =  o,  x+^=o,  x+^  =  o,  ^  +  J=oj 
and  the  equation  ^  +  tfXAf+^x;r-frX  x  ^  d 
==  o  will  have  its  roots,  —  ^1  — *  ^,  —  ^3  — •  ^> 
&c.  negative. 

But  to  know  when  the  roots  of  equations  arc 
pofitive  and  when  negative,  and  how  many  there 
are  of  each  kind,  Ihall  be  explained  in  the  next 
chapter. 


CHAP, 
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c  H  A  P.  ir. 

Of  the  signs  and  COEFrlCIENTS  or 

EQUATIONS. 

§  i2.TTTHENany  number  of  fimplc  cqua- 
VV  tions^rc  multiplied  by  each  other, 
it  is  obvious  that  the  higheft  dimenfion  of  the 
unknown  quantity  in  their . produ£b  is  equal  to 
the  number  of  thofe  fimplercquations ;  and,  the 
term  involving  the  higheft  dimenfion  is  called 
the  Jlrfi  term  of  the  equation  generated  by  this 
multiplication.  The  term  involving  the  next 
dimchtion  of  the  unknown  quantity,  Idk  than 
the  greateft  by  unit,  is  called  the  /econd  term 
of  the  equation  ;  the  term  involving  the  next  di- 
menfion of  the  unknown  quantity,  which' is  lefe 
than  the  greateft  by  two,  the  ibirj  term  of  the 
equation,  i^c.  And  that  term  which  involves 
no  dimenfion  of  the  unknown  quantity,  but  is 
fome  known  quantity,  is  called  the  laft  term  of 
the  equation.  •    .  • 

*^  The  number  of  term  is  always  greater  than 
the  bigbeft  dimenfion  of  the  unknown  quantity  by 
unit.*^  And  when  any  term  is  wanting,  an 
afierijk  is  marked  in  irs*  place.  The  ftgns  and 
coeffiiients  of  equations  will  be  underllood  by 
confidering  the  following  Table,   where   the 

fimple 
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iiinple  equations  x-^a^  x^^i,  &c.  are  muid- 
pliod  by  one  another,  fmd  produce  fucctjE&ftXj 
the  higher  equations^ 


X  *  — ^  =o 


'^'-J'+*>}«o»»Q»«^««' 


X  *  — f  =o 


frjr»-.* 


X   *   — T^=0 


X  X* 


—  tfi^  I  X  x+abcds^  0,  a 
>  ^r^  I     Biquadratic* 


X  Af  — /=0 


—  ^  —  1 

'aie  '+abde  >=o»a 


•ace 
•bed 

•  bet 
■  bde 

•  cde 


S«J. 
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§  13.  From  the  infpciftion  of  thcfe  equatioas 
it  is  plain,  that  the  coefficient  of  the  firft  term  is 
ttnit. 

The  coefficient  of  the  fecond  term  is  tbt 
/um  of  ail  tbt  roott  (a,  ^,  c,  d,  e)  having  their 
JigKS  ebangid. 

The  coefficient  of  the  third  term  is  the  Jum 
of  all  the  prt)du£Js  that  can  bi  made  by  muUi- 
plying  any  two  of  the  roots  (a,  h^  c,  d,  e)  by  one 
another. 

The  coefficient  of  the  fourth  term  is  the  fum 
cf  all  the  froduSis  that  can  Ic  made  by  multiplying 
into  one  another  any  three  cf  the  roots,  with  their 
figns  changed.  And  after  the  fame  manner  all 
the  other  coefficients  are  formed. 

The  laft  term  is  always  the  produSi  of  all  the 
roots,  having  their  Jigns  changed,  multiplied  \>j 
one  another. 

§  14.  Although  in  the  Table  fuch  fimple  equa- 
tions only  are  muhiplicd  by  one  anoiher  as  have 
pofitive  roots,  it  is  eafy  to  fee,  that  "  the  co- 
efficients will  be  formed  according  to  the  fame 
rule  when  any  of  the  fimple  equations  have 
negative  roots."  And,  /«  general,  if*'  —  px* 
+  yjf  —  r  =  o  reprefent  any  cubic  equation,  then 
Jliall  p  be  'the  fum  of  the  roots  j  q  the  fum  of 
the  produfts  made  by  multiplying  any  two  of 
them  J  r  the  product  of  all  the  ih;ee:  and,  if 

—  P'   +  ?t  —  '">  "*■  -f'  —  'j  +  «.  ^^-  ^^  fhe 

coefficients  of  the  2d,  jd,  4th,  5th,  6th,  yih, 

i£c. 
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&f.  terms  of  any  equation,  then  (hall  p  he 
the  fum  of  all  the  roots,  q   the  fiim  of  the 

produiflsof  any  two,  r  the  fiim  of  the  [irodtifts 
of  any  chrer,  s  the  fiim  of  the  produ(fls  of  any 
fcur,  /  the  fum  of  the  produds  of  any  fivcj 
m  the  fum  of  the  produfls  of  any  fix,  tfr. 

§  15.  When  therefore  any  equatioti  is  pro-. 
pofed  CO  b?  ri-filved,  it  is  eafy  to  find  the  furo* 
of  the  roots,  (for  it  is  equal  to  the  coefficient 
jifthe  fecond  term  having  its  fign   chang<j^ :) 

,  [o  find  the  font  of  the  produfts  that  can  be 
I  teiadc  by  multiplying  any  determinate  number 
of  them. 

But  it  is  alfo  czfy  "  to  find  the  fum  of  the 
Iquares,  or  of  any  powers,  of  the  roots." 

The  fum  of  the  fquares  is  always  p'  —  2f.  ■ 
For  calling  die  fum  of  the  fquares  B,  Gncc  the 
film  of  ihe  roots  is  p  ;  and  "  the  fquarc  of  the 
fum  of  any  quantities  Is  always  equal  to  the  fum 
of  ihcir  (qiiares  added  to  double  the  products 
that  can  be  made  by  multiplying  any  two  of 
ihem,"  therefore  ^^  =  fi  +  sy,  and  confeqiiently 
B  ^  f*  —  iq.  For  example,  a  +  i  ■*-  A'  = 
^  +  i'  4  f '"  +  2ai/  +  2/ic  +  ibc  i  that  is,  p''  =  B 
-f  2f.  And  a  -i-  ir  -t-  £  +  nY  =  a*  +  i-'  +  c» 
+  j/»  +  a  X  !:i>  +  ac  -i-  ad  +  k  +  id  +  cJ,  that 
b  again,  p'  =  B  -t^  2y,  or  B  —  p^  —  2q.  And  fo 
for  any  other  number  of  quantities.  In  general 
therefore,  "  B  the  fum  of  the   fquares   of  the 


I 
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roots  may  always  be  found  by  fubtrading  aj 
fromp'i"  the  quantities;)  and  q  being  always, 
known,  fince  they  arc  the  coefficiencs  in  the  pro- 
fiofed  equation. 

§  i6.  "  The  fum  of  the  cubes  of  the  roots  of 
any  equation  is  equal  to/i'  T—2J'q  +  jr,  or  co 
Bp — pq  +  2^-"  Fo""  ^  — f  '^  ogives  always 
the  excels  of  the  fum  of  the  cubes  of  any  quan- 
tities above  the  triple  fura  of  (he  produ£ts  that 
can  be  made  by  multiplying  any  three  of  them. 
Thus  d*  +  i'  +  c^  —  ai/  —  ac  —  i>c  k  a  +  i  +  t 
(  =  B  —  q  X  p)  =  a'  +  i>  +  f'  — 3air.  There- 
fore if  the  fum  of  the  cubes  is  called  C,  then  (liafl 
£  —  y  X  p  :=C — y,  and  C  =  Bp —  qp  ■¥  yr 
(bccaufe  5  =  p^  —  27)  =  p'  —  jpj  +  y. 

After  the  fame  manner,  if/)  be  the  fum  of 
the  4th  powers  of  the  roots,  you  will  find  tha 
J)  =  pC —  qB  +pr  —  4f ;  and  if  £  be  the  fuia 
of  the  jth  powers,  then  fhall  E  =  pU  —  f  C  + 
rB — ps  +  j/.  And  afrer  the  fame  manner  the 
fum  of  any  powers  of  the  roots  may  be  found; 
the  progrelfion  of  thcfe  cxprcflions  of  ihe  fum  of 
the  powers  being  obvious. 

§  17-  As  for  the  figns  of  the  terms  of  the 
equation  produced,  it  appears  from  inljjedioa 
that  the  Ggns  of  all  the  terms  in  any  equation 
in  the  table  are  alternately  +  and  —  :^  iWfc 
equations  are  generated,  by,  multiplying  cjnti-- 
Dually  X  —  a,  X  —  ^,  jr  — :,0  x  —  d,  &c.  b^  one 
itnodicr. 


I 
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3*.    There  may  be  two  pofitive  roots  and 

one  negative,  as  in  ihe  equation  x  —  a  x  «  —  ^ 

X  *  +  f  =  o,  which  gives 


x'—a-j       +  ail 
—  ^>jc*  —  ac>x  +  I 


:  O. 


I 


Here  there  muft  be  two  changes  of  the  fignsji 
becaufc  if  a  +  3  is  greater  than  t ,  the  fecomf 
term  muft  be  negative,  its  coefficient  being  —  «, 
—  3  +  <r. 

And  if  a  +  i  is  lefs  than  c,  then  the  third 
term  muft:  be  negative,  its  coefficient  +  ab-~ 
ac  —  he  {^ah  —  c  x  ;?  +  ^)  *  being  in  that  cafe 
.negative.  And  there  cannot  poflibly  be  three 
changes  of  the  figns,  ihe  firft  and  laft  terms 
having  the  fame  fign. 

4*.  There  may  be  one  pofitive  root  and  two 
negative,  as  in  the  equation  *  +  <j  x  *  +  ^  x 
»" —  c  =  o,  which  gives  ^^H 

*'  +  <a!l      +fi*1  ^H 

+  b  \x'  —  ac  ?«—  (iii  =  o.  J^^l 

-ci     -ici  M 

Where  there  muft  be  always  one  change  of  th^^H 
figns,   fince  the   fiift  term  is  pofitive  and  the 
laft  negative.     And  there  can  be  but  one  change 
of  the  figrs,    fince  if  the  fccond  term  is  ne- 
gative, or  d  +  ^  lefs  than  c,  [he  third  muft  be 

*  Bwanfe  the  TcAanglc  a   X  i  U  lefs  than  (Tie  fjuite 

«  4-  i  X  a  +  J|  and  ihercfoic  much  Icrj  ihan  a  +  i  x  r. 

negative 
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negative  alfo,  fo  iha:  there  will  be  but  one 
change  of  the  figns.  Or,  if  the  fecond  term 
is  affirmative,  whatever  the  third  term  is,  there 
will  be  but  one  change  of  the  figns.  It  ap- 
pears therefore,  in  general,  that  in  cubic  equa- 
tions, there  are  as  many  affirmative  roots  as 
there  are  changes  of  the  figns  of  the  terms  of 
the  equation. 

The  fame  way  of  reafoning  may  be  ex- 
tended to  equaiions  of  higher  dimenfions,  and 
the  rule  delivered  in  §  1 9,  extended  to  all  kinds 
of  equaiions. 

§  22.  There  are  feveral  confeftaries  of  what 
has  been  already  demonflrated,  that  are  of  ufe 
in  difcovering  the  roots  of  equations.  But 
before  we  proceed  to  that,  it  will  be  convenient 
to  explain  fomc  traiisformationa  of  equations, 
by  which  they  may  often  be  rendered  more 
fimple,  and  the  invcftigation  of  their  roots  more 
cafy. 


CHAP, 
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CHAP.   in. 


Of  the  transformation  of  EQUA- 
TIONS; AND  EXTERMINATING  their 
INTERMEDIATE  TERMS. 

§  23.  TTTE  now  proceed  to  explain  the  trans- 
VV  formations  of  equations  chat  are 
moft  ufcful :  and  firft,  "  The  ajjirniatwe  root! 
of  en  equation  are  (banged  into  negative  roots 
cf  the  fame  value,  end  the  mgalive  roots  into 
affirmative,  hy  orJy  changing  the  Jigns  of  the 
term  alternatefyt  beginning  with  the  Jecond" 
Thus  the  roots  ^  f  the  equation  x*  —  jc'  —  19X' 
+  49*  —  30  =  o  arc  +  I,  +2,  +3,  —  5  i 
whereas  the  roots  of  the  fime  equation  having 
only  the  figns  of  the  fecond  and  fourth  terms 
changed,  'uix.  *■*+*'  —  i  fjx^  —  49*  —  30  sr 
0»  arc  —  I,  —  2,  —  3.  +  S- 

To  undcrftand  the  reafon  of  this  rule,  let  us 
afTume  an  equation,  asj;  —  a  y.  x  —  b  Xx  —  f 
X  X  —  d  X  X  —  f  &c.  =  o,  whofe  roots  are  +  «, 
+  ^,  +  f.  +  "^t  +  '»  &c.  and  another  having  its 
roots  of  the  fame  value,  but  affVdcd  with  contrary 
figns,  as  x  +  tf  X  ITTb  y.  x  +  c  x  x  +  d  x  x  +  t 
&c.  =  o.  It  is  plain,  that  the  terms  taken  al- 
ternately, beginning  from  the  firft,  are  the  fame 
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in  both  equations,  and  have  the  fame  fign, 
"  being  prodiiifts  of  an  even  number  of  the 
roots  ;"  the  produfi:  of  any  two  roots  having  the 
fame  fign  as  ihcir  produft  when  both  their  figns 
are  changed  -,  as  +  ux  —  Ir  =  —  a  x  -i-  b. 

But  the  fecond  terms  and  all  taken  alternately 
from  them,  becaufe  their  coefficients  involve 
always  the  produds  of  an  odd  number  of  the 
roots,  will  have  contrary  figns  in  the  two  equa- 
tions. For  example,  the  produft  of  four,  viz. 
abed,  having  the  fame  fign  in  both,  and  one 
equation  in  the  fifth  term  having  abed  x  +  e, 
and  the  other  abed  x  — e,  it  follows  that  their 
produft  abide  mufl:  have  contrary  figns  in  die 
two  equations :  thefe  two  equations  therefore 
that  have  the  fame  roots,  but  with  contrary 
Ogns,  have  nothing  different  but  the  figns  of  the 
alternate  terms,  beginning  with  the  fecond. 
From  which  it  follows,  "  that  if  any  equation  is 
given,  and  you  change  the  figns  of  the  alternate 
terms,  beginning  with  the  fecond,  the  new 
equation  will  have  roots  of  the  fan:ic  value,  but 
with  contrary  figns." 

§  24.  It  is  oficn  very  ufcful  "  to  transform 
an  equation  into  another  that  fijall  have  its  roots 
greater  or  le/s  than  the  roots  of  the  fropofed  equa- 
tion by  fame  given  difference" 

Let    the    equation    propofcd    be    the    cubic 

»'  — fx^  ■\.  qx  —  r  =  o.    And  let  it  be  required 

19  iraniform  it  into  another  equation  whole  roots 

L  2  fliall 
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(hall  be  lefs  than  the  roots  of  this  equation  by 
fome  given  difference  (f),  that  is,  fiippofc 
y  —  X  —  e,  and  confequently  a:  r=  j'  +  ^ ;  then 
jnftead  of  x  and  its  powers,  fubftitute  y  •\-  e 
and  its  powers,  and  there  will  arife  this  new 
equation ;  , 


(^)/ 


whofc  roots  are  lefs  than  the  roots  of  the  pre- 
ceding equation  by  the  difference  {/). 

If  ic  had  been  required  to  find  an  equadon 
whofe  roots  fliould  be  greater  than  thofe  of  the 
propofed  equation  by  the  quantity  {e\  then  we 
■  muft  have  fuppofed^  =  *  +  ?,  and  confequently 
X  ^.y  —  it  and  then  the  other  equation  would 
have  had  this  forraij 

(5)/  -30-*+  3^!)--^'  1 

-  tf  +  iTey-fe^\      ^ 
■\-    qy   -qe\ 

If  the  propofed  equation  be  in  this  forn>,  J 
X'  +;><'+  jjf  +  r  =  o,  then  by  fuppofing  x  +  e^y  \ 
there  will  arife  an  equation  agreeing  in  all  rc- 
fpefls  with  the  equation  (^),  but  that  the  fe*  1 
coiid  and  fourth  terms  will  have  coticrary  figiu^  \ 
5  And  \ 


I 
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And  by  fuppofing  *  —  ^—y,  there  will  arife 
an  equation  agttcing  with  (B)  in  all  refpcils, 
but  that  the  fccond  and  fourth  tftms  will  have 
contrary  figns  to  what  they  have  in  (B). 

The  firll  ofthefe  fuppofltions  gives  this  equa- 
tion, 

IC^ }' —  3^' *  3''y 


■  —  ipO'  +  /(■  I  _  ^^ 
-^    V  —1'  \ 

+  f  J 

ppofition  gives  the 
+  39'  +  3'y  +  '■  1 

■^  V    +  J«  I 
+  r    J 


The  fecond  fuppofition  gives  the  equation 


§  25.  The  firft  ufe  of  this  transformation  of 
equations  is  to  Ihew,  '*  how  tbejccend  {fir  other 
initrmediate)  term  may  be  taken  av.'ay  out  of  an 
equation," 

Jt  is  plain  that  in  the  equation  (yl)  whofc  fc- 
cond  rerm  is  jc  —  p  xy*,  if  you  fuppofc  e~\f, 
and  conftqucntiy  j<r  — p  =  o,  then  the  fecond 
term  will  vanilli. 

In  the  equation  (C)  whofc  fecond  term  is 
—  3f  +  p  xj'',  finipofiiig  f  =  !;>,  the  fecond 
term  alfo  vaniflies. 

Now  the  equation    (-0   *^s  deduced  from 

i'  —fx^  +  yx  —  r  =  c,  by  fuppufing_y  =  .v  —e: 

L  3  and 
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and  ihc  equation  (C)  was  deduced  from  3^  +  /** 
+  qx  +  r  =  o ;  by  fuppofing  jr  =  jr  +  r .  From 
which  thb  Rule  majr  eafily  be  deduced  for  ex- 
terminating die  fecond  term  one  of  any  cubic 
equatioa. 

RULE. 

*'  Add  to  the  unknown  quantity  of  the  ghtn  tqua- 
tion  the  third  pari  of  the  coeffieitnt  of  ibtjtccnd 
term  with  its  prefer  fign.  Viz.  =F  t/»,  and 
/uppoje  this  aggregite  equal  to  a  new  unk»«vu 
quantity  (y).  From  this  value  of  y  find,  a 
value  of  X  by  tranfpefitiont  d"id  fubfiitutt  this 
value  of  X  and  its  pocers  in  tie  given  equatioMi 

.  and  there  will  arlft  a  new  equation  that  JbaU 
want  ibtjicond  term." 


i 


EXAMPLE. 

Let  il  be  required  to  exterminate  the  fecond  , 
term  out  of  this  equation,  *'  —  9*'  +  a6x  — 
j4  =  o,  fuppofc  X  —  3~^iOr;'  +  3=s*j  and 
fubf^iiuting  according  to  the  Rule,  you  will  Bn<l_ 

/  +  9/  +  iTy  +  ?7 

+  z6y  +  78 


IM 
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In  which  there  is  no  lerm  where  j  is  of  two 
dtmcnfiotu,  and  an  aftciifk  is  placed  in  the  room 
of  [he  fccond  lerin,  to  fliew  it  is  wanting. 

§  26.  Let  the  equation  propofed  be  of  any 
number  of  dimenfions  reprcfented  by  (n) ;  and 
let  the  coefficient  of  the  fccond  icrm  with  its  fign 

prefixed  be  —  f,  then  fuppofing  x —  y^ 

and  confcquently  ,v  =  _y  +  — ,  and  fubftituting 

this  value  for  x  in  the  given  equation,  there  will 
arife  a  new  equation  that  (hall  want  the  lecond 
term. 

It  is  plain  from  what  was  demonRratcd  in 
Chap.  2.  that  the  fum  of  the  roots  of  the  pro- 
pofed equation  is  +  />;  and  fince  we  fuppofc 

y  —  X  —  —,  k  follows,  that  in  the  new  equation, 

each  value  of_y  will  be  left  than  the  refpec^ive 

value  ofx  by  —;  and,  fince  the  number  of  the 

roots  is  n,  it  follows  that  the  lum  of  the  values 
ofy  will  be  Icfs  than  -f  p,  the  fum  of  the  values 

o(x,  by  n  x  —  the  difference  of  any  two  roots, 

that  is,  by  +  p :  therefore  the  fum  of  the  values 
of,^  will  be  +  ^  —  ^  =  o. 

But  the  cotfficii-nt  of  the  fecond  term  of  the 

equation  of  ^  is  the  fum  of  the  vahies  of  y,  viz. 

■+  p  —  p,  and  thtrcfore  that  coefficient  is  equal 

to  nothing  i  and  confcquendy,  in  the  equation 

L  4  of 


■ 
■ 

I 
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of_y,  the  fccond  term  vanifhes.  It  follows  then, 
thai  the  fecond  term  may  be  exterminated  OUC 
of  any  given  equation  by  the  following 

RULE. 

«  divide  the  coefficknt  of  the  fecond  term  of  tba, 
frepojed  equation  hy  the  number  of  dimenfiens  of 
the  equation;  and  ajfuming  a  new  unknown 
quantity  y,  add  to  it  the  quotient  having  ttsfign 
changed.  Then  fuppofe  this  aggregate  equal  to 
X  the  unknown  quantity  in  the  propofed  equation; 
and  for  x  and  its  powers,  fubflitute  the  aggre- 
gate and  its  powers,  fo  pall  the  new  equalit 
that  arifes  want  its  fecond  term." 

§  27.  If  the  propofed  equation  is  a  quadratic,,! 
as  *^  —  ^  jc  +  y  =  o,  then,  according  to  the; 
rule,  fuppofe  J-  +  -;'  =  *',  and  fubftituilng  chis.l 
valuc'for  X,  you  will  find. 


I 


+  ?  J 


/    •     —  ip'  +  q  =  o. 

And  from  this  example  the  ufe  of  exterminat- 
ing ihe  ffcond  icrin  appears:  for  commonly  ihq 
folution  of  the  equation  thjt  wants  the  fecond 
term  is  more  cafy.    And,  if  you  can  find  the  1 
value  i 
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value  of _y  from  this  new  equation,  it  is  cafy  to 
find  the  value  of  x  by  means  of  the  equation 
y  +  \p  :=.  X.     For  example. 

Since  y  +  f  —  ip'  =  o,  it  follows  that 
y"-  =  vp*  —  f,  and  >  =  =!r  •t/ip^  —  ^,  fo 
that  X  =y  -i-  .\p  -  .\-p  ±  \/;p'  —  f, 
which  agrees  with  what  we  dcmonftrated.  Chap- 
ter 13,  Part  I. 

If  the  propofed  equation  is  a  biquadratic,  as 
X*  —px'  +  j,v^  —  rjf  +  J  =r  o,  thenby  fuppofing 
X  —  ^p  ■=  y,  QT  X  =.  y  +  ^p,  an  equation  (hall 
arife  having  no  fecond  term.  And  if  the  pro- 
poled  is  of  five  dimenfions,  then  you  mull  fup- 
pofe*  =>  ±  \p.    And  foon. 

§  28.  When  the  fecond  term  In  any  equa- 
tion is  wanting,  it  follows,  that  "  tlie  equation 
has  both  affirmative  and  negative  roots,"  and 
that  the  fum  of  the  affirmative  roots  is  equal 
to  the  fum  of  the  negative  roots :  by  which 
means  the  coefficient  of  the  fecond  term,  which 
is  the  fum  of  all  the  toots  of  both  forts,  vaniJhes, 
and  makes  the  fecond  term  vanifli. 

/»  general,  "  the  coefiijient  of  the  fecond 
term  is  the  difference  bet^vcen  the  fum  of  the 
affirmative  roots  and  die  fum  of  the  negative 
roots:"  and  the  opcraiions  we  hjve  given  fcrve 
only  to  diminifh  all  the  roots  when  the  fum  of 
the  affirmative  is  greateft,  or  increaJe  the  roots 
vvhen  the  fum  of  the  negative  is  gicatelt,  fo 
as 


I 
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as  to  baUncc    ihem,  and  reduce  ihem  to   an 
equality. 

It  is  obvious,  that  in  a  quadratic  equation 
that  wants  the  Iccond  term,  there  muft  be  one 
loot  affirmative  and  one  negative  j  and  thefe 
muft  be  equal  to  one  another. 

In  a  cubic  equation  that  wants  the  fecont^; 
term,  there  muft  be  either,  two  affirmative  roots 
equal,  taken  together,  to  a  third  root  that  mult 
be  negative;  or,  two  negative  equal  to  a  third 
thatmufl  be  pofitivc. 

"  Let  an  equation  x^  —  fx*  +  qx  '—r  — 
be  propofed,  and  let  it  be  now  required  to  exter- 
minate the  third  term." 

By  fuppofing^  =  .r — e,  the  coefficient  of  th< 
third  term  in  the  equation  of"^  is  found  (fee  equa* 
lion  A)  to  be  jff'  — zfe  +  q.  Suppole  that  c(»- 
efficient  equal  to  nothing,  and  by  refolving  the 
quadratic  equation  3*'  —  ife  +  j  =  o,  you  will 
find  the  value  of  f,  which  fubftitutcd  for  it  in 
the  equation^  =  x  —  f,  will  Ihew  how  to  trans- 
form the  propofcd  equation  into  one  that  (hal^ 
want  the  third  term. 

The   quadratic  je'  —  ape  +  j  =  o  glve$i 

t  =     ~  ^^.""-ii.    So  that  the  propofcd  cubi 
will  be  transformed  into  an  equation  wanting  thtf 
third  term  by  fuppofing^  =  x  —  ' — V-LJZ^a 

—  ^  "*"  ^-"^ ""  3^ 


d 
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If  the  propofcd  equation  is  of  a  dimenfions, 
the  value  of  c,  by  which  the  Ehird  term  may  be 
taken  away,  is  had  by  rcfolving  the  quadratic 

equation  *'  +  —»<*  + :==■  =  o,  fuppof- 

ing  — p  and  +  y  to  be  the  coefficients  of  ihe  fc- 
cond  and  third  terms  of  the  propofed  cqua. 
tion. 

The  fourth  term  of  any  equation  may  be  taken 
away  by  foWing  a  cubic  equation,  which  is  the 
coefficient  of  the  fourth  term  in  the  equation 
when  transfurmed,  as  in  the  fecond  article  of 
this  chapter.  The  fifth  term  may  be  taken 
away  by  folving  a  biquadratic;  and  after  the 
fame  manner  the  other  terms  can  be  exterminat- 
ed if  there  are  any. 

§  29.  There  are  other  tranfmutatlons  of  cqua- 
tions,  that  on  fome  occafions  are  ufcful. 

An  equation,  as  x'  — px'  +  qx  —  r  =  o,  may 
he  transformed' uja  another  thai  Jhall  have  its  roots 
equal  to  the  roots  cf  (bis  equation  multiplied  hy  a 
given  quantity,  as  /,  by  fuppofmg^  =  fx,  and 

confcquently  *  =  yj  and  fubftitutlng  this  value 
for  X  in  the  propofed  equation,  there  will  arife 
-ry;  -^  •- r  =:;  o,  and  multiplying  all  by 

\ty'  -"fpy^  +f^*}y  — /'r  =  o,  where  the  co- 
^ient  of  the  fecond  term  of  the  propofed  equa> 
lion  multiplied  into  /  makes  the  coefficient  of 
the 
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the  fccond  term  of  the  transformed  equation; 
and  the  foliowing  coefficients  are  produced  by 
the  following  coefficients  of  the  propoled  equa- 
tion (as  q,  r,  &CC,)  mukipiied  into  the  powers  of 
J  (J-.f,  Sec.) 

Therefore,  '•  to  transform  any  equation  into 
another  whofc  roots  (hall  be  equal  to  the  roots 
of  the  propofed  equation  multiplied  by  a  giveij 
quantity"  (/),  you  need  only  multiply  the 
terms  of  the  propofed  equation,  beginning  at 
(he  fecond  term,  by /, /%/',/*,  Sec.  and  put- 
ting/intlcad  of  A-  there  will  arife  an  equation 
having  its  roots  equal  to  the  roots  of  the  pro»  ■ 
pofed  equation  multiplied  by  (/)  as  required,     m 


§  30.     The  transformation  mentioned  jn  the 
laft  article  is  of  ufe  when  the  higheH:  term  of 
the  equation  has   a  coefficient  different  from 
unity;  for,  by  it,  the  equation  may  be  traus-.J 
formed  into  one  that  fhall  h^ve  the  coefficient! 
of  the  higheft  term  unit. 

If  the  equation  propofed  is  ax'  — ))**  +  ^m] 
— -  r  =  o,  ihen  transform  tlie  equation  into  onc-fl 
whofc  roots  are  equal  to  the  roots  of  the  pro-  V 
pofed  equation  multiplied    by  (j).     That  is,'. I 

f  =  — ,  and  there  will  arifb  J 


fvppofey  —  ax,  or  x 


^ Pf  ^ii_ 

—  rd^  =  o. 


■  r  —  Qi  fothat/' — /y  +  i*Xl 


Froiqd 
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From  which  we  c^fily  draw  this 

RULE. 

*'  Change  the  unknown  quantity  x  into  another^, 
prrfx  no  coeffietenl  to  the  bigbeji  teifn,  pafs 
thejecondy  multiply  the  folltzjing  terms,  tepn- 
ving  with  the  thirds  by  a,  a",  a\  <3*,  &c.  tbt 
j>6-wers  of  the  coefficient  of  the  higbtji  term  of  the 
fropefed equation,  refpeBively." 
Thus  the  equation 3*' —  13.*;'  +  \j^-\^  f6=o, 
is  transformed  into  the  equation 
y  —  13/  +i4->*3':>  +  '6'*5  =  o.  or 
/  —  13/  +  4-V  +  *44  =  o- 

Then  finding  the  roots  of  this  equation,  it 
will  cafily  be  difcovercd  what  arc  the  roots  of 
the  propofcd  equation  :  fincc  3s:  —y^  or  *  =  \y. 
And  therefore  fince  one  of  the  values  of  _)■  is 
—  2,  it  follows  that  one  of  the  values  of -v  is 


§  31.  By  the  laft  Rule  •'  an  equation  is  eajilj 
deared  of  fraStions."      Suppofe   the  equaiioo 

propofed  is*'  —  —  **  4-  —  at— —  =  0.  Mul- 
tiply all  the  terms  by  the  produft  of  the  deno- 
minators, you  find 

wjjf  X  *'  —  nep  X  A'^  X  tneq  x  x —  mnr  =  o,   ' 
Then  (by  Uft  fedion)  transforming  the  equicion 
into  one  that  Ihal!  have  unit  for  the  coefKcicnt 
of  the  hit;hcft  term,  you  find 
jr'—'nep  xy'  +  m'e'nq  xy  —  mhi^'r^^o. 
Or, 


Or,  neglcfting  the  denominator  of  the  laft 
term  — ,  you  need  only  multiply  all  the  cquai 
tion  by  mn,  which  will  give 

mn  X-  X*  '^  np  x  **+  my  x  x— =ro. . 

thenjr'  —  »^  x/  +  m^nq  xy 

Now  after  the  values  of  y  are  found,  it 
be  cafy  to  difcover  the  values  of  x ;  fmce,  in  t 

fii-ft  cafe,  X  =  —  ;  in  the  fecond,  x  = 

For  example,  the  equation 

at'  *  — tx =  o,  is  firft  reduced  a 

thlsfbrmj*'*  —  ^x =  o,  and  then  tranj 

formed  into^  *  —  i  ay — 146  =:  o. 

Sometimes,  by  thefe  transformations,  "  Surt^ 
ere  taken  away."     As  for  example, 
The  equation  x' — p-/a  x  a-'  +  qx  —  rVa—tx 

"h^  putting  J*  —  ^  a  y^  x,OT  X  ^  -—, 

fcrmed  into  this  equation, 

-21  _^  ^«  X  ^*  +  y  X -1- _  r  Vfl  = 

Which  by  multiplying  all  the  terms  by  nv'd 
becomes _)>'  — pay^  +  qcy  —  ra^  =  o,  an  cquifl 
tion  free  of  furds.  But  in  order  to  make  this  fuoj 
cecd,  the  furd  (•(!)  muft  enter  the  altcrnaj 
terms  beginning  with  the  fecond. 
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§32.  An  equation,  as  a:' — px^  +  qx  —  r  =  o, 
miy  be  transformed  into  one  wboje  roots  fidll  it 
the  quantities  reciprocal  of  x^     by    fuppofing 

jf  =  — ,  and  J  =  — ,  or,  (by  one  fuppofition) 

«  =  — ,  becomes  2'  —  yz*  +  prz  —  r*z=o. 

In  the  equation  ofy,  it  is  manifeft  that  the 
order  of  the  coeiEciems  is  inverted  i  fo  tlut  if 
the  fecond  term  had  been  wanting  in  the  pro- 
pofcd  equation^  the  laft  but  one  Qiould  bare 
been  wanting  in  the  equations  of  y  and  2.  If 
the  third  had  been  wanting  in  the  equation  pro- 
pofed,  the  laft  but  two  had  been  wanting  la 
the  equations  ofy  and  2. 

Another  ufe  of  this  transformation  is,  that 
•*  the  greateji  rwt  in  the  one  is  transformed  int$ 

the  leafi  root  in  the  other*'     For  fince  x  =  — , 

axAy  =  — ,  it  is  plain  that  when  the  value  ofx 

is  grcateft,  the  value  of  j  is  Iea(l>  and  con- 
verfely. 

How  an  equation  is  transformed  fo  as  to  have 
all  its  roots  affirmative,  Ihall  be  explained  in  tlic 
following  chapter. 


CHAP. 
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CHAP.    IV. 

Of  finding  the  ROOTS  of  EQJJATIONS 

WHBK  TWO  OR   MORE  OF   THE  ROOTS  ARE 

EQUAL  TO  EACH  OTHER. 

§  ^^.  TJEFORE  wc  proceed  to  explain  how 
X3  to  refolve  equations  of  all  forcsy  we 
fliall  firft  demonftrate'  *^  bow  an  equation  that' 
has  two  or  more  roots  equals  is  deprejfed  to  a 
lower  dimenjion ;"  and  its  refolution  madey  con- 
fequendy,  more  eafy.  And  fhall  endeavour  to 
explain  the  grounds  of  this  and  many  other 
jrules  we  fliall  give  in  the  remaining  part  of  this 
Treatifey  in  a  more  fimple  and  conciie  mannef 
than  has  hitherto  been  done. 

In  order  to  this,  we  muft  look  back  to  §  14* 
where  we  find  that  if  any  equation,  as  x'  — />a^ 
+  qx  —  r  =  o,  is  propofcd,  and  you  are  to  trans- 
form ic  into  another  that  fliall  have  its  roots  leis 
than  the  value  of  a:  by  any  given  difference,  as  e^ 
you  are  to  affume  jr  =  ^  —  ^,  and  fubftituting 
ifor  X  its  value  y  +  e^  you  find  the  transformed 
equation) 

f  +  3^y  +  3^^y  +  ^' 

+    qy    -t  qe 

Where 
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Where  we  are  to  oblcrvc, 

1°  That  the  laft  term  {e'  — pe*  +  qe  —  r)  is 
the  very  equation  that  was  propored,  having  * 
in  place  of  X. 

2"  The  coefficient  of  the  laft  term  but  one 
is  ^e"  — ■  2pe  +  y,  which  is  the  quantity  that 
arifes  bjr  multiplying  every  term  of  the  laft 
cocfficienr  e'  —/■?'  +  yi?  —  r  by  the  index  off 
in  each  term,  and  dividing  the  produft  jr'  — 
ape^  +  je  by  the  quantity  e  that  is  common  to 
all  the  rcrms, 

3°  The  coefficient  of  the  lad  term  but  two 
is  2"  — pt  which  is  the  quantity  that  ariles  by 
multiplying  every  itrm  of  the  coefficient  lalt 
found  (:;?'  —  2pe  +  y)  by  the  ind(.x  of  <f  in  each 
term,  and  dividing  the  whole  by  le. 

§  34.  Thefe  fame  obfervations  extend  to 
equations  of  all  dimcnfions.  If  it  is  the  biqua> 
draric  **  — px''  +  y*' —  r*  +  j  =  o  thit  is  pro- 
pofcd,  then  l)y  fuppofing^  =  *  —  f,  it  will  be 
traosformed  into  this  other, 

y*  +AO'  +  6fy  +  4f>  +  (f*  -j 

+    yy  +2qey+  qe*  >■-- o. 
-    ry  -  re   \ 
+  *    J 

Where  again  it  is  obvious  that  the  laft  term  is 

the  equation  that  was  propofed,    having  e  in 

place  of  X,    That  the  laft  term  but  one  has 

M  for 
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for  its  coefficient  the  quantity  that  arifes  by 
multiplying  the  terms  of  the  laft  quantity  by 
the  indices  of  e  in  each  term,  and  dividing 
ihe  produifl  by  *.  That  the  coefficient  of  the 
laft  term  but  two  {viz,  6e*  —  jpe  +  q)  is  de- 
duced in  the  fame  manner  from  the  term  imme- 
diately following;  that  is,  by  multiplying  every 
term  of4tf'  —  jps'  +  iqe  —  r  by  the  index  of 
e  in  that  term,  and  dividing  the  whole  by  e 
multiplied  into  the  index  of  y  in  the  term 
fought,  that,  is,  by  ?  x  2.     And  the  next  term 

6<^  X  2  —  ipe  X  r 
"  4^  —  P  = JT^ • 

The  demonftration  of  this  may  eafily  be  made 
general  Vy  the  Theorem  of  finding  the  powers 
of  a  binomial,  fince  the  transformed  equation 
confifts  of  the  powers  of  the  binomial  y  ■¥  e  that 
are  marked  by  the  indices  off  in  the  laft  temia 
multiplied  each  by  their  coefficients  i,  —  p^ 
q^  —  r,  +  s.  See.  refpedively. 


§  35.  From  the  laft  two  articles  we  can 
fily  find  the  terms  of  the  transformed  equation 
without  any  involution.  The  laft  term  is  hi 
by  fubfticuting  e  inftead  of  x  in  the  propofc 
equation!  the  next  term,  by  multiplying  evci 
part  of  that  laft  term  by  the  index  of  e  il 
each  pan,  and  dividing  the  whole  by  e 
the  following  terms  in  the  manner  defcribcd  h 
the  foregoing  articlcj  the  refpcftivc  divifol 
beii 
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being  the  quantity  e  multiplied  by  the  index  of 
y  In  each  term. 

The  demonftration  for  finding  *hen  two  or 
more  roots  are  equal  will  be  eafy,  if  we  add  to 
this,  that,  "  when  the  unktiow»  quantity  enters 
all  the  terms  of  any  equation,  then  one  of  its  va- 
lues is  equal  to  nothing."  As  in  tlie  equation 
x^  — px*  +  qx  =  o,  where  x  —  0  =  0  being 
one  of  the  fimplc  equations  that  produce 
x^  — px*  +  qx  =  o,  it  follows  that  one  of  the 
values  o(  X  is  o.  In  like  manner  two  of  the 
values  of  X  are  equal  to  nothing  in  this  equation 
x^  —  /**  =  o  i  and  three  of  them  vaniih  in  the 
equation  **  —  px'  —  O. 

It  is  alfo  obvious  (tenverf^h)  that  "  if  x 
does  not  enter  all  the  terms  of  the  equation, 
i.  e.  if  the  laft  term  be  not  wanting,  then  none 
of  the  values  of  x  can  be  equal  to  nothing ;'' 
for  if  every  term  be  not  multiplied  by  .v,  then 
X  —  o  cannot  be  a  divifor  of  the  whole  equation, 
and  confequently  o  cannot  be  one  of  the  values 
of*.  If*' docs  not  enter  into  all  the  terms 
of  the  equation,  then  two  of  the  values  of  x 
cannot  be  equal  to  nothing.  If  a:'  docs  not  en- 
ter into  all  the  terms  of  the  equation,  then 
three  of  the  values  of -v  cannot  be  equal  to  no- 
thing, &c. 

§  36.  Suppole  now  that  two  values  of  ;e  arc 
equal  to  one  another,  and  to  ti  then  it  is  plain 
that  two  values  ofy  in  the  transformed  equation 
'   M  2  will 
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will  be  equal  to  nothing:  fince  ^  —x^t* 
And  confequently,  by  the  laft  article,  the  two 
]aft  terms  of  the  transformed  equation  muft 
vanilh. 

Suppofe  it  is  the  cubic  equation  of  |  2%-  t^*t 
is  propofed,  vix.  x''  —  f*'  +  qx  —  r  =  o  j  and 
becaufe  we  fuppole  x  =e,  therefore  the  laft  term 
of  the  transformed  equation,  viz.  t'  — fe^  +  qe 

—  T  will  vaniih.  And  fince  two  values  of^ 
vanith,  the  laft  term  but  one,  mz.  ^t^  —  ifg 
+  tiy,  will  vaniih  at  the  fame  time.     So  that  3*' 

—  aptf  +  J  =  o.  But,  by  fuppolition,  *  —  xj 
therefore,  when  two  values  of  x,  in  the  equa- 
tion *'  —  f **  +  y*  —  r  =  o,  are  equal,  it  fol- 
lows, that  3*'  —  ifx  +  J  —  o.  And  thus,  "  the 
propofed  cubic  is  deprefled  to  a  quadratic  that 
has  one  of  its  roots  equal  to  one  of  the  roots  of 
that  cubic." 

If  it  is  the  biquadratic  that  is  propofed,  viz. 
**  —  fx^  +  yx'  —  r*  +  i  =  o,  and  two  of  its 
roots  be  equal ;  then  fuppofmg  s  =  *,  two  of 
the  values  o^y  mult  vanifh,  and  the  equation  of 
%  34.  will  be  I  educed  to  this  form. 


/  +  40-'  +  (>ey 


;t:  4c  =  o.    So  that 


M  -  3P'   +  2?f 
4**  "3/"*'  +  22*  ■ 


-  r  =  o  i  or  becaufe  a:  =  *, 
•  r  =  o. 

In 
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In  general,  whea  two  values  of  *  arc  equal 
to  each  other,  and  to  e,  the  two  laft  terms  of 
the  transformed  equation  vanifh:  and  confe- 
quently,  "  if  you  multiply  the  terms  of  the 
propofed  equation  by  the  indices  of  x  in  each 
term,  the  quantity  that  will  arife  will  be  =  o, 
and  will  give  an  equation  of  a  lower  dimenfion 
than  ihe  propofed,  that  Ihall  have  one  of  its 
roots  equal  to  one  of  the  roots  of  the  propofed 
equation," 

That  the  laft  two  terms  of  the  equation  vanlfh 
when  the  values  of  x  are  fuppofed  equal  to  each 
other,  and  to  *,  will  alfo  appear  by  confidering, 
that  (Ince  two  values  of  _y  then  become  equal  to 
nothing,  the  produft  of  the  values  of  y  muft 
vanilh,  which  is  equal  to  the  laft  term  of  the 
equation;  and  becaufe  two  of  the  four  values  of 
y  are  equal  to  nothing,  it  follows  alfo  that  one 
of  any  three  that  can  be  taken  out  of  thcfc  four 
muft  be  =  o;  and  therefore,  the  produfts  made 
by  multiplying  any  three  muft  vanifh  ;  and  con- 
fequcntly  the  coefficient  of  the  laft  trrm  but  one, 
which  is  equal  to  the  fum  of  thefc  products, 
muft  vanifli. 

§  37.  After  the  fame  manner,  if  there  arc 
three  equal  roots  in  the  biquadratic  x*  —  px'  + 
^x'  —'  rx  +  s  =  o,  and  if  e  be  equal  to  one  of 
them:  three  values  of^  (  =  *  —  «)  will  vanilh, 
and  confequently  f  will  enter  all  the  terms  of 
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the  transformed  equation ; 
form. 


which  will  have  this 


*  *  #  =  o.    So  that  hi 


4 

ore 
,  of 
>ou 

1 

'1 


6e*  —  2pe  +  J  =  o;  or,  fince  e  ~  x,  therefore 
Sx^  —  2px  +  q  —  Q:  and  one  of  the  roots  of 
this  quadratic  will  be  equal  to  one  of  the  roou 
of  the  propofed  biquadratic. 

In  this  cafe,  two  of  the  roots  of  the  cuW 
equation  4*'  —  ^px^  +  2  jat  —  r  =  o  are  roots  ^ 
the  propofed  biquadratic,  becaule  the  quantitl 
6x^  —  ^px  +  ^  is  deduced  from  j^^  —  3?*'  A 
iq^x  —  r,  by  miilcipiying  the  terms  by  the  io-" 
dtxes  of  X  in  tach  term. 

In  general,  '*  whatever  is  the  number  of 
equal  roots  in  rhc  propofed  equation,  they  will- 
all  remain  but  one  in  che  equation  thai  is  dc- 
'duced  from  ic  by  multiplying  all  the  terms  by  the 
indexes  of  x  in  them}  and  they  will  all  remain 
but  two  in  the  equation  deduced  In  the  fame 
manner  fiom  that ;"  and  (o  of  the  rcll. 

§  38.  What  we  obfcrved  of  the  coeiEcients  q 
equations  transformed  by  fuppofing  y  =  x  - 
leads  to  this  caly  demonftration  of  this  Ruleij 
and  will  be  applied  in  the  next  chapter  to  < 
monftrate  (hi;  Rules  for  finding  the  limits  1 
equations. 

It  is  obvious  however,  that  though  we  malej 
ufe  of  equations  whofe  ligns  change  alternatcM 
ihQ  f4ni?  re^fqnii^  extends  to  all  ochec  equation! 


i. 
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It  is  a  confequence  alfo  of  what  has  been 
demonftrated^  that  '^  if  two  roots  of  any  equa- 
tion, as  AP'  —  fx^  +  jfx  —  r  =  o,  are  equals  then 
multiplying  the  terms  by  any  arithmetical  feries, 
as  tf  +  3^j  ^  -f  2^1  tf  +  ^1  ^1  the  prodtift  will 
be  =  o." 

For  fincc  ax^  —  apx^  +  aqx  —  jr  =s  o  j  and 

3X*  —  2px  +  J  X  3^  =  o,  it  follows  that 
ax^  +  ^bx^  —  jpx*  —  Q.bpx'^  +  Jjx  +  hqx  ^ar:=.o. 
Which  is  the  produft  that  arifes  by  multiplying 
the  terms  of  the  propofed  equation  by  the  terms 
of  tife feries,  a  +  3^,  a  +  o^h^  a  +  h^  a-,  which 
may  reprefent  any  arithmetical  progrellion. 
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CHAP.    V. 


Or  THE  LIMITS  OF  EQUATIONS.^ 

§39.TT7E  now  proceed  to  (hew  how  i 
VV     difcover  the  limits  of  the  roots  c 
equations,  by  which  their  folution  is  oiuch  f9-«1 
ciiitatcd. 

Let  any  equation,  as  x*  —  fx*  +  y;c  _  r  =  c 
be  propofcdi  and  transform  it,  as  above,  tnt^ 
the  equation, 

y  +  3'/  +  3'V  + «'  1 

■\r    qy    ■¥  qe  { 

Where  the  values  oi y  are  lefs  than  the  relpc& 
tive  values  of  x  by  the  difference  e.     If  yod 
fuppofe  e  to  be  taken  fuch  as  to  make  all  th* 
coefficients,  of  the  equation  of^,  pofitive,  v/z«'l 
*'  — pt*  +  qe  —  r,  3?'—  2pe  +  ?,  3? — ^i  thonl 
there  being  no   variation  of  the    figns  in  theJ 
equation,  all  the  values  of  _y  muft  be  negative  |J 
and  confcquently,  the  quantity  e,  by  which  theJ 
values  of*  are  diminilhed,  mult  be  greater  thaaj 
the  greatcft  pofitive  value  of  x :  and  confcquendjl 
mud  be  the  limit  of  the  roots  of  the  equatioiM 
«'  —px*  -^  qx  —  r  =  o. 
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It  is  fufficient  thereforr,  in  order  to  find  the 
limit,  to  "  enquire  wh  it  quantity  TubHituted  for 
K  in  each  of  thcfe  exprcflluns  *■'  — /ijf'  +  <fx  —  r, 
2x* — ^px  +  f,  Ja:  — p,  will  give  them  all  po- 
fitive;"  for  that  quantiiy  will  be  the  limit  re- 
quired. 

How  thefe  cxprcflions  are  formed  from  one 
another,  was  explained  in  the  beginning  of  the 
laft  chapter. 

EXAMPLE. 


§  40.  If  the  equation*'- — ix' —  10  *'  +  30  j;' 
■\-  S^x  +  1 20  =  o  is  propofed ;  and  it  is  required 
to  determine  ihe  limit  that  is  greater  than  any 
of  the  roots  ;  you  are  to  enquire  what  integer 
number  fubftituted  for  x  in  the  propofcd  equa- 
tion, and  the  following  equations  deduced  from 
it  by  §  35,  will  give,  in  each,  a  pofitivc  quan- 
tity. 

$>^  —  8*'  —  30**  +  60*  +  S:;^ 
$x* —  6**  —  15*    +  15 
5«*  —  4*  —    5 
5*  —  2- 

The  lead:  integer  number  which  gives  each 
of  ihcfe  pofitive,  13  2;  which  therefore  is  the 
limit  of  the  roots  of  the  propoted  equation; 
or  a  number  that  exceeds  the  greatcft  poruive 
root. 

If 
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If  the  limit  of  the  negative  roots  is  required, 
you  may,  by  §  23,  change  the  negative  into 
pofitive  roots,  and  then  proceed  as  before  to  find 
their  limits.  Thus,  in  the  example  you  will 
find  that  —  3  is  the  limit  of  the  negative  roots. 
So  that  the  five  roots  of  the  propofcd  equation 
are  betwixt  —  3  and  +  2. 

§41.  Having  found  the  limit  that  furpaffea 
the  greateft  pofitive  root,  call  it  m.  And  if  you 
affume,)'  — m  —  *,  and  for  x  fubftitute  m — 7, 
the  equation  that  will  arife  will  have  all  its  rool 
pofitive;  becaufe  m  is  fuppofed  to  furpafs 
the  values  of  «■,  and  confequencly  m  —  x  (  =  j"}' 
muft  always  be  affirmative.  And  by  this  means, 
"  any  equation  may  he  changed  into  one  that  Jhall 
have  all  its  roots  affirmative" 

Or  if — n  reprefent  the  limit  of  the  negative 
roots,  then  by  affuming,)'  =  *  +  «,  the  propofed 
equation  {hall  be  transformed  into  one  that  Qiall 
have  all  its  roots  affirmative  j  for  +  w  being 
greater  than  any  negative  value  of  «•,  it  follows 
that^r:*  +  n  mull  be  always  pofitive. 

§  42.  *'  The  greateft  negative  coefficient  of  any 
equation  increa/edby  unity  alvjays  exceeds  tbegreattft 
root  of  the  equation." 

To  demonllrate  this,  let  the  cubic  x' — px* 
—  yjf  —  r  =  0  be  propofcd ;  where  all  the  tei 
are  negative  except  the  firft.  Afiuming^  =  a: 
it  will  be  transformed  into  the  following  e 
tion} 


^ 
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(^)f  +  3</  +  3'>  +  '' 
-    ;■/  -  ifey-ft'- 

-    V  -  1' 

I ".  Let  us  fuppofe  that  the  coefficients;),  q,  r, 
are  equal  to  each  other  ;  and  if  you  alfo  fuppofe 
/  =  ^  +  1,  then  the  lad  cq'jation  bccotnes 


+  3>'  +  3n 
+  3J' 


■}■ 


Where  all  the  terms  being  pofitive,  ic  follows 
thai  the  values  ofj'  are  all  negative,  and  that 
coiiicqueiily  ^,  or  j)  +  I,  is  greater  than  the 
greateft  value  of  a-  in  the  propoled  equation. 

2*.  If  y  and  r  be  not  =  p,  but  lefs  than  ir, 
and  for  e  you  (liil  fubfticute  p  +  i  (fince  the  ne- 
gative part   (      ^^       ^1   becomes  let,  the 

pofitive  remaining  undiminifiicd)  a  fortiori^  all 
the  coefficients  of  the  equation  (A)  become  po- 
fitive. And  the  fame  is  obvious  if  j  and  r  have 
pofitive  figns,  and  not  negative  figns,  as  we 
fuppofed.  It  appears  therefore,  "  that,  if,  in 
any  cubic  equation,  f  be  the  greateft  negative 
coefficient,  theii^  +  i  muft  furp:ifs  the  greatefl 
value  of  jf." 

§  43,  3*.  By  the  fame  reafoning  it  appears, 

that  if  ^  be  the  greateft  negative  coefficient  of 

the 
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the  equation,  and  #  =  y  +  i,  then  there  will  be 
no  variation  of  the  figns  in  Uie  equation  of^: 
for  it  appears  from  the  lift  article,  that  if  all 
the  three  (/),  y,  r)  were  equal  to  one  another, 
and  e  equal  to  any  one  of  therei  increafed  by 
unit,  as  to  f  ■(-  i,  then  all  the  terms  of  the 
equation  (A)  would  be  pofitive.  Now  if  ^  be 
fuppofed  (till  equal  to  j  +  i,  and  p  and  r  to  be 
]cfs  than  y,  then,  a  fortiori,  all  thefe  terms  will 
be  pofitive,  the  negative  part,  which  involves)! 
and  r,  being  diminifhcd,  while  the  pofitive  part 
and  the  negative  involving  q  remain  as  before. 

4".  After  the  fame  manner  it  is  demonftrated, 
that  ifr  is  the  greateft  negative  coefficient  in  the 
equation,  and  e  is  fuppofed  =  r  +  i,  then  all 
the  terms  of  the  equation  (A)  o(  y  will  be  po- 
fitive; and  confcquently  r  +  i  will  be  greaccr 
than  any  of  the  values  ofx. 

What  we  have  faid  of  the  cui>ic  cquatit 
ft'  —  p**  +  qK  —T  =  o,  is  cafiiy  applicable 
others. 

In  general,  we  conclude  that  "  the  greateft 
negative  coefficient  in  any  equation  increafed  by 
unit,  is  always  a  limit  that  exceeds  all  the 
of  that  equation." 

But  it  is  Eo  be  obferved  at  the  fame  time,  thl 
the   greatcft  negative   coefficient   increafed 
unit,    is   very   feldom   the   fitarejl   limit 
is   bcft  difcovered   by  the   Rule   in   the  y 
article. 
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§  44.  Having  fhewn  in  §  41.  how  to  change 
any  propofed  equation  inco  one  ihat  {hall  have 
all  its  roots  affirmative  -,  we  (h  ill  only  treat  of 
fiich  as  have  all  their  roots  pofitive,  in  what  re- 
mains relating  to  the  limits  of  equations. 

Any  fuch  equation  may  be  reprefented  by 
X — a  X  X  —  i  X  X  —  t  X  X  —  d  &cc.  =  o,  whofe 
roots  are  a,  b,  c,  d,  &c. 

And  of  all  fuch  equations  two   limits   are 
eafily  dilcovered  from  what  precedes,   viz.  o, 
which  is  kfs  than  the  leaft,  and  e,  found  accord- 
ing to  §  39.  which  furpalTes  the  greateft  root  of 
.  the  equation. 

But  bcfides  thefe,  we  (hall  now  Ihew  how 
"  to  find  ether  limits  betwixt  the  roots  tbemfelves." 
And,  for  this  purpQre>  will  fuppofe  a  to  be  the 
leaft  root,  b  the  fecond  root,  t  the  third,  and  fo 
on  i  it  being  arbitrary. 

4  45.  If  you  fubftitute  o  in  place  of  the  un-  . 
known  quantity,  putting  ;f  =  o,  the  quantity 
that  will  arife  from  that  fuppofition  is  the  laft 
term  of  the  equation,  all  the  others,  that  involve 
Ki  vanifhing. 

If  you  fubftitute  for  *  a  quantity  Icfs  than  the 
leaft  root  a,  the  quantity  refulting  will  have 
the  fame  lign  as  the  laft  term  ;  that  is,  will  be 
pofitive  or  rtegative  according  as  the  equation  is 
of  an  even  or  odd  number  of  dimcnfions.  For 
all  the  faftors  *  —  a,  x  —  b,  x  —  c,  ice.  will 
be  negative,  and  iheir  produft  will  be  fo/tttve 
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or  negative  according  as  their  number  is  even 
or  edd. 

If  you  fubftitute  for  x  a  quantity  greater  than 
the  Icaft  root  a,  but  lefs  than  all  the  other 
roots,  then  the  fign  of  the  quantity  refulting 
will  be  contrary  to  what  it  was  before;  becaufe 
one  fa£lor  (x  —  a)  becomes  now  pofiiive,  all 
the  others  remaining  negative  as  before. 

If  you  fiibftitute  for  x  a  quantity  greater  than 
the  two  leaft  roots,  but  lefs  than  all  the  reft, 
both  the  fadors  *  —  a,  x—-^,  become  pofitive, 
and  the  reft  remain  as  they  were.  So  that  the 
whole  produA  will  have  the  fame  (ign  as  the 
laft  term  of  the  equation.  Thus  fiicccflivcly 
placing  inftcad  of  x  quantities  that  are  limits 
betwixt  the  roots  of  the  equation,  the  quanti- 
ties that  refulc  will  have  akcrnately  die  Cgns  + 
and — .  And,  convi>fc-/;y,  "  if  you  find  quanti* 
ties  which  fubftitutcd  in  place  of  x  in  the  pro- 
pofed  equation,  do  give  alternately  politivc  and 
negative  refults,  thofe  quantities  are  the  limits 
of  that  equation." 

It  is  ufeful  to  obfcrve,  that,  in  general, 
"  when,  by  fubltiiuting  any  two  numbers  for 
X  in  any  equation,  the  refults  have  conirary 
figns,  one  or  more  of  the  roots  of  the  equation 
mutt  be  betwixt  thofc   numbers.'*      Thus,    in 


4 
4 
4 


the 


equation  x 


■5  =o» 


ify 


1  fubfti- 


tute  2  and  3  for  x,  the  refults  are  —  J.  +  4J  , 
whence  It  follows  that  the  roots  are  betwixt  a  j 
and  I 
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and  3 :  for  when  thefe  refults  have  different  figns, 
one  or  other  of  the  faflors  which  produce  the 
equations  muft  have  changed  ics  fign ;  fuppofc  it 
is  *  =  f ,  then  it  is  plain  that  e  muft  be  betwixt 
the  numbers  fuppofcd  equal  to  .v. 

§  46.  Let  the  cubic  equation  *'  — px*  +  ^x 
■^  r  =  o  be  propofed,  and  let  it  be  transformed* 
by  affuming>  =  *  —  e,  into  the  equation 

;-'  +  Z&  +'3''J'+  f'   1 

■^    qy     +  qe  \ 

Let  us  fuppofe  e  equal  fuccefTivcly  to  the  three 
values  of  A-j  beginning  with  the  leaft  value;  and 
becaufc  the  laft  term  *'  —  pe'^  -\-  qe  —  r  will 
vanilh  in  all  thefe  fuppofitionsj  the  equation  will 
have  this  form. 


'  +  30'  +  Z^ 

-  ty 


3^  7 
2pei=  < 

1     J 


where  the  laft  term  3?*  —  2pe  +  q'ls,  from  the 
nature  of  equations,  produced  of  the  remaining 
values  ofj,  or  of  the  cxceffes  of  two  other  values 
of  X  above  what  is  fuppofed  equal  to  f ;  fincc 
always  _y  =  x  —  e.     Now, 

1".  If  e  be  equal  to  the  Icaft  value  of  .v,  then 
thofe  two  excffics  being  both  pofitive,  ihey 
will  give  a  pofuive  produft,  and  confequently 
3^"  —  ipe  +  q  will  be,  in  this  cafe,  pofitive. 
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a°t  If  e  be  equal  to  the  fccond  value  of  *, 
then,  of  thole  two  exceffes  one  being  negative 
and  one  pofitive,  their  product  3?*  —  ipe  +  f 
will  be  negative. 

3".  }f  e  be  equal  to  the  third  and  greateft 
value  of*,  then  the  two  exceftcs  being  both  ne- 
gative, their  product  3^'  —  zpe  +  ^  is  pofitive. 
SV'  hence. 

If  in  the  equation  3?*  —  ape  +  ^  =:  o,  you 
fubftitute  fucceflively  in  the  place  of  e,  the  three 
roots  of  the  equation  e'  — pe""  +  ?tf —  r  ^  o, 
the  quantities  refuking  will  fucceflively  have  the 
figns  +,  — ,  +;  and  conlequently  the  thi 
roots  of  the  cubic  equation  are  the  limits  of 
roots  of  the  equation  3  ff'  —  2^  e  +  f  —  o  (1 
§45.)  That  is,  the  icjft  of  the  roots  of  the 
cubic  is  lels  than  the  lead  of  the  roots  of  the 
other  i  the  fecond  root  of  the  cubic  is  a  limii 
between  the  two  roots  of  the  other  j  and 
grcateft  root  of  the  cubic  is  the  limit  that 
ceeds  both  the  roots  of  the  other, 

§  47.  We  have  demonftr.ired  that  the  roQ|| 
of  the  cubic  equation  t'  — pe'  +  ^.f  - 
limits  of  the  quadratic  3?' —  2pe  ■+  a;  whence! 
follows  ((onver/ch)  that  the  roots  of  the  qui 
dratic  jf'  —  tpc  +  ^  =  o  are  the  limits  bctwel 
llie  firft  and  fetond,  and  between  the  fccond  A 
third  roots  of  the  cubic  e*  —  pe*  •¥  qe  —  r  ~4 
So  that  if  you  find  the  limit  that  exceeds  1 
2  greatd 


the  ^ 
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greaicft  root  of  the  cubic,  by  §  39.  you  will 
have  (witli  o,  which  is  the  limit  lefs  than  any 
nf  the  roots)  four  limits  for  the  three  roots  of 
ihc  propofcd  cubic. 

It  was  demonllrated  in  §  3§,  how  the  qua- 
dratic 3^*  —  2pe  +  y  is  deduced  from  the  pro- 
pofed  cubic  e'  —pe*  +  qe  ^  r  ~  o,  viz.  by 
multiplying  each  term  by  the  index  of  e  in  ir, 
and  then  dividing  the  whole  by  e^  and  what  wc 
have  demonftrated  of  cubic  equations  is  eafily 
emended  to  all  others;  To  that  we  conclude, 
"  that  the  laft  term  but  one  of  the  transformed 
equation  is  the  equation  for  determining  the 
tmits  of  the  propofed  equation."  Or,  that  the 
equation  arifing  by  multiplying  each  term  by  the  1 
index  of  the  unknown  quantity  in  it,  is  the  equa» 
lion  whoic  roots  give  the  limits  of  the  propofed  ' 
equation  J  if  you  add  to  them  the  two  mention- 
ed in  §  44. 

§  48.    For  the  fame  rcafon,  it  is  plain  that  * 
the  root  of  the  fimple  equation  ^e — p  =0,1 
(/.  f.  \p)  is  the  limit  between  the  two  roois  of  1 
the  quadratic  je'  —  2pe  +  ^  =  o.     And,  as  ' 
4*'  —  3pe^  +  aqe  —  r  =  o gives  three  limits  of 
the  equation  e*  —  pe^  +  qe*  —  re  +  j  =  o,  fo 
the  quadratic  6e'  —  2P'  +  ?  =  o  gives  two  li- 
mits that  are   betwixt  the  roots  of  tli-  cubic 
4e*. —  3pe^  +  aje  —  r  =  O;  and  4tr  —  p  =  o 
gives  one  limit  that  is  betwixt  the  two  roots  of 
N  the 
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the  quadratic  6  c'  —  3/>f  +  j  =  o.  So  that  we 
have  a  complete  feries  of  thefc  equations  arifing 
from  a  Gmple  equation  to  the  propofed,  each  of 
which  determines  the  limits  of  the  following 
equation. 

§  49.  If  two  roots  in  the  propofed  equation 
are  equal,  then  "  the  limit  that  ought  to  be  be- 
twixt them  muft,  in  this  cafe,  become  equal  to 
one  of  the  equal  roocs  themfelves."  Which 
perfeftly  agrees  with  what  was  demon  (traced  in 
the  laft  chapter,  concerni^ig  the  Rule  for  finding 
the  equal  roots  of  equations. 

And,  the  fame  equation  that  gives  the  li- 
mits, giving  alfo  one  of  the  equal  roots,  when 
two  or  more  are  equal,  it  appears,  that  "  if 
you  fubftitute  a  linnit  in  place  of  the  unknown 
quantity  in  an  equation,  and,  inftead  of  a  po- 
fitive  or  negative  refult,  it  be  found  =  o,  then 
you  may  conclude,  that  not  only  the  limit  it- 
felf  is  a  root  of  the  equation,  but  that  there  are 
two  roots  in  that  equation  equal  to  it  and  to  one 
another." 

%  50.  It  having  been  demonftrated  that  the 
roots  of  the  equation  *-  -^  px'  4.  qx  — r  =  o 
arc  the  limits  of  the  roots  of  the  equation 
3x^  —  2px  +  g  =  o,  the  three  roots  of  the  cubic 
equation,  which  fuppoft  to  be  a,  b,  f,  fubfti- 
tuted  for  X  in  the  quadratic  3*' —  ipx  +  y, 
mult  give  the  refults  pofuive  and  negative  alter- 
nately. 
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nateljr.  Suppofe  thcfe  three  refults  to  be  +  TV, 
—  Af,  +  i;  that  is,  3.3'  —  ifa  +  q  —  N", 
^h*—'i.pb+  q  —  — A?,  3c' — 2pc  +  q  =  L;  and 
Imce fl* —/'<»*  +  ya — r  =  o,  and  jd'  —  'zpa''  +  ja 
^.N  ^  a,  fubtratting  the  former  multiplied  into 
3  from  the  latter,  the  remainder  is  fa"^  —  2qa  + 
3r  =  TV  X  (J.  In  the  fame  manner p^*  —  iqb  + 
3,r~—'Mx.  *,  and^r' — zqc  ■¥  y  =+  L  x  c. 
Therefore^*"  —  if*  +  y  is  ftich  a  quantity  that 
ifi  for  X,  you  fubftitucc  in  it  fucccITively  a,  b,  f, 
the  refults  will  be  +  iV  x  «,  —  M  ^  b,-i-  L  x  c. 
Whence  a,  b,  c,  are  limits  of  the  equation  /*'  ■ — 
ztjx  +  3r  =  o  (by  §  45.)  and,  tenver/eiy,  the  roots 
of  the  equation  /*'  —  i^x  +  jr  =  o  are  limits 
between  the  firft  and^  fecond,  and  between 
the  fecond  and  third  roots  of  the  cubic  at'  — 
px*  +  f*  —  r  =  o.  Now  the  equation  ^;if'  — 
nqx  +  3r  =  o  arifes  from  the  propofed  cubic  by 
multiplying  the  terms  of  this  latter  by  the  arith- 
metical progreRion  o,  —  i,  —  2,  — 3.  And 
in  the  fame  manner  it  may  be  Ihewn  that  the 
roots  of  the  equation  px^  —  2^x'  +  jrjc —  4J  =  o 
are  limits  of  the  equation  **  —  px'  +  qx"-  —  rx 
+  /=:0. 
Or  multiply  the  terms  of  the  equation 
x'  —  px*  +  qx  —  r  —  o 
by  ii  +  3^,  a  +  ai,  a  +  b,a 

ax^  —  apx^  +  aqx  —  ar  (=  o) 

+  3^X*  -  ^bpx"  +  bqx  {■=ix'-2px^qxbx), 

N  1  any 
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any  arithmetical  feries  where  a  is  the  Icaft  term 
and  h  the  common  difference,  and  the  produfts 
(if  you  fubftitute  for  x,  fuccefiively,  a,  i,  «r, 
the  three  roots  of  the  propofed  cubic)  ftiall  be 
+  iV  X  hx,  —  M  Y.  hx,  -k  h  y.  hx.  For  the  firft 
part  of  the  product «  >:  *'  — px-  +  qx  —  r  =  Oj 
and  «,  b,  c,  being  limits  in  the  equation  3**—* 
npx  +  y  =  o,  their  fubftitution  muft  give  rcfults, 
N,  M,  L,  alternately  poGtive  and  negaltve* 

Jh  general,  the  roots  of  the  equation  *"  — 
jjjc"— 1  +  tfx'—*  —rx'—i  +  ^c.  =  o  are  limits  of 
the  roots  of  the  equation  »*•— •  —  «  —  i  xpc"—* 
+  »  —  2  X  yjT"— J  — «  —  3  X  rx'^*-i-  t?c.  =Oi 
or  of  any  equation  that  is  deduced  from  ic  by 
multiplying  its  terms  by  any  arithmetical 
greffion  «  =i=  ^j  a^ii,  d  +  ji,  a  ^  ^b,  &c. 
(owi/v.^yi?/)',  the  roots  or  this  new  equation 
be  limits  of  the  propofed  equation, 

jf-  —  px"^  +  y.v"-*  —  i^c.  =  o, 

"  1/  any  reels  of  the  equation  »f  the  U 
are  mpoffibU^  then  mufi  there  he  Jome  rwts  sf 
the  propofed  equation  impojjsbk."  For  as  (in 
%  46.)  the  quantity  3**  —  zpe  +  q  was  demoii- 
Ibrated  to  be  equal  to  the  produ<5t  of  the  ex- 
celTcs  of  twovalues  of  x  above  the  third  fup- 
pofed  equal  to  e ;  if  any  impolTible  expreffion  be 
found  in  thole  exceflcs,  then  there  will  ofcon- 
fequcncc  be  found  impoffible  ?xprc(fions  in  thcfc 
two  values  of  *. 


CilA».  5/       ALGEBRA,  iSj 

And  *  from  this  obfenration  rules  may  be 
deduced  for  difcovfcring  when  there  are  impof- 
fiUe  roots  in  equatiohs."  Of  which  we  fhall 
treat  afterwards. 

§  51.  Belides  the  method  already  explained» 
there  are  others  by  which  limits  may  be  deter- 
minedj  which  the  root  of  an  equation  cannot 
exceed. 

Since  the  fquares  of  all  real  quantities  are 
affirmative,  it  follows,  that  **  tb^  /urn  of  the 
fquares  of  the  roots  of  atiy  equation  muft  he 
greater  than  the  fquare  of  the  greatefi  root.** 
And  the  fquare  root  of  that  fum  will  therefore 
be  a  limit  that  muft  exceed  the  greateft  root  of 
the  equation. 

If  the  equation  propoied  is^«  —  j)x«— »  +  qx"^^ 
—  rx*— J  +  fc?r.  =  o,  then  the  fum  of  the  fquares 
of  the  roots  (by  §  15.)  will  be  ^*  —  iq.  So  that 
v/p*—  2q  will  exceed  the  greateft  root  of  that 
equation. 

Or  if  you  find,  by  §  16,  the  fum  of  the  4th 
powers  of  the  roots  of  the  equation,  and  ex- 
trafl  the  biquadratic  root  of  tii^t  fum«  it  will 
alfo  exceed  the  greate((  root  of  the  equation. 

^  5a.  If  you  find  a  mean  proportional  be«> 
tween  the  fum  of  the  fquares  of  any  two  roots, 
itf  b^  and  the  ftun  of.their  biquadrates  {a^  +  ^), 
this  mean  proportional  will  be 

V^rT¥FTaf¥'T¥.    And  the  fum  of  the 

N  3  cubes 


i84  ^  T  R  E  A  T  I  s  E   9/     Part  II:" 

cubes  is  d'  +  y.  Now  fince  j'  —  lab  +  b'  is 
the  Iquare  o(  a  —  l>,  it  muft  be  always  pofitive  j 
and  if  you  mulciply  it  by  a'i',  the  produft 
a*l?^ —  2ii'^'  +  a^b*  will  alfo  be  pofitive  ;  and 
confcqucntly  o'^'  +  rt'i*  will  be  always  greater 
than  'la't'.  Add  a*  +  ^%  and  we  have  a*  + 
a*i*  +  ij'ii*  +  li''  greater  th.in  a''  +  a<i'^'  +  i*;' 
and  extraifting  the  Tooi^a^  +  a*b'  +  a^b*  +  i* 
greater  than  a'  +  ^'.  And  the  fame  may  be 
demonftrated  of  any  number  of  roots  what- 
ever. 


4 


Now  if  you  add  the  fum  of  all  the  cubes 
taken  affirmatively  to  their  fum  with  their  ^roffr 
figns,  they  will  give  double  the  fum  of  the 
cubes  of  the  affirmative  roots.  And  if  you 
fiibtraifl  the  fecond  fum  from  the  firft,  there 
Will  remain  double  the  fum  of  the  cubes  of  the 
negative  roots.  Whence  ic  follows,  that  "  half 
the  fum  of  the  mean  proportional  betwixt  the 
fum  of  ihc- fquarcs  and  the  fum  of  the  blqua« 
drates,  and  of  the  fum  of  ihe  cubes  of  the 
roots  with  their  proper  figns,  exceeds  the  fum 
of  the  cubes  of  the  affirmative  roots :"  and 
•'  half  their  difference  exceeds  the  fum  of  the 
cubes  of  the  negative  roots."  And  by  ex- 
trafting  the  cube  root  of  that  fuiii  and  diffe- 
rence, you  will  obtain  limits  that  iliall  exceed 
the  fums  of  the  affirmative  and  of  the  negative 
roots.  And  fincc  it  is  eafy,  Irom  what  HasJ 
beeql 
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been  already  explained^  to  diminifli  the  roots 
of  an  equation  fo  that  they  all  may  become  ne- 
gative but  one^  it  appears  how  by  this  means 
you  may  approximate  very  near  to  that  root. 
But  this  does  not  ferve  when  there  are  impoffibte 
roots. 

Several  other  Rules  like  thefe  might  be  given 
for  limiting  the  roots  of  equations.  We  Ihall 
give  one  not  mentioned  by  other  Authors. 

In  a cubic;c' — fx^  +  yx— r  =  o  findy*— 2/r, 
and  call  it  ^^    then  fhall  the  greateft  root  of 

the  equation  always  be  greater  than  7— »  or 

yf    And, 

In  any  equation  x*  — /jp*-"  +  y;c«— »  —  rx'^i 
+  6?r.  r=  o  find  ^ ^  and  extrafting  the 

root  of  the  fourth  power  out  of  that  quantity, 
it  (hall  always  be  lefs  than  the  greateft  root  of 
the  equation. 


N4  CHAP. 
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CHAP.     VI. 


Of  tiu  resolution  of  EQUATIONS,  Ati 
WHOSE  ROOTS  ARE  COMMENSURATE. 

^53.  T  T  was  demonllratcd  in  Chap.  2.  that 
X  ilie  lafl  term  of  any  equation  is  the 
prodL'ft  tii  m  roots:  from  which  it  follows, 
that  the  roots  of  an  equation,  when  commenfu- 
rabk  quantities,  will  be  found  among  the  di- 
vifors  of  the  laft  term.  And  hence  we  have  Ibr 
■vhe  rcfolution  of  equations  this 

RULE. 

Bring  all  the  terms  to  one  fide  of  the  equatioa, 
jind  all  the  dwtjors  of  the  lafi  term^  ajtd  Juh- 
Jiilute  them  fuccejftvely  for  the  unkmvin  quan- 
tity in  tbt  equation.  So  pall  that  divifir 
which,  fub^ituted  in  this  manner^  gives  tbt 
refult  =  o,  he  the  root  of  the  fropojed  equa- 
tion. 

For  example,  fuppofe  this  equation  is  to  be 
refolvcd, 

*'  —  j'j**  +  za*x  —  2<j'^\  _ 
—  ^*'  +  z<iix  J  -  °' 

where  the  laft  term  is  ia%  whofc  Cmple  lite- 
ral 
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ral  diviiors  are  0,  i,  aa^  at,  each  of  which  may, 
be  taken  either  poficively  or  negatively :  but  as 
here  we  find  there  are  variations  of  figns  in  the 
equation,  we  need  only  take  them  poHtively. 
Suppofe  X  =  II  the  firft  of  the  di  vifors,  and  fob* 
ftituting  a  for  x,  the  equation  becomes 

So  that,  the  whole  vanilhing,  It  follows  that  a 
is  one  of  the  roots  of  the  equation. 

After  the  fame  manner,  if  you  fubftitute  h  in 
place  of  X,  the  equation  is 


n=. 


which  vanifliing  (hews  ^  to  be  another  root  of 
the  equation. 

Again,  if  you  fubftitute  2  a  for  x,  you  will 
find  all  the  terms  deftroy  one  another  fo  as  to 
make  the  fum  =  a    For  it  will  then  be^ 

ta^  —  I2a^  +  40'  —  2tf*^l 

Whence  we  find  that  a^  is  the  third  root  of 
the  equation.  Which,  after  the  firft  two  (+  a, 
+  t)  had  been  found,  might  have  been  colleded 
fi-om  this,  that  the  laft  temi  being  the  produA 
pf  the  three  roots^  +  a,  +  i  being  known, 
a  the 
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the  third  muft  neccflarily  be  equal  to  the  laft 

term  divided  by  the  produ<^  ab^   that  is,    = 


Let  the  roots  of  the  cubic  equation 

X*  —  IX*  —  ^2,"  +  90  =  o  be  required. 
And  firfl;  the  divifors  of  90  are  found  to  be 
>,  2,  3,  J,  6,  9,  10,  15,  18,  30,  45,  90.  If  you 
fubftitute  I  for  X,  you  will  find  x^  —  2a:'  —  ^2.^^ 
+  90  =:  56  [  fo  that  I  is  not  a  root  of  the  equa- 
tion. If  you  fubftitute  1  for  *,  the  rcfult  will 
be  24:  but  putting  J:  =  3,  you  have 
jf'_2v*— 331^  +  90=27  — 18— 99+90=117— 117=0, 
So  that  3  is  one  of  the  roots  of  the  propofed 
equation.  The  other  affirmative  root  is  +  5  j 
and  after  you  find  it,  as  it  is  manifcft  from  the 
equation,  that  the  other  root  is  negative,  you 
are  not  to  try  any  tnore  divifors  taken  pofitively, 
but  to  fubftitute  ihem,  negatively  taken,  for*; 
and  thus  you  find  that  —  6  is  the  third  root. 
For  putting  x  —  —  S,  you  have 
*'— a*'— 33*;+  90  =  — 216  — 72+198+90=0, 

This  laft  root  might  have  been  found  by  di- 
viding the  laft  term  90,  having  its  fign  changed, 
by  15,  the  product  of  the  two  roots  already 
found. 

§  55.  When  one  of  the  roots  of  an  equation 
is  found,  in  order  to  find  the  reft  with  lefs  trou- 
ble, divide  the  propofed  equation  by  the  fimple 
equation  which  you  arc  to  deduce  from  the  root 
already 
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already  found,  and  the  quotient  (hall  give  an 
equation  of  a  degree  lower  than  the  propofed ; 
whofe  roots  will  give  the  remaining  roots  re- 
quired. 

As  for  example,  the  root  +  3,  firft  found, 
gave  jfsijorx  —  3  =  0,  whence  dividing  thus, 
X  —  3)  a:'  —  ix^  —  33X  +  90  (.v'  +  *  —  30 
X'  —  3x* 


*' 

—  y 

—  30J:  +  90 

—  30.V  +  90 

The  quotient  (hall  give  a  quadratic  equation 
**  4  *  —  30  =  o,  which  muft  be  the  produft  of 
the  other  two  fmiple  equations  from  which  the 
cubic  is  generated,  and  whofe  roots  therefore 
muft  be  two  of  the  roots  of  that  cubic. 

Now  the  roots  of  that  quadratic  equation  arc 
cafily  found  by  Cbap.  13.  Part  I.  to  be  +  5  and 
•—  6.     For, 

*'  +  ;(  =  30  J 

add  S...Ar*  +  *-  +  —  =  10  +  —  =  — , 


•■■ 


find  .  .  . 
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^  56.  After  the  fame  manner,  if  the  biqua- 
dratic ** —  2>:'  —  25X'  +  26*  +  no  =r  o  is  to, 
be  rcfoived;  by  fijbftimtLng  the  divifors  of  110 
for  jr,  you  will  find  that  +  J,  one  of  thofe  di- 
viJbrs,  is  one  of  the  roots;  the  fubftiiution  of 
3  forx  giving  81  —  54-  —"  225  +  78  +  120  = 
279  —  279  —  o.  And  therefore  dividing  the  pro- 
poled  equation  by  ar  -1-  3,  you  muft  enquire  for 
the  roots  of  the  cubic  x''  +  x*  —  23r  —  40  =  o, 
and  finding  that  +  5,  one  of  the  divifors  of  40, 
is  one  of  the  roois,  you  divide  that  cubic  by 
X  —  5,  and  the  quotient  gives  the  quadrzdc 
X*  +  6x  +  i  =  o,  whofe  two  roots  arc  —  2,-4- 
So  that  the  four  roots  of  the  biquadratic 
+  3.  +5.-2,-4. 

%  57.  Tiiis  Rule  fuppofes  that  fOu  can 
*li  the  divifors  of  the  laft  term;  which  you 
always  do  thus. 

"  ^  it  is  a  fmpk  quantity,  dhide  it  hy  its  leajl 
di'vijer  that  txceeds'unitf  and  the  quotient  again 
ly  its  leaft  divifor^  proceeding  thus  till  you  have 
a  qastient  that  is  net  divi/ihle  hy  any  numher 
greater  than  unit."  This  quotient,  with  thcle 
divifors,  arc  the  firft  or  fimple  divij'ors  of  the 
■  quantity.  And  the  produSs  of  the  multipli- 
cation of  any  2,  3,  4,  i^c.  of  them  are  f 
terupKind  divifors. 

Ai,  to  find  the  divifors  of  60 ;  firft  I  i 
hy  1,  aod  die  quotient  30  again  by  a,  then  i 
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next  quotient  15  by  3,  and  the  q^iotient  of  thi» 
diviGon  5  is  not  farcher  divllible  by  any  iniegef 
above  unit;  To  that 

The  fimple  divitors  are 2,  2,  J,  f. 

The  produifts  of  two, 4,  6,  to,  15. 

The  produfts  of  three> 12,  ao,  30, 

The  produds  of  all  four, 60 

The  divifors  of  90  arc  found  after  the  fame 
manner. 

Simple  divifors, 2,  3,  3,  5. 

The  produfts  of  two,  ....  6,  9,  10,  15, 

The  produfts  of  three 18,  30,  4J. 

The  produft  of  all  fouTi 90. 

The  divifors  of  liahb. 

The  Gmple  divifors, 3,  7,  <i,  ^,  ^. 

The  produfts  of  two,  2 1,  ja,  j^,  7<J,  7^,  »h,  bh. 
The  produfts  of  three,  aia,  aii,  ^ab^  3^^, 
7«^,  -jbb,  abb. 
The  produfts  of  four,  ixab^  2tbi,  ^abb,  -jabb. 
The  produft  of  the  5, zisbb. 

§■58.  But  as  the  lafl:  term  may  have  very 
many  divifors,  and  the  labour  may  be  very 
great  to  fubfticute  them  all  for  the  unknown 
quantity,  wc  (hall  now  Ihow  how  it  may  be 
abridged,  by  limiting  10  a  fmall  number  the 
divifors  you  are  to  try.  And  firft  it  is  plain, 
from  §  42,  that  "  any  divifor  that  exceeds  the 
grcatcft 
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greateft  nfgativc  coefficient  by  unity  is  to  be 
neglefted."  Thus  in  reiblving  the  equation 
X*  —  2*'  —  25.V'  +  26a:  +  120  =  o»  as  25  is 
the  greateft  negative  coefficient,  wc  conclude 
that  the  divifors  of  120  that  exceed  26  may  I 
be  neglected. 

But  the  labour  may  be  flill  abridged,  If  wel 
make  ufc  of  the  Rule  in  §  39 ;  that  is,  if  we  find 
the  number,  which  fubftituted  in  thcfe  following 
exprcffions. 


X*  —  2k'  —  25;?'  +  26. V  +  120, 
2*'  — 3A-'— 25JC   +  IJ, 
6x' —  6x  —  15, 

2J(    —  I, 


J 


will  give  in  tlienn  all  a  poficive  refultj  for  that 
number  will  be  greater  than  the  greateft  roo^ 
and  nil  the  divifors  of  1 20  that  exceed  it  may- 
be ncglefted. 

That  this  inveftigation  may  be  eafier,  we 
ought  to  begin  always  with  that  exprefTion, 
where  the  negative  roots  fecm  to  prevail  moft; 
as  here  in  the  quadratic  expreflion  6x^  —  6*  —  25  ; 
where  Ending  that  6  fubftituLed  for  x  gives  that 
Ciprellion  poficive,  and  gives  all  the  other  ex- 
prcHlons  at  the  fame  time  pofitive,  1  conclude 
that  6  is  greater  than  any  of  the  roots,  and  that 
all  the  divifors  of  leo  that  exceed  6  may  be,- 
negleded. 
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If  the  equation  *' +  hat' +  10:^  —  72  =013 
propofcd,  the  Rule  of  §  42.  does  no[  help  to 
abridge  the  operation ;  the  lafl  term  iifelf  be- 
ing the  greatcft  negative  term.  But,  by  §  39, 
we  enquire  what  number  fubfliituted  for  x  will 
give  aU  thefe  expreflions  pofuive : 

X*  +  I'lx*  +  10*  —  72, 
3*'  +  22X    +    10, 

3*   +  <»• 

Where  the  labour  is  very  fhort,  fince  we  need 
only  attend  to  the  firft  cxpreflion ;  and  we  fee 
immediately  that  4  fubftirutcd  for  x  gives  a  po- 
Clive  refult,  whence  all  the  divifors  of  72  that 
exceed  4  are  to  be  rejcdcd  i  and  thus  by  a  few 
(rials  we  find  that  +  2  is  the  pofitive  root  of 
the  equation.  Then  dividing  the  equation  by 
X  -»  2,  and  refolving  the  quadratic  equation  that 
is  the  quotient  of  the  divifion,  you  Bnd  the  other 
two  roots  to  be  —  9,  and  —  4, 

.  §  59.  But  there  is  another  method  that  re- 
duces the  divifors  of  the  laft  term,  that  can  be 
ufeful,  flill  to  more  narrow  limits. 

Suppofe  the  cubic  equation  ar'  — px*  +  ^x  —  r 
=  o  is  propofed  to  be  refolved.  Transform  it 
to  an  equation  whofe  roots  fhall  be  leis  than 
the  values  of  x  by  unity,  affuming_j'  =  .v  —  i. 
And  the  laft  term  of  the  transformed  equation 
will  be  1  — p  ■¥  q  —  r ;  which  is  found  by  fub- 
ftituting  unit,  the  difference  of  ;r  and  7,  for  at. 
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in  the  propofed  equation;  as  wili  eafily  appear 
from  §  54-  where,  when  ji  =  x  —  e,  the  lad  term 
of  the  transformed  equation  was  e'  —  pe'  +  qe  —  r. 

Transform  again  the  equation  .v'  — px*  +  ^x 
—  r—Othy  affuming^  =  ;f  +  i,  into  an  equa- 
tion whofe  roots  (hall  exceed  the  values  of  x 
by  unit,  and  the  laft  term  of  the  transformed 
equation  will  be  —  i  —  p  —  y  —  r,  the  fame 
that  arifes  by  fubftituting  —  i,  the  difference 
betwixt  X  and  ^,  for  *,  in  the  propofed  equa- 
tion. 

Now  the  values  of  x  are  fome  of  the  divilbr* 
of  r,  which  is  the  term  left  when  you  fuf^fc 
3(  =  o;  and  the  values  of  them's  are  fome  of  the 
diviforsof+  i  — /  +  y  — r,andof—  i  —f-^q—r, 
refpcftively.  And  thefe  values  are  in  arithme- 
tical progreflion  increafmg  by  the  common  dif- 
ference unit  J  becaufe  x  —  i,  .v,  w  +  i,  are  in 
that  progreflion.  And  it  is  obvious  the  fame 
reafoning  may  be  extended  to  any  equation  of 
whatever  degree.  So  that  this  gives  a  general 
inethod  for  the  refolution  of  equations  who& 
roots  are  commenfurable. 

RULE. 

■*  Stthjlituli  in  place  ef  the  unknsrvn  quantify  Jue~ 
£effivcly  the  terms  ef  the  pregreffion  i,  O, 
—  I,  &c.  ttfidjind  all  the  divijors  oftbefums 
that  rejult  j  then  lake  out  all  the  arithmetical 
frognffions  you  can  find  among  tbefe  divifors, 
vibojt 


I 


I 
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-ajboje  (ommon  difference  is  unit ;  and  the  values 
of  X  will  he  among  the  divifors  ari/sng  from  the 
fuhfiitulions  of  x  —  o  thai  belong  to  tbe/e  pro- 
greffions."  The  values  of -v  will  be  affirmative 
when  the  arithmetical  progrcEon  incrcafcs, 
but  native  when  it  dccreafcs. 

EXAMPLE. 

§  6c.  Let  it  be  requrred  to  find  one  of  the 
roots  of  the  equation  *'  —  ac^  - —  10*  +  6=0, 
The  operation  b  thus : 


'i-FP'/"- 


Rtjult. 


\D.vifar,.Ar'lb.fTog.Jfcr.\ 


r=    n    .. 1-   4j'.».4        i 


Where  the  fuppofitions  of  x  =t,j=o,  *  =  —  i 
give  the  quantity  x^  —  x*  —  lox  + ;  6  equal  to  —  4, 
6,  14  J  among  whofe  divifors  we  find  only  one 
arithmetical  progrcflion,  4,  3,  1 ;  the  tenn  of 
which  oppofite  to  the  fuppofitionof;:  =  o,  be- 
ing J,  and  the  leries  dccreafing,  we  try  if  —  3 
fubfticuted  for  x  makes  the  equation  vanilh  j 
which  fuccecdiiig  one  of  its  roota  muft  be  —  3. 
Then  dividing  the  equation  by  *  +  3,  we  find 
the  roots  of  the  (quadratic)  quotient 

x*  —  4X  +  1  =:  o  are  2  ±  ^2. 
^  61.  If  it  is  required  to  find  the  roots  of  [he 
equation  *'  —  jjc*  —  4'6*  -r-  7a  =  o,  the  ope- 
ration .will  be  thus:  ,'1  -■■•■    i"' f; 
■  ■    -  O  Suppof. 
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gives  *  =:  9)  the  others  give  x  =  —  2,  Jf  =  —  3, 
«  =  -^4i  all  which fuccced  except  *  =  —  3:  (b 
that  the  three  values  oix  arc  +3,  —  Sj  —  4. 


CHAP.     VII. 

Of  the  resolutions  of  EQUATIONS  bt 
FINDING  THE  EQUATIONS  of  a  LOWER 
DEGREE   THAT   ARE   THEIR  DIVISORS, 


§  fia.'TpO  find  the  roots  of  an  equation  Is  the 
M.  fame  thing  as  to  find  the_fimple  equaj- 
tions,  by  the  multiplication  of  which  into  one 
another  it  is  produced,  or  to  find  the  funple 
equations  that  divide  it  without  a  remainder. 

If  fuch  fimple  equations  caftnot  be  found, 
yet  if  we  can  find  the  quadratic  equations  from 
which  the  propofed  equation  is  produced,  we 
may  difcover  its  roots  afterwards  by  the  relblu- 
tion  of  thcfe  quadratic  equations.  Or,  if  neii 
ther  thefe  fimple  equations  nor  thefe  quadratic 
equations  can  be  found,  yet,  by  finding  a  cuiU 
or  biquadratic  that  is  a  divifor  of  the  propofed 
tquaiion,  we  may  deprefs  it  lower,  and  makf 
the  folution  more  eafy. 


O  a 


Now 
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Now,  in  order  to  find  the  Rules  by  which 

thefe  divifors  may  be  dlfcovered,  we  fliall  fup»  . 

pofe  chat 

mx   —  n  T  rfimple 

mx*  ~  nx  +  r  >are  the<  quadratic 

mx^  —  Hx*  +  rx  —  i)  (.cubic 

divifors  of  the  propofed  equation ;  and  if  £  n 

prefcnt  the  quotient  arifing  by  dividing  the  pn 

pofcd  equation  by  that  divifor,  then 


E  X  mx'  —  M*  +  r, 
or,  E  X  mx'  —  nx*  +  rx  _  j,  will  reprelent  t 
propofed  equation  itfdf.  Where  it  is  plain, 
that  '*  fince  nt  is  the  coefficient  of  the  higheft 
term  of  the  divifors,  it  muft  be  a  divifor  of  the 
coefficient  of  the  higheft  term  of  the  propc^ed 
equation," 

§  63.  Next  we  are  to  obferve,  that,  fuppoCng 
the  equation  has  a  fimple  divifor  tnx  —  n,  if 
we  fubftitutt  In  the  equation  E  x  mx  —  a,  in 
place  of  ;f,  any  quantity,  as  o,  then  the  quan- 
tity that  will  rcfult  from  this  fubrtitution  will 
neccffarily  have  ma  —  n  for  one  of  irs  diviforsi 
fmce,  in  this  fubftituiion,  mx  —  n  becomes 
ma  —  n. 

If  wc  fubftitute  fucceflively  for  *  any  arhh- 
Dietical  progreflaon,  a,  a  —  e^  a  ~  le,  &c,  tbc 
qganticicB  that  will  rcfult  from  thcfe  fubftituiioiw 
will  have  among  their  divifors 
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ma—  ti, 

ma  —  me  —  «, 

ma  —  ame  —  »,  which  are  alfo  in  arithme- 
tical progrefTion,  having  their  common  difference 
equal  to  me. 

If,  for  example,  we  fubflitute  for  x  the  terms 
of  this  progi effion,    i,  0,  —  i,  the  quantities 
that  rcfutt  have  among  their  divifors  the  arith- 
metical progrelTion  m  —  «,  —  »,  —  m  —  «; 
or,    changing  the   figns,  «  —  iw,   n,   a  +  m. 
Where  the  difference  of  the  terms  is  m,  and  the 
term  belonging   to   the  fuppofition   of  *  =  0 
Uft. 

§  64.     It  is  manifcft  therefore,  that  when  an 
equation  has  any  fimple  divifor,    if  you  fubfti- 
■    tute  for  *  the  progreffion  i,  0,  —  i,  there  will 
be  found  amongft  the  divifors  of  the  fums  that 
refuk  from  thefe  fubftitulions,  one  arithmetical 
progrefTion  at  leaft,  whofe  common  difference 
will  be  unit  or  a  divifor  ta  of  the  coefficient  of 
the  highcft  term,  and  which  will  be  the  coeffici- 
ent of  j<  in  the  fimple  divifor  required  i    and 
whofe   term,    aiifing  from    the   uippofition    of 
*  =  0,  will  be  n  the  other  member  Of  the  fimple 
divifor  mx —  ». 

From  which  this  Rule  is  deduced  for  difco- 
vering  luch  a  fimple   divifor,  when  there  ia 

0  3                     RULE. 
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RULE. 

"  Suhptulefor  x  in  the  propofed  equation  Juc^ 
(fjfi'oely  the  numbers  i,  o, —  i.  Find  all  the 
divifcrs  of  the  funis  that  refult  from  ibis  fub- 
jiilution,  and  take  out  all  the  arilbmelttal 
progrfffions  yeu  can  find  amcngfl  ibem,  whofe 
difference  is  unit,  or  fame  divifcr  ef  the  ce- 
tffcient  ef  (be  bigbefi  term  of  tbe  equation. 
'Thtn  fupp'-Je  n  equal  to  that  term  of  any  one 
frogrfffion  that  arifes  frcm  the  Juppoftlion  of 

"  K  =  o,  and  m  —  the  fcrefaid  divifer  ef  tbe 
coefficieni  of  tbe  bigbefi  term  of  tbe  equattMy 
which  m  is  alfo  the  difference  of  tbe  terms  of 

'  this  pTogrejfion ;  Jo  fiall  you  have  mx  ^^  n 

■  for  the  divifor  required." 

You  may  find  arithmetical  progrefiions  giw- 
ing  divifors  that  will  not  fucceed  j  but  if  there 
is  any  diviforj  it  will  be  found  thus  by  means  of 
ihefe  arithmetical  progrelTions. 

§  65.  If  (he  equation  propofed  has  the  ci 
ficicntofits  highcft  term  —  i,  then  it  will 
w  :=  I,  and  the  divifor  will  he  x  ~~  n,  and  the 
rule  will  coincide  with  that  given  in  the  end  of 
the  laft  chapter,  which  we  demonftntcd  after  ft- 
different  manner  ;  for  the  divifor  being  * 
the  value  of  x  will  be  +  n,  the  temi 
progrclTion  that  is  a  divifor  of  the  fum 
arifes  from  fuppofing  *  =  o.     Of  this  cafe 


1 

■e 

if 
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gave  examples  in  the  lafi:  chapter  i  and  though 
it  is  cafy  to  reduce  an  equation  whofc  highcft 
term  has  a  coefficient  difFerent  from  unit,  to  one 
where  that  coefficient  fhaJI  be  unit,  by  §  jo ; 
yet,  without  ihatreduflion,  theequ.ition  may  be 
.refolvcd  by  this  rule,  as  in  the  following 


EXAMPLE. 

{  66.  Suppofe  3*'  —  26*'  +  t\x  +10—0, 
and  that  it  is  required  to  find  the  values  of  x; 
the  operation  is  thus : 


Sj,,f.f. 

Rtjulli.                              Umifhrs. 

P'^K'- 

S-? 

r  +  31.3- 

L-3S>.S.7.3S 

i       3 
»       ! 
'       7 

The  difference  of  the  terms  of  the  lafi:  arith- 
metical progrcfljon  is  2,  a  divifbrof  8,  the  co- 
efficient of  the  highcft  term  at'  of  the  equation, 
therefore  fuppofmg  m  =  2,  «  =  5,  we  try  the 
divifor  2x  —  5  ;  which  fucceeding,  it  follows 
that  2*  —  5  =  o,  or  X  =  2-^, 

The  quotient  is  the  quadratic  4*'  —  3x  —  2 
=  o»  whofe  roots  are  — 5 — ,  and  - — 5—^, 
fo  that  the  three  roots  of  the  propofed  equation 

= ,   = — z —  .     The    other    anih- 

O  4  metical 


'V 


I 

I 
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mctical  progfefiion  gives  >:  +  2  for  a  tUvifor, 
but  it  does  noc  fuccced. 

§  67.  If  the  propofed  equation  has  no  fimpl 
divifor,  then  we  are  to  enquire  if  it  has  not  fome 
quadratic  divifor  (if  itfelf  is  an  equation  of  more 
than  three  dimenfions). 

An  equation  having  [he  divifor  m**  —  n*  + 
may  be  cxprefled  as  in  the  firft  article  of  tl 
chapter  by  £  x  mx*  —  nx  -ir  r;  and  if  wc  fub- 
ftitute  for  X  any  known  quantity  a,  the  fum  that 
will  tefult  will  have  ma'  —  tia  +  r  for  one  of  ks 
divifors  ;  and,  if  we  fubftitute  fucceffively  for 
*  the  progreflion  a,  a  —  e,  a  —  ae,  a—  je,  8cc. 
the  fums  that  arife  from  this  fubftitution  will,, 
have 

ma*  —  «a  +  r, 
m  X  a  —  TC  —  «  ^  a  —  ?  + 
ta  X  a  —  leV  —  «  x  «  —  2/  + . 
m  X  a  —  3ef  —  «  X  a  —  3^  +, 


amongft  iheir  divifors,  refpeclively. 

Thefc  terms  a.re  not  now,  as  in  the  laft  ca(e,' 
in  arithmetical  progredion  ;  but  if  you  fubtraft 
them  from  the  fquares  of  the  terms  a,  a  —  r, 
a  —  ie,  a  —  3?,  &c.  miiUiplied  by  m  a  divifor 
of  the  higheft  term  of  tlie  propofed  cquatiotij, 
that  is  from 


M 

irc 
:h^| 


J 
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.»  • 

m  X  a  —  e\  y 


,*  p 


m  X  a  —  3^U  &c.  the  .remainders. 


»tf  —  ^: 


» 


n  X  ^  —  ^  —  r, 
n  X  tf  —  2^  —  r, 

»  X  a  T—  3^  —  r,  &c.  fliall  be  in  arichme-* 
tical  progreffion,  having  their  common  diffe-* 
rence  equal  ton  x  <• 

I^  for  example,  we  fuppofe  the  aflumed  pro- 
grefljon  a^a  —  e^  a  —  ie^  a  —  3^,  &c.  to  be 
2,  i>  o,  —  I,  the  diviibrs  will  be 

« 

«  -  »  +  r,  ifubtraaed  j    ^  Jrcrpcaivcly, 

leave  a»  — r, 
n-r, 

—  «  —  r,  an  arithmetical  progreffion,  whofe 
difitrence  is  +  » ;  and  whofe  term  arifing  from 
the  fubfticudon  of  o  for  ;r  is  —  r. 

From  wluch  it  follows,  that  by  this  opera- 
tion, if  the  propofed  equation  has  a  quadratic 
divilbr,  you  will  find  an  arithmetical  progref- 
4  fion 
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fion  that  will  determine  to  you  n  andr,  the  co- 
efilcient  ffj  being  fuppofcd  known;  fince  it  is 
unit,  or  a  divifor  of  the  coefficient  of  the  htgheft 
term  of  the  equation.  Only  you  are  to  obftrvc, 
that  if  the  firft  term  w«"  of  the  quadratic  di- 
vifor is  negative,  then,  in  order  to  obtain  an 
arithmetical  progreOion,  you  are  not  to  fub- 
traft,  but  add  the  divifors  —  4ra  —  2«  +  r^J 
—  m  —  »  +  r,  +  T,  —  Bi  +  B  +  r,  to  the  teriin!| 
4ffl,  nit  o,  m. 


§63.     The  general  Rule  therefore,  deduced 
from  what  we  have  laid,  is, 

•*  SuhfiUufe  in  the  prcpo/ed  equation  for  *  thi 
terms  2,   i,   o,  — i,  ?X-Z.  Juccefftvely.     Fim 
ell  the  divifors  of  the  funis  that  refult,  t 
ing  and  fublra^ing  them  front  the  fyuarti  oA 
theft  numbers,  2,  I,  o,  —  I,  &c.  multiplied  lyu 
a  numerical  divifor  of  the  higbeji  term  oftbt\ 
fropofed  equation,  and  tah  out  all  the  Mriib- 
metical  -pregreffwhs  that  can  be  fouttj  amottgjt 
thefe  funn  and  differences.       Lei  r  be  that 
term   in   (iny  progreffton  that    arifes  from   the 
fuhfitution  ofx  =  o,  and  let  if  n  le  lUe  diffe- 
rence arifing  from  fubtraSlir.g  that  termfroti^ 
the  preceding  term  in  the  prcgrefficn ;  laftly,  let 
m  is  the  aforefaid  divifor  of  the  highefi  term ; 
tbm  Jball  m**  ±  »x  —  r  be  the  divifor  lit 
tught  to  be  tried,"    And  one  gr  other  i 
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the  divifors  found  in  this  manner  will  fuc- 
ceed>  if  the  propofcd  equation  has  a  qua- 
dratic divifor, 

§  69.  Suppofe,  for  example,  the  biquadra- 
tic jc*  —  5*'  +  7**  —  5*  —  6  =  o  is  propofed, 
which  has  no  fimple  divifor ;  then  to  difcovcr 
if  it  has  any  quadratic  divifor,  the  operation  is 
thus: 


Supptf, 
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The  firil^  arithmjetical  progreffion  gives  the 

jiivKoi  X*  —  3*  —  a  I  the  (eeond  gives  x*  —  2;ir  +  3-: 

Doth  which  fiicceedj  fo  that  the  roots  of  the  two 

equations  ar^-^j^if— .2  =  0,  and  ;c*  —  2;if  +  3  =so^ 

viz.  ^== — -  and  i  ±  \/ — 2,  are  the  four  roots 
2 

of  the  proposed  equation,  the  two  laft  of  which 
are  impoITible.  The  divifors  which  the  other 
arithmetical  progrelTions  give,  do  not  fuc- 
cecd. 

§  70.  After  the  fame  manner  a  Rule  may  be 
difcovered  for  finding  the  cubic  divifors,  or 
thofe  of  higher  dimenfions,  of  any  propofed 
equation. 

Suppofe  the  cubic  divifor  to  be  mx^  —  nx* 
+  rx  '^^  s,  and  by  fuppoGng  x  equal  to  the  terms 
of  the  arithmetical  progreffion,  it  will  be  as 
follows : 


^*/A/ 

RffiJu. 

Cwet  •/ 

terms  if 

progr^  xm 

iji  Differ. 

zdDiff, 

1 

m 
in 

^=    3 

x:xz     2 
«=     1 
»=s     0 
x:z: — I 

«r—   «+  r— / 

2'jm 

Sm 

m 

0 

9«  — 3r+i 
«—   r'{'S 

^n—r 

— » — r 

Where  the  firft  differences  are  not  themfclvcs  in 
arithmetical  progreffion,  as  in  the  lafl;  cafe,  but 
the  differences  of  its  terms,  or  tlje  fecond  dif- 
ferences,  are  in  arithmetical   progreffion,   the 

common 
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common  difference  being  i«,  whence  «  is  known* 
The  quantity  r  is  found  in  the  column  of  the 
fccond  differences,  and  s  is  always  to  be  affumed 
fome  divifor  of  the  laft  term  of  the  propofcd 
equation,  as  m  is  of  the  coefficient  of  the  firft 
term.  Whence  all  the  coefficients  of  a  divifor 
mx*  —  »«'  +  rx  •—  s,  with  which  trial  ift  to  bd 
made,  may  be  determined. 

If  it  is  a  divifor  of  four  dimenfions  that  is  re- 
quired, by  proceeding  in  like  manner,  you  will 
obtain  a  feries  of  differences  whofe  fecond  dif- 
ferences are  in  arithmetical  progreflion.  If  it 
is  a  divifor  ot  five  dimenfions  that  is  required, 
you  will  obtain,  in  the  fame  manner,  a  pro- 
greffion  whofe  third  differences  will  be  in  arith- 
metical progreffion ;  and  by  obferving  ihefe 
progreffioiis,  you  may  difcover  rules  for  de- 
termining the  coefficients  of  the  divifor  re- 
quired. 

The  foundation  of  chcfe  Rules  being,  that, 
An  arithmetical  progreffion  a,  a  +  e,  a  +  a*, 
a  +  2f,  &c.  is  affumed)  the  firft  differences  of 
their  fquarcs  will  be  in  arithmetical  progref^ 
fion  J  thofe  differences  being  2ae  +  e*,  Oae  +  3r*, 
»ae  +  5e'y  &c.  whofe  common  difference  is  2*'. 
And  the  fecond  differences  of  their  cubes,  ancf 
the  third  differences  of  their  fourth  powers 
likewife  in  arithmetical  progreffion,  as  is  cafil] 
(Jemonftraced. 

%7t> 


I 
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§  71.  Hitherto  we  have  only  ihewn  how  to 
find  the  divifors  of  equations  chat  involve  but 
one  letter.  But  the  lame  rules  iervc  for  dif- 
covering  the  divifors  when  there  are  two  letters, 
if  all  the  ternfis  have  the  fame  dimenGons  ;  for, 
**  h  I^Vffi^t  ^"^  °f  ^^^  letters  equal  to  unilt 
find  the  divifor  by  the  preceding  Rules,  and  thin  by 
(omplet'mg  the  dimen/ions  of  the  divifor^  Jubfiiluting 
the  letter  again  for  unit,  you  inill  have  the  divtjor 
required." 

Suppofe,  for  example,  you  are  to  find  the 
divifor  of  8*'  —  zSax'^  +  i  la^x  +  loa'  =  o,  by 
putting  a  =  I,  that  quantity  becomes  8x'  —  t6x* 
■+  11*  +  10  =  o;  whofe  divifor  was  found, 
§  66,  to  be  2X  —  51  now  multiply  the  term 
—  5  by  +  a,  to  bring  it  to  the  fame  dimen- 
Gons as  the  other,  and  the  divifor  required  ia 
2X —  5«, 


§  72.  BeGdes  the  method  hitherto  explained 
for  finding  the  divifors  of  lower  dimenfions  that 
may  divide  the  propofed  equation,  there  are 
others  that  defervc  to  be  confidcred.  The  fol- 
lowing is  applicable  10  equations  of  all  forts, 
though  we  give  it  only  for  thofe  of  four  dimen- 
fions. 

Let  the  biquadratic  x* — px^+qx'^  — rx+i=o 
be  the  equation  propofed  ;  and  let  us  fuppofc 
it  is  the  produft  of  thcfe  two  quadratic  equa- 
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a'  —  mx  +  «  =  o 
*'  —  kx  -^  I  —o 


x*  —  lt 


the  terms  of  which  will  be  equal,  rcTpcftivcly, 
to  tlie  terms  of  the  propofed  equation. 

In  this  equation,  /  and  «  being  divifors  of 
the  laft  term  j,  we  may  confider  one  of  them 
("viz.  I)  as  known  ;  and  in  order  to  find  m  ori, 
we  need  only  compare  the  terms  of  this  equation 
with  the  terms  of  the  propofed  equation  rcfpec- 
tively,  which  gives, 

1°.     k  +  tn  —  p. 

a",  mi  +  I  +  a  ^  q. 

3".  ml  +  nk  —  r. 

4".  nt  =  s. 

Now  in  order  to  find  an  equation  that  fhall 

involve  only  k,  and  known  terms,  take  the  two 

values  of  i»  chat  arife  from  the  firft  and  third 

equations,  and  you  will  find, 

!»=;>  —  /:  =  — 7—  (becaufc  «  =  -r,  by  equa*] 


tion  the  fourth)  = 


I 
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To  apply  this  to  praftice>  you  muft  fubdi* 
tute  fucceffively  for  /  ail  the  divifors  of  ^^  the 
laft  term  of  the  propofed  equation^  till  you  find 

Onettf  them  (uch>  that x*  w. ^^^  ^  ^'  x  ;v  +  /  can 

divide  the  propofed  equation  without  a  reniaia* 

tder^ 

EXAMPLE. 

%  73.  If  the  equation  ;r*  —  6^?'  +  4oAf*  -r-  34^ 
'+  35  £:  o  b  propofed.    The  divifors  erf*  35  are 

'»  ^j  7>  35  5  *f  y^^  P^^  /  a:  X,  the  quadratic 
that  arifes  will  hot  fucceed.  But  if  you  fuppofe 
/  r&:  5,  then  the  equation  at^  — -  i^  +  /^  that  is 

*f*  ^p.  "2  ^J  K  ^  4  /  sc  b  becomes 
6  X  2S*»*-  34  xs   ,       ^ 

which  divides  the  propofed  equation  without  a 
remmdefj  and  gives  die  quotient  ^^ «—  4^  +  7 
c=  o. 

^^  In  this  operaticm  it  is  unneceflary  to  try 
suiy  dtviibr  /^  that  exceeds  the  iquare  root  of  s, 
tlie  Uft  term  of  the  propoled  equation/'  And^ 
if  the  propofed  equation  is  literal^  ^'  you  need 
only  try  thofe  divifors  of  the  laft  term  that  are 
of  two  dimenfions/' 

I^  in  any  fuppofition  of  I,  the  value  of  k, 

viz.  ^n^    3  becomes  a  fraftion^  then  that  fup- 

poHtion  is  to  be  rejefted^  and  another  value  of  / 
CO  be  tried* 

P  .     §74. 
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By  comparing  the  fecond  and  fourth  equa- 

[18  oi'  the  laft  article,  you  may  obtain  another 

value  of  i.    For  a  =  y  —  /  —  M*  =  y  J  fo  that 

<«beinge<iualtop  — i;y  =  j— /  — ^*^,jK; 

Md  i*  — '  ^*  +  y  —  I  —  -J-  =  o.    Which  g^va 

*  =  |p  ±J \f—  J  +  /  +  i-.    So  thai  the  ' 
quadratic  divilbr  required  becomes 

*'  —  kP  tJ if  —  j  +  /+7X;f+/=o. 

This  divifbr  muft  be  tried  vhen  /  =  j,  and 

at  the  fame  time  '  =  t**  ^*  foimer  exprelCoa 
not  ferving  in  that  cafe. 

By  this  formula,  divifors  may  be  found  whole 
fecond  terms  may  be  irraiunal. 

How  the  divilbre  of  higher  equatioils.  may  be 
found,  when  they  have  any,  may  be  underftood. 
from  what  has  been  £iid  of  thofe  of  four  diinen-, 
lioas. 


Sup- 
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Dr  THE  REDUCTION  «f  EQUATIONS  by 
SURD  DIVISORS. 

AN  equation  of  four,  fix,  or  more  dimen- 
fions,  although  it  may  admit  of  no  rational 
divifbr,  may  have  one  that  is  irrational.  As 
the  biquadratic  x*  +  px'  +  qx''  +  rx  +  s  =  o, 
which  we  fuppofe  to  be  irreducible  by  any 
rational  divifor,  may  yet,  by  adding  a  fquare 
k'-x^  +  2klx  +  I'  multiplied  into  fomc  quantity  », 
be  completed  into  a  fquare  x^  +  \px  +  ^)'* 
,  In  which  cafe  we  fhalt  have  x^  +  \px  +  ^—  "/h 
X  kx  +  i,  and  *  is  found  by  the  rcfolution  of 
ao  affected  quadratic  equation. 

To  reduce  a  biquadratic  equation  in  this  man- 
ner,  we  have  the  following 

RULE. 
•  If  the  biquadratic  is  x*  +  px''  ^qx*  +  rx +  jtzo, 
where  p,  y,  r,  j,  reprefcnt  the  given  coeffici- 
ents under  their  proper  figns,  put  q  —  lp^~  «, 
r  —  4*P  =  ^,  J  —  I  •*  =  f.  And  for  n  take 
Jome  integer  common  divifor  of  B  ond  i  f,  that 
is  net  a  fquare  number,  and  which,  if  either  p 
er  r  «  an  odd  number,  mujl  he  odd,  and,  di- 
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vided 
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vided  by  4,  ieavt  the  remainder  unity,  fFritt 
likewi/e  for  k  Jome  divi/or  of  —  if  p  is  em 
even  number,  or  the  half  of  an  odd  divifor 
if  p  it  odd,  er  o  if  e  =  o.  SubtraSl  —: 
from  if*,  and  let  the  remainder  be  U     For 

^put ,  and  try  if,  dividing  ^ —*  S  iy 

tt,  the  root  of  the  quotient  is  rational  and  equal 
to  /i  if  it  ii,  add  «(t'*'  +  2nklx  +  nl^  /• 
ioth  fides  of  the  equation^  and  extraSitng  the 

toot  you  fball  have  **  +  ^Z**  +  ^  =  K 
X  kx  +  /. 

EXAMPLE    I. 

Let  the  equation  propofcd  be  x*  +  12*  —  17 

—  o,  andbecaufep  =  o,  9  =  0,  r=  12,  j  =  —  17, 
we  Ihall  have  .  =  o,  ^  =  12,  f  =  —  17.  And  # 
and  2f,  that  is  12  and  —  34,  having  only  a  for 
a  common  divifor,  it  muft  be  «  =  j.    Again, 

—  =  6,  whofc  divifors  i,  2,  3,  6,  are  to  be  fiic- 
cefliveljr  put  for  *>  and  —  3,  —  2  —  i^  —  £ 
for  /  refpcftively. 

But  "       '   ,  that  is  **,  is  equal  to  ^,  and 

sj  — =  I-    And  when  the  even  divifors  ft 

id  6  arc  fubftitutei  for  k,  ^becomes  4 


I 
I 
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and  ^'^s  being  an  odd  number^  is  not  divi- 
fible  by  IT  (=  t).  Wherefore  2  and  6  are  to  be 
iet  afide.    But  when  1  and  3  are  written  for  k,  P 

is  I  or  9^  and  ^  —  1  is  18  or  98  refpeftively  1 
which  numbers  can  be  divided  by  2,  and  the 
roots  of  the  quotients  extraftedj  being  ±  '3  and 
±  7;  but  only  one  of  them^  viz.  —  3,  coincides 
with  /.  I  put  therefore  i  =  i,  /  =  -^  3,  ^=  i, 
and  adding  to  both  fides  of  the  equation 
fik^x"^  +  inklx  +  »/*,  that  is,  ax*—  lox  +  18, 
there  refults  «*  +  2x*  +  i  =  2x*  —  i2x  +  i8,  and 

extracting  the  root  of  each,  x*+i=±v'lx  x— > 
And  again,  extrading  the  root  of  this  ]a(t,  the 
four  values  of  x,  according  to  the  varieties  in 
the  figns,  are 


|^i/a+y-3v'2^p^^a-y-.3V2^p 

being  the  roots  of  x*  +  itx  —  17  =.0,  the  equa- 
tion at  firft  propoied. 

EXAMPLE    II. 

Let  the  equation  be  a^*  —  6a:'  —  58'.^*  —  1 14;^ 
-.  1 1  =  0|  and  writing  —  6,  —  58,  —  1 14,  —  11 
for  p^  y,  r,  s^  rcfpeftivcly,  we  have  —  67  =  «, 
—  3'5  =^  ft  and  ^  ii33i  =  f.    The  numbers 

fi  and  2^  that  is  —  315  and  —  «?^  have  but 

one  conimoa  divifor  3,  that  is »  =:  3.    And  the 

P  3  divifors 
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divifors  of  —  105  =  —  are  3j  J,  7,  I5j  21,  35, 

and  T05.      Wherefore  1  firft  make  trial  wich 

3  =:  it,   and  dividing  —  or  —  105   by  it,  get 

the  quotient  —  35,  and  this  fubtrafled  from 
^pi=— 3  X  3,  leaves  26,  whofehalf,  13,  ought  to 

be  equal  to  /,    But ,  or '-.  that  is, 

T  2  2  ' 

-^  20,  is  equal  to  ^;  and  ^^  —  j  =  41 1,  which 
is  indeed  divifible  by  »  :^  3 ;  but  the  root  of 
the  quotient  137  cannot  be  extraded.  There- 
fore I  rejei5t  the  divifor  3,  and  try  with  5  =:  ij 

by  which  dividing  ~  =  —  105,  the  quotient  is 

—  2 1,  and  this  taken  from  ^^k  =  —  3X5,  ]eavc» 

6  =  2/.    At  the  fame  time,  ^  (=  - — ^)  a  ^^k 

"—^  =  4.  And  ^'  —  s,  or  16  +  II,  ii*^^ 
divifible  by  «,  and  the  root  of  the  quotient  9, 
that  is,  3,  coincides  with  /.  Whence  1  conclude 
that  putdng  /  =  3,  >  =  5,  Qj=^  4,  »  =  3,  adding 
to  both  fides  of  the  equation  the  quantity 
»it'.v"  +  ^Mx  +  h/%  that  is,  'j^x'  +  gcA-  +  27, 
•lid  Wtrafling  the  roots,  it  will  be 

**  +  ^fx  +  ^=  -^n  X  kx  +  /,  or 

j('+3*  +  4=±v'3'<  5*  +  3- 
EX  AMPLE    m. 
In  like  manner  in  the  equation  **  —  g*-'  + 
15*'  —  27*  45  =  0  writing  —  9,  + 1  5j  —  »7,  +  9» 


1 


for 
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for  f^  jf,  r,  /,  there  rcfuU  •  =  —  5^,^=  —  50^, 
{;  z:  2  ^.     The  common  divifors  of  ^  and  2  {^ 

that  is,  of  4g^  and  ^,  arc  3,  5,  9,  15,  27,  45, 

135;  but  9  is  a  fquare,  and  3,  15,  27*  »35  di- 
vided by  4  do  riot  leave  unity  for  a  remaindcfj 
as  is  required  when  ^  is  an  odd  number.  Set« 
ting  thefe  afide  there  .remain  only  5  and  45  to 
be  tried  for  n.    Firft  Jet  »  ^  5,  ^nd  the  halves 

of  the  odd  divifors  of  —  =  —  -s-,  that  is,  — , 
4>  Ti  "Ti  "Ti  are  to  be  tried  for  *•    If  *  =5  i 

2     2      2      2'  2  - 

^       81         |3         . 

the  quotient  -^  — ^^'^^  17  <l*^^ded  by  i,  taken  from 

Ipk  or  -  •^,  leaves  j8  «  a/:  and^(=  ~^) 

=  —  a,  ^*  —  J  =  —  5,  which  is  divifible  by  5, 
but  the  root  of  the  quotient  — *  1,  which  fhould 

b<  /  =  9,-  is  imaginary.     Put  next  k^  2l^  and 

2 

the  quotient  of  —  divided  by  i,  or  of  — -  ^  by 

|-,  is  -  ^.    This  fubtrafted  from  ipk  =  -  — , 
leaves  nothing,  that  is  /  =:  o.    Again^ 
^C=^^)^^3.  «»d^»-..-o,  and 

— j — y  s=  Q.    Froni  which  coincidence 

I  infer  that  n  ^^^  k  n:  },  /  =  o^.  and  adding 

»*'**  +  2»/^Af  +  «/»,  that  is,  V*'  to  both  fid«  of 
the  ecjuation,  I  find  «'  —  44*  +  ^  =  ^^  x  ix, 

P  4  i«/<r<»/ 
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Liural  equations  may  be  treated  much  in 
the  fame  way.  And,  if  you  put  «  =:  i,  the 
lame  Rule  will  give  you  the  rational  divilbr  of 
3  biquadratic  equation,  if  it  admits  of  one.  Thus 
for  the  equation  x*  —  x'  ,-  5**  +  \ix~  6^0, 

putting  fl  E  ij  I  find  i  3=  ■^,  /  =  —  — ,  and 

fte  equation  is  reduced  to  the  two  quadratic^  j 
i'  ^  jjf  +  3  =f  o»  and  at'  +  3Jf  —  a  3!  o.        '■ 

Q  '  1 

When  the  divifors  of  —  are  fo  many  that  it 

Would  be  troublcfome  to  make  trial  with  them 
9II  for  i,  their  number  may  be  reduced  by  find- 
ing all  the  divifors  of  «J  —  \  r\  For  to  one  of 
theic,  or  to  its  half  when  odd,  the  number  & 
niuft  be  equal.  J 

The  ground  of  this  Rule  is  as  follows.  ^ 
If  a  biquadratic  equation  x*  +  px^  +  j*"  +  r*  , 
+  J  =  o,  In  which  p,  J,  r,  s,  are  the  given  ^o- 
cfRcjcnrs  wiih  their  figns,  and  the  equation  is 
fuppofcd  clear  of  fractions  and  furds;  if  this 
cquanon  can  be  completed  into  a  fquarc,  m 
the  manner  already  dcfcribcd,    we   fiiall  I 


+  r*  +  J  +  »i' 


-^px  +   ^\\   that  is,  *•  +  1 
t  x^  +  r  +  inil  X  X  +  s  +  sftl 


~x*+  px'  +  3i2,+  i/  ^  x^  -i-pSixx  +  i 
And  comparing  the  t^yms^  wc  get  th^fc  tbrt^.J 
cquatiofis^ 

I.  f  +  »i»  =  a^+  ip\ 
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3.  /+     »r  =:^} 

in  which  there  being  four  unknown  qtiantities, 
they,  can  be  found  onlf  by  trial. 

The  values  of  ^  taken  from  the  firft  and  ie« 
cond  equadont  ^nd  made  equal  to  each  other, 

give  n  =  *^^L^^  (writing,  as  in  the  Rule, 

5  ~^^»  =  ..  and  r--.4^  =  fi)  =  j;^,- 

Whence,  if  the  quantities  n,  *,  /,  ^  are  to  bo 
found,  it  follows,  (I^)  That  n  being  a  divifor 
of  ft  giving  the  quote  k  x  -J-^t— •  */,  i  will  be  a 

divifor  of—,  giving  the  quote  ipk  *—  a/;  and 

that  fubtrafting  this  quote  from  ^pk^  /  will  be 
equal  to  half  the  remainder.     (a%)  In  the  firft: 

equation  we  had  ^  ;=  ■■  ,  and,  from  the  third, 
/•  =?  ^^.    (3°.)  Becaufc  ^=  i  •  +  i«**  and 

(if  t  =  /  ^  4**)  =  ,^       .^-^ ,'that  is,  n 

divides  at  by  **  x  #  +  4-»/fc*.^a/%  And  if  the 
fcveral  values  of  the  quantities  n,ktl,S^y  anfwer 
to  thofe  conditions,  or  coincide,  it  is  a  proof 
that  they  have  been  rightly  aflumcd ;  and  that 
adding  lio  the  given  equation  the  quantity 
n  ^  kx  +  ^*,  it  will  be  completed  into   the 


It  was  faid  that  i^MH^wajrs^e  fome  divifiir 
of  •J  —  ir*.'  .  For  ms  ±:«^*-r  fj»/%  and  taking 

the  remainder  •^^.p^*?  +:  nh^K^^A^jfU^-h 

ehad:^iA.evcrylterrDi'dieithin9itanaDifc&f  :.  . 

;  Jt;  is  neefjlefs  to  be  p^cidar  Jilloithe  f^vd^ral 
limitations  In  the  Rule^  feeing  thdy  follow  eafily 
^pm.'the  algqjirak^  exprefflons  o£-:the  qyan* 
titles.  Yqji  .arc  not,  for  inftance,  if  you  k^ 
'3l(llrd  divifori  to  t^lj;e  ji-'a:  fquarc  numlicr;  ht 

if»isa  IquareWmber,'  V;>  x  kx  +7wciuld  be 
rational."  Or  if  n  is  a  multiple  of  a  fquare,  as 

»  X  f»*,  "then,   at  leafV,  }n  x  JiTw  would   be 
raticfna],  and  n  would  be  dcprcfled  to  r,  ' 

Let  U9  examine  one  eafe,  when  f  is  even  and 
r  oddy  and  by  tjhe  Rule  n  muft  be  an  odd: num- 
ber, a  multiple  of  4  more  unity, 

I.  Seeing  6  =  r  —  4«^,  or  g  +  '\-<tp  ^  r,  of 
the  numbers  P  and  ^  «/>  one  muft  be  even  and 
the  other  odd,  that  their  fum  r  may  be  odd.  If 
f  is  odd,*  its  divifor  n  muft  be  odd  likewife. 
Suppofe  6  to  be  even,  then  ^^p^  zt\d  confc- 
qiitrntly  -\p  and  «  are  both  odd.  But  if «  is  odd, 
a^  =  2j  —  I  a*  will  be  half  an  odd  nudiber^i  an(j 
f  its  divifor  is  odd. 

In  this  cafe  ^  is  half  an  odd  number.  For 
let  it  be  an  integer,  p^  will  be  an  even  niinrx* 
ber.     But  if  ^  is  an  integer^  fo  mu(l  /,  l??c^ufQ 

4  + 
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s  +  nP  ^  ^i  and  ankl  muft  be  cvepi.  And 
r  +  2Hkl  (an  odd  number}  ^  f^  an  even  num« 
bcr,  wi^/Vi^  «  abfurd. 

2.  Let  iV  Tcprefent  any  number  in  general^ 
/  an  odd  nunnberj  then  I  fay,  "every  odd 
number  is  a  multiple  of /our y  more  or  l^fs  UfUiy^^ 
that^s,  I  =  4iV±  I.  *'  The  fquarc  of  an  odd 
mimber  i^4iy-+  i j"  ftJiat  i«  fome  multiple  of 
4,  more  unity  j)  and  **  if  from  fuch  a  fquarc 
there  be  taken  any  multiple  ,of  41  the  remainder, 
if  greater  than  unity,  will  be  4^+  i." 

Hence  it  foUpws  that  n  =  4iV+  i.  For  fec^ 
ing  »/*  =\^*  —  si  becaufe  /  and  ^are  the  halves 
of  o4d  numbers,  we  have,  according  to  the  pre-* 

fent  notation,  ■   ^      = ,  or  without  the 

common  denominator  n  ^  P  ^  P  —  4J,  that  is, 

n  X  4JV  +  I  =  4iV  +  I,  and  confequently, 
n  =  4^^  +  I.  For  it  is  not  /^N —  i  but  4iV  +  i 
that  can  give  the  produdl  4  iV  +  i.  ♦ 

In 

*  In  the  former  Editions,  there  were  here  bferted  two 
Rules  for  the  Cafe  of  0  s=  o :  which,  though  true,  Mr.  ^ko^ 
mas  Simf/on  has,  in  his  Mifcellaneous  Tra3s,  publiOied 
'757»  fticwn  10  be  nnneccflary.  In  this,  therefore,  they 
are  omitted.    - 

It  is  only  to  be  regretted  that  Mr.  Simpfin  ihould, 
through  inattention,  have  placed  this  inaccuracy,  not  to 
the  account  of  the  Editor,  as  he  ought  to  have  done,  but 
to  that  of  Mr.  Maclavrin.  The  whole  explanation 
of  Sir  Ifaac\  Method  of  Reducing  Equations  by  means  of 
Surd  Dsvi/ors^  is  (pag.  213.)  profcfledly  a  Supplement  \  as 
IS  tike  Wife  the  Addition  to  Cbaf.  i^.   Part  L     And  the 

Ediccr 
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In  £ke  manner  the  other  limitadons  mzj 
be  determined :  and  what  has  been  f^  ma7 
kad  to  the  invention  or  demonftratioii  of 
fimilar  Rules  for  the  higher  equations  of 
cvtp  dimenfions^  if  any  one  plcafes  to  take 
die  trouble. 


•••*■— "Wi 
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CHAP.     VIII. 

■ 

Of  the  resolution  of  EQUATIONS  bt 
CARDAN'S  RULE,  and  others  of  that 
KIND. 

$  75.  TT7E  now  proceed  to  flicw  how  an 
V  V  exprcffion  of  the  root  of  an  equa- 
tion can  be  obtained  that  fhall  involve  only 
known  quantities.  In  Chap.  ii.  Pari.  I.  wc 
fhewed  how  to  rcColvc  Jimpk  equations  |  and 
in  Chap.  13.  wc  Ihewed  how  to  refolvc  any 
quadratic  equation,  by  adding  to  the  fide  of  the 
equation  that  involves  the  unknown  quantity^ 
what  was  neceflary  to  make  it  a  complete  fquarCj 
and  then  extracting  the  fquare  root  on  both  (ides. 
In  §  27,  of  this  Part^  we  gave  another  method 

Editor  thou^t  he  had,  in  hit  Preface,  (uBcwntfy  iniimatcd 
that  a  lew  foch  infertione  had  been  made,  and  the  reafon  why : 
though  he  cannot  iccolled  any  others  worth  mentiooiog  i  if 
it  is  not  §}  itjs  I24t  cf  Pari  IL 

of 
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of  refolving  quadratic  equations,  by  takidg  awaf 
the  fecond  term:    where  it  appeared  that  if 


^  76.  The  (eoond  term  can  be  taken  away  out 
of  any  cutU  equation,  by  §  25  $  fo  that  they  att 
smy  be  reduced  to  this  form,  x^  i^  +  fx  +  r:szo^ 

Let  us  fuppofe  that  y  =  <i  +  ^  I  and^'  +  y^f  +  r 

=  ii»  +  3^**  +  3tf^*  +  If'  +  qx  +  r=:a'  +  J4* 

X  a  +  ^  +  i'  +  y^  +  r  =  tf'  +  3tf^x  +  ^'  +  ^  +  r 
^by  fuppofing  jtf ^  zz-^qj  =  tf '  +  i\+  r  =:  cw 

But3=:  — ^  andi'r:  — -Lj,  and  conle^ 
quently,  tf '  —  j^  +  r  =  Oi  or,  «*  +  ria»  =  jj. 

Suppofe  tf'  =  2,  ^and  you  have  «*+«  =  —$ 
which  is  a  quadratic  whole  refolution  gives 


and  J 


and 


tc  tz  a  +  i  =  a 


3  X 


y-ir±i/>»+^ 


:    in  which  ex- 


preffions  there  are  only  Jcnown  quantities* 


§77- 


«>$ 
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x>»  +  y«>  or  ~'~^~^  X  m  +  y».    Aad 
benc€  we  have  three  exprellloiis  for  x^  vix, 

i",  X  ~  f  +  am, 

%'.  x=f  -    m  +  v^ — JK, 

3°-  «  =f  -    "I-  •— 3"i 
and  thefe  give  the  three  root!  of  the  proj 
cubic  equation. 

EXAMPLE    I. 
§  So.     Let  it  be  required  to  Bnd  the  roots  ol 
the  equation  x'  ^  1 2*'  +  41X  —  42  =  o. 

Comparing  the  coefHcients  of  this  equatioo     _  ', 
with  thofe  of  the  general  equation  ^^| 

3f«'  —  o!  ■(,  —  >'■  1  ^1 

+  3P'J    —  ?'  >  »  0,  you  find,   ^H 

+  3;;J  ^B 

?  =  12,  fo  that p  =  4^1 


>  .  3? 

5°.  3f '  — 
3"-  3P1-P' 


?(=48— 3?)  =4'  ■•..?  =  j, 

-ir(=-36-lrJ=-4l . 


31 

and  conrequentl)-,  r'  —  j'  =  j_^=  —  -J^, 


cube  root  of  this    binomial   is  found  to  be 
—  I  +  V— *(=m +VI.J*.    Whence, 
I".  «=/  +  a»>  =  4  —  2=«. 
1:  X  =f-m  -v/-3»=4+i_i/4=5_2=jjj 
3°.  *  =/>_»  +s/-ja  =  J  +  2=  7. 
•  ScAion III,  Pirt I. 
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So  that  the  three  roots  of  the  propofed  equation 
arc  a,  3,  7. 

You  may  find  other  two  expreffions  of  the  cube 

root  of  3  +  V  —  TT*  befidcs  —  i  +  ^ —  ^, 

^/z.  f +y-^,  and  -  i^j\I^,   but 

thefe  fubftitutcd  for  w  +  •»  give  the  fame  va- 
lues ibr  x>  as  are  already  found. 

EXAMPLE    11. 

In  the  equation  a:*  +  15X*  +,84^ —  100  »  0, 
you  find  p  g  —  5*  ?  -  -^  3*  ^  =  i35i  ^nd 
r  +  v^r*— J'  =  ^35  +  \/i8252,whofe  cube  root 
is  3  +'/io,i  fo  that*(=^+2«i)  =  -5  +  6  =  i. 

The  other  two  values  of*,  viz.  —  8  +  s/ ^2^9 
—  8  —^1136,  are  impoffible. 

After  the  fame  manner^  you  will  find  that  the 
roots  of  the  equation  ;if'+jc*  —  166*  +  660  =:  o, 
afe  —  15,  7  ±^5.  The  Rule  by  which  we  may 
difcover  if  any  of  the  roots  of  an  equation  arc 
impoffible^  (hall  be  demonilrated  afterwards. 

§  82.  The  roots  of  biquadratic  equations  may 
be  found  by  reducing  them  to  cubes,  thus : 

Let  the  fecond  term  be  takenf  away  by  the 
Rule  given  in  Chap.  3.  And  let  the  equation 
that  refults  be 

And  let  us  fuppofe  this  biquadratic  to  be  tho 
4)roduft  of  thefe  two  quadratic  equations. 
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^  +  <?Jir  +  /  =:  o 

X*  -  ^x  +  j:  =  o 

***  +/ 


If.}""--.^} 


Where^  rs  the  coefficient  of  x^  in  both  eqoa- 
tionsi  but  af^£fced  with  contrary  Ggns ;  bccaufe- 
when  the  fecond  term  is  wanting  in  an  equatioo^ 
the  fum  of  the  affirmative  roots  muft  be  equal  to 
the  fum  of  the  negative. 

Convpare  now  the  proppfed  equation  with  the 
above  produdt,  and  the  relpedlive  terms  put 
equal  to  each  other  will  give/  +  ^  —  ^*  =  y, 
^^  —  ^  =  r,^  =  J.     Whence  it  follows,  that 

/  -f  ^  =:  J  +  ^%  and  g  —  /  =:  — ;  and  confe- 

qucntly/  +  ^  +  ^  — /(=  2^>)  =  J  +  ^*  +  7>  ' 

y  +  ^*  +  T 
and  ^  = ;  the  fame  way,  you  will 

?  +  ^*  -  f   ■ 
find,  by  fubtraftion,  fc?r.  /  =r — i-,  and 


/x^(=i^  =  -  X5*+  2y^*  4.  <j*  —  ~  .    and 

multiplying  by  4^*,  and  ranging  the  terms,  you 
have  this  equation, 

e^  +  iqe""  +  f  —  4J  X  <?■  —  r*  =  o. 
Suppofe  r*  =  J,  and  it  becomes  jr'  +  ajj'*  + 

9" 
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J*— 4j  X  j^— r*=o,acubic  equation  whofc  roots 
are  to  be  (Ufcovered  by  the  preceding  articles. 
Then  the  values  of  jr  being  found,  their  fquare 
root  will  give  t  (iince  j^  =  ^^)  \  and  having  e^ 
you  will  find  /  and  g    from   the  equations 

trafUng  the  roots  of  the  equations  **  +  «c  +/=o,  * 
X*  —  ^  +  ^  =  o,  you  will  find  the  four  roots  of 
the  biquadratic  x*#  +jx*+rx+j  =  o  j  for  cither 

§  83*  Or  if  you  want  to  find  the  roots  of 
the  biquadratic  without  taking  away  th^  fecond 
term  %  fuppofe  it  to  be  of  this  form> 

and  the  values  of  x  will  be 

,  where 


a^  is  equal  to  the  root  of  the  <;ubic. 

The  demonftration  is  deduced  from  the  laft 
article,  as  the  78th  is  from  the  preceding. 


0^2  CHAP. 
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■        CHAP.     IX. 

O?     TMB    METHODS     BY    WHICH    VOO    MAY 

APPROXIMATE  TO  THS  ROOTS  of  NU:- 
MERAL  EQUATIONS  by  their  LIMITS. 

§  S4.  TT7HEN  zaj  equation  Is  propoftd 
W  to  be  refolvcd,  fipft  find  «bc  Ji- 
mits  of  the  roots  (by  Cbt^.  5.)  as  f<x  exampie^ 
if  the  roots  of  the  equatipn'«* -7-  16*  i  55  =  a 
are  required,  you  find  the  timtts  are  b, '8>  and 
17>  by  §  48 ;  that  is,  the  leaft  root  is  between  ■ 

0  and  8,  and  the  greateft  between  S  and  17. 

In  order  to  find  the  firft  of  the  roots,  I  con- 
flder  that  if  I  fubftirute  o  for  at  in  m*  — 16*  +  55, 
tire  refult  is  pofitit»c,  viz.  +  55,  and  confc- 
(^uently  any  number  betwixt  o  and  8  that  gives 
a  poruivc  refutt  mull  be  lefs  than  the  leaft  root, 
and  any  number  that  gives  a  negative  refulc 
ifluft  be  greater.  Since  c  and  8  are  the  limits,  i 
^ry  4,  that  is,  the  mean  betwixt  them,  and  fup- 
|Wling«  =  4,*'-i6*+55=:i6-64+'55  =  7, 
from  which  I  conclude  that  the  root  is  greater 
than  4.  So  that  now  we  have  the  root  limited 
between  4  and  8.  Therefore  I  next  try  6,  and 
iubftitucingit  for  *  we  find  **  —  i6jr  +  55  =  36 
—  96  +  55  =  —  5i  which  refult  being  negative, 

1  conclude  that  6  is  greater  than  the  root  re- 
quired, Vrhich  therefore  15  limited  now  between  4 
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and  6.  And  fubftituting  5,  the  mean  between 
them,  in  place  of  x,  I  find  x*  —  i6x  +  55 
—  25  —  80  +  55  =Oi  and confcquently  5  is 
the  lead  root  of  the  -equation.  Afier  the  Iaa>e 
manner  you  will  difcover  11  to  be  ^Tie  greartft 
root  of  that  equation. 

§  85.  Thus  by  diminilhifig  the  greater,  or ' 
increafing  the  leffer  limit,  you  may  difcover  the 
true  root  when  it  is  a  commenfurable  quantity. 
But  by  proceeding  after  this  manner,  when  you 
have  two  limits,  the  one  greater  than  the  root, 
the  other  leffer,  that  differ  from  one  another  but 
by  imit,  then  yoy  may  conclude  t^  coot  is 
huammenfuraile. 

We  may  hbwever,  -by  contrnuing  the  ope- 
ration in  fractions,  approximate  to  it.  As  if  the 
equation  propofed  is  x* —  6;c  +  7  =  o,  if  we  (up- 
pofe  X  sz  2y  the  rcfult  is  4  —  la  +  7  =  -^  i, 
^ich  being  \ncgative,  4LQd  the  fuppoficion  of 
jc  zi  o  giving  a  pofitive  rdult,  it  follows  that 
the  root  is  betwixt  o  and  a.  Next  we  fuppole 
X  ^  I  i  whence x*—  6;ir +  7=1—6  +  7  =  +  2, 
which  being  pofitive,  we  infer  the  root  is  be- 
twixt I  and  2,  and  confequently  incommcnfu- 
rable.  In  order  to  approximate  to  it,  we  fuppofe 

9c  ss  14,  and  find  .v*  —  6x  +  7  -s  a^-  —  9  +  7  =- ; 

4- 

and  this  refult  being  pofitive,  we  infer  the  root 
inuft  be  betwixt  !iand  i^.    And  therejyo-c  w.e 

Qj  try 
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try  i|,  and  find  «•  — •  6*  +  7  =  ^  -  —  +  7 

=  3tV  —  iOt't  "*■  7  **  ■"  l^'  which  is  negative; 

fo  that  we  conclude  the  root  to  be  betwixc 
i^  and  i4-.  And  therefore  we  try  next  14, 
which  giving  alfo  a  negative  refult,  we  coocludte 
the  root  is  betwixt  i|  (or  i4>)  and  ij-.  We  xrf 
therefore  i^^  and  the  refult  being  politive,  we 
cpnclude  that  the  root  mud  be  betwixc  iW  ^^ 
1  r|»  and  therefore  is  nearly  i^r, 

^86.  Or  you  may  approximate  more  eaGIy 
by  transforming  the  equation  propofed  inro  aa- 
ocher^  whofe  roots  Ihall  be  equal  to  io»  lOOj  or 
2COO  times  the  roots  of  the  former  (by  §  29.) 
and  taking  the  limits  greater  in  the  fame  pro- 
portion. This  transformation  is  eafy ;  for  you 
are  only  to  multiply  the  fecond  term  by  10, 100, 
or  iooo>  the  third  term  by  their  Iquares,  the 
fourth  by  their  cubes,  6?f.  The  equation  of  the 
laft  example  is  thus  transformed  into  x*  —  6ocJir 
+  7CC00  =  o,  whofe  roots  are  100  times  the 
root  of  the  propofed  equation,  and  whofe  li- 
mits are  100  and  200*  Proceeding  as  before, 
we  try  1 50,  and  find  x*  —  6eoAr  +  70003  sz 
C2500 —  90000  +  700CO  =  2500,  fo  that  150 
is  Icfs  ihan  the  root.  You  next  try  175,  which 
giving  a  negative  rtrfulc  ir.uft  be  greater  than 
the  root :  and  thus  proceeding  you  find  the 
root  to  be  betwixt  15S  and  159:  from  which 
a  vou 
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you  infer  that  the  Icaft  root  of  the  propofed  equa- 
tion **  —  6«  +  7=0  ii  betwixt  1.58  and 
■1.59,  being  the  hundredth  part  af  the  root  of 
*'  —  600*  +  70000  =  c^ 

§  87.  If  the  cubic  equation  jc*  —  i5»*  +  i^x 
—  £o  =  o  is  propofed  to  be  refolvcd,  the  equa- 
tion of  the  limits  will  be  (by  §  48.)  j*'  —  30K 
+  63  =  o,  or  **  —  10*  +  ai  =  o,  whofe  root* 
are  3,  7 ;  and  by  fubftiiudng  o  for  *  the  vduc 
of  «•  —  15a:*  +  63*  —  50  is  negative,  and  by 
fubftituting  3  for  *,  that  quantity  becomes  po- 
fitiye,  X  —  I  givrs  it  negative,  and  x  =  z  gives 
it  pofitive,  fo  that  the  root  is  between'  i  and  2» 
and  therefore  incommcnfurable.  You  may  pro- 
ceed as  in  the  foregoing  ezamj^esco  apiH'<n[imate 
to  the  root.  But  there  are  other  methods  by 
which  you  may  do  that  more  eafily  and  readily  ; 
which  we  proceol  to  explain. 

5  8  8 .  When  you  half  e  difcovered  the  value  of  the 
root  to  be  greater  than  an  unit  (as  in  this  example, 
you  know  it  is  a  little  above  i)  fupprfe  the  diffe- 
rence betwixt  its  real  value  and  the  number  ih^ 
you'have  found  nfedfly  "equal  to  it,  to  be  repre- 
icnted  by/i  as  in  this  example,  let  *  =  i  +  /• 
Subfticute  this  value  for  x  in  this  equation,  thus, 

*'=         I  +    3/+    3/'+/' 
_  15**  =  -  15-30/-  15/' 
+  63*  =       63  +  63/ 

-  50     =  -  so  

jf '  —  1 5**  ^  63X  -  50=  —  1  +  36/—  1 2/*+/' =0, 
0^4  Now 
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Now  becaufe  /  is  fuppdfed  Ids  than  unit,  its 
powers  /%  /^  may  be  ncgleded  in  this  appro- 
ximation ;    lb  that  alTuming  only  the  two  firft 

terms  we  have  —  i  +  36/^  o,  orj/=  ^=•0^7* 

fo  chat  X  will  be  nearly  1.027. 

You  may  have  a  nearer  Vjdue  of «  by  con^ 
fidering,  that  feeing  —  i  +  36/^  i%p  +/*  s  p^ 
it  follows  that 

■^=36-^i^/+r    ^^'  f"»>ft^ting  ^^  for/> 

§  89.  But  ihe  value  of /may  be  corrcflcd 
and  determined  more  accurately  by  fuppofing 
g  to  be  the  difference  betwixt  it^  red  value,  and 
that  which  we  lafl:  found  nearly  equal  to  it. 
So  that/=.028o3  +  g.  Then  by  fubftituting 
this  value  for/ in  the  equation 

/'  —  1 2/*+  ^Sf — I  =0,  it  will  ftand  as  follows* 

/*=z    o.oooQz»o^264-o.oo2357^-fo. 084091^4-^' 
— la/^r:—  ••009423x6    — 0.6727*^  —i*^* 
+36/*—    1.00908         +36^ 

■  I   I  III    "Ti       ■ «    ■III     I  ■  II    ■    \ ■■  ■     I  I   ■   II 

=-0.0003261374+35. 3x9637^—11. 9i59^»+^»=:o. 

Of  which  the  firft  two  terms,  negledling  the 

reft,  give  35-3^9^37  ^  ^  =  0.0003261374,  and 

,000-^26^1 774.  -,      , 

^  =  - ,  ■■,.    ■ zz  0.000009231:27.     So  that 

^        35.329037  ^  ^     ^ 

/=o.02803923i27;  and4fz=i+/=:  1. 02803923127; 
ivhich  is  very  near  the  true  root  of  the  equation 
that  was  propofcd* 

If 
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If  ftUl  a  greater  d^ree  of  ejca^tncfs  is  re- 
quired, fuppofc  b  equal  to  the  difference  be- 
twixt the  true  value  of  g  and  that  we  have  al- 
ready found,  and  proceeding  as  above  you  may 
correft  the  value  of^, 

§  90,  For  another  example ;  let  the  equation 
to  be  refolved  be  *'  —  2*  —  5  =0,  and  by 
fome  of  the  preceding  methods  you  difcover  one 
of  the  root?  to  be  between  2  and  3.  Therefore 
you  fuppftfe  X  =  2  +  /,  and  fubftituting  this 
value  for  it,  you  find 

x"  is      8  +  12/+ 6/* +/'-, 

—  2*  =  — 4—     2/"  1=0 

-5    =-5  J 


=  -  1  +  10/+  6/*  +/'i 
from  which  we  find  that  10/  =  i  nearly,  or 
/  =  0.1.    Then  to  correal  this  value,  we  fup- 
pofc/=  0.1  +  X,  and  find 

/^  =    o.ooi  +    0.03^  +  0.3^',+  g'' ' 
6f^  =     0.06    +    1 .2  1:  +  6,  ^* 
10/  =1.        +  10.    f 


> 


=      0,061  +  i:.2j;f  +  6.3^*  +  g\ 

-    ,  '  ~o.o6r 

fo  ihat^  = =  —  0.0054. 

Then  by  fuppoGng  g  =  —  .0054  +  b,  you 
may  correft  its  value,  and  you  will  find  that  the 
root  required  is  nearly  2,09455147. 
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^91.  It  is  not  only  one  root  of  tn  equation 
that  can  be  obtained  by.this  method,  but,  bj 
making  ufe  of  the  other  limits,  you  maydiC- 
cover  the  other  roots  in  the  fame  manner.  The 
equation  of  §  87,  x'  —  15**  +  Syc  —  50  =  o, 
has  for  its  limits  o,  3,  7,  50.  We  have  already 
found  the  lead  root  to  be  nearly  i  .028039.  If 
it  is  required  to  find  the  middle  root,  you  pro* 
ceed  in  the  fame  manner  to  determine  its  neareft 
limits  to  be  6  and  7;  for  6  fubftituted  for  x 
gives  a  poCtive,  and  7  a  negative  refult.  There- 
fore you  may  fuppofe  x  zz  6  +  /,  and  by  fub- 
ftituting  this  value  for  x  in  that  equation,  you 

find  /3  +  3/*  -  j/  +  4  =  o,  fo  that/=  ± 
nearly.  Or  fincc/=  _-JL_^  it  is  (by  fub- 
ftituting  ±  for/;/=r  ^-^rfiTT^.  =  f|.  whence 

jf  =  6  +  7 —  nearly.     Which  value  may  ftill 

605  ^ 

be  correfted  as  in  the  preceding  articles.  After 
the  fame  manner  you  may  approximaie  to  the 
value  of  the  highed  root  of  the  equation. 

§  92.  "  In  all  thefc  operations,  you  will  ap- 
proximate fooncr  to  the  value  of  the  root,  if  you 
take  the  three  laft  terms  of  the  equation,  and 
extraft  the  root  of  the  quadratic  equation  con- 
fiding of  thefe  three  terms." 

Thus,  in  ^  88,  inflead  of  the  two  laft  terms 
of  the  equation/'  •*  la/*  +  36/—  1  =  o,  if 

you 
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you  take  the  three  Uft  and  extraft  ihe  root  of  the 
quadratic  la/*  — 36/+  1=0,  you  will  find 
/=  .osSoji,  which  is  much  nearer  the  true 
value  than  what  you  difcovcr  by  fuppofing  36/ 
— 1  =  0. 

It  is  obvious  that  this  method  extends  to  all 
equations. 

'  ^93'  *' By  affunning  equations  affedled  wfth 
general  coefficients,  you  may,  by  this  method, 
deduce  General  Rules  or  Theeremj  for  approxi- 
mating to  the  roots  of  propofird  equations  of 
whatever  d;gice." 

Let  /'—;'/'  +  f / —  r  =  o  reprefent  the  equa- 
tion by  which  the  fraflion  /  is  to  be  deter- 
mined, which  is  to  be  added  to  rhe  limit,  or 
fubtrafted  from  it,  in   order  to  have  the   near 

valueofy.    Thenj/— r  =owillgive/=  -. 

Butrince/=  _  ■,  by  fubftituting  -  for 
/,  we  have  this  Theorem  for  finding  /  nearly, 
viz. 

f-         *• y'  X  >- 

■'  r^  f,r  ~   t'    _  oar    J.    .'* 


After  the  fame  manner,  if  it  i»  a  biquadratic, 
by  which/is  to  be  determined,  as/*  — p/*  +  qf* 
—  r/"  +  J  =  o,  then /being  very  little,  we /hall 

havc/=yi  which  value%  corrcftcd  by  con- 

£dering 
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fidcring  that  /  "^  r^^tr-P'  ^^^  f^W^tut- 
ing  7  for fj-    '  y-  "^Z    ^3t whcairc wc &ve 

this  Theorem  for  all  biquadratic  equations, 

^  94*  Other  Theorems  may  be  deduced  by 
idlummg  three  terms  of  .the  jcquation^  aad 
extrafting  the  ro6t  of  the  quadratic  whkh  they 
lorm* 

Thus>  to  find  the  value  of/  in  the  equation 
/'  ^^ff*  +  5/ —  r  =  o  where  f  is  fuppofed  to 
6e  very  little,  we  neglcd  the  firft  term/',  and  ex- 
traft  the  root  of  the  quadratic//*  —  y/+  r  =  o, 

or  of/*  —  I   ^/  +  T  =  o*  ^"d  we  find 
/=  1  ±  yi^T  =  f±i^^  nearly. 

^P         ^         P         ^P  2/>  J^ 

But  this  value  of /may  be  correftcd  by  fup- 
poling  it  equal  to  w,  and  fubftituting  w'  for/* 
in  the  equation/'  — pP  +  y/ —  ^  =  o,  which 
will  give  m^  — pf"  -¥  qf —  r  =  o,  and^/*  — 
f/  +  r  —  iw'  =  o ;  the  refolution  of  which  q«a- 

dratic  equation  gives/ =  ^ — ^^ -^ ^ — ^» 

very  near  the  trOc  value  of/. 

After  the  fame  manner  you  may  find  like 
Theorems  for  th^^roots  of  biquadratic  equa- 
tions^ or  of  equations  of  any  dimenfion  whatever. 

§95- 
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§  '95.  la  general,  let  x*  +  px'~*  +  qx—*  + 
rjp^J  +  &?c.  +^  ^  =  o  reprefent  an  equation  of 
anjr  dimenGons  n,  where  A  is  fuppofed  to  repre- 
fent  the  abfoluce  known  term  of  the  equation. 
Lee  k  reprefcnt  the  liMit  next  lefs  than  any  of 
the  roots,  and  fuppofing  x  =  k  +  f,  fubftttute 
the  powers  of  *  +  /  inftead  of  the  powers  of 
X,  and  there  mil  arife*  +}'  +  p  x  i  +/•"'  + 
J  X  i+f^"^  +  r  X  it  +/""',  (dc.+ J  =  0,  or 
by  involution,  difpofine  the  terms  according  to 
the  ^menfions  of/ . 
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wbere-negleding'all  the  powen  o£/  aRgt  die 
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^whence  particular  Theorems  for  extrading  the 
roots  of  equations  may  be  deduced. 

§  96.     "  By  this  method  you  may  difcovcr 
Theorems  for  approximating  to  the  roots  of 

pure 
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pure  powers  i*  as  to  find  the  n  root  of  any  num- 
ber A I  rupf)o(e  k  to  be  die  neareft  le(s  root  in 
integerSj  and  that  k  -^  f  \s  the  true  rootj  then 


fliall  h+nkr"f+n  x 


«— I 


*-- y*  6ff.  =  Ji 


and  afluming  only  the  two  firft  terms^ 

f  =  -purr :  or,  more  nearly^  taking  the  three 

firft  tcrrps, 

/  = -;;=:; .  and  (taking  -^  zif) 


«i^"  + 


••-  — x^-^ 


;»*— »+i^Xif-.ie• 


sA 


^w 


(putting  w  =  ^  —  it")  = '^^ — ;  which  is 


»{■+— xw 


a  rational  Theorem  for  approximating  to/. 

You  may  find  an  irrational  Theorem  for  it, 
by  affuming  the  three  firft  terms  of  the  power 


«— f 


of  *  +  /,  viz,  k"  +  »*•- 7  +  »  X kr^T^^A. 


If— I 


and  refolding  this  quadratic  equation,  you  find 
k  I  2» 


i* 


X  /f— *     ^T-Tl' 


In 
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In  the  appUeation  of  thcfe  Theckrems,  when 
a  near  value  of  /  is  obtained,  then  adding  It 
tt>  k^  fubftituce  the  aggregate  in  the  place  o£i  in 
the  formula,  and  you  will  by  a  new  operation 
obtain  a  more  corred  value  of  the  root  re- 
quired i .  and,  I7  thus  proceeding,  you  may  u^ 
rivcat  any  degree  of  cxaftnefs. 

Thus  to  obtain  the  cube  root  of  2,  fuppofe 
i=  I,  and/(= r^^ — \   =7   =-o.a5,^ 

In.^tIv$  fccbnd  place,  fuppofe  k  s  1.25,  and  /) 
will  be  found,  by  a  new  operation,  eqoal  HM 

O1.009921,  .and  confcquendy,  I/2  ='1.259921^ 
nearly.  By  the  irrational  Theorem,  the  iamer* 
value*  is  difcovered  for  Y2.  '    \ 


; 


I 
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CHAP.     X. 

Op  THi  METHOD  or  SERIES  by  which  you 

MAY   APPROXIMATS    TO    THI   ROOTS   OF  LI- 
TERAL EQpA  nONl 

§  97«  T  F  there  be  only  two  letters,  x  and  ay  in 
X  the  propofed  equation,  fuppofe  a  equal 
to  unit,  and  find  the  root  of  the  numeral  equa- 
tion that  ariffs  from  the  fubftitution,  by  the  rules 
of  the  laft  chapter.  Multiply  thefe  roots  by  a^ 
and  the  produ6b  will  give  the  roots  of  the  pro- 
poied  equation. 

Thus  the  roots  of  the  equation  x^  ^  i6x  + 
55  =:  o  are  found,  in  %  84,  to  be  5  and  ii. 
And  therefore  the  roots  of  the  equation 
X*  —  iSax  -f  55^^  =  o,  will  be  $a  and  iia. 
The  roots  of  the  equation  x'  +  « *;ip  —  2  4'  sr  o 
are  found  by  enquiring  what  are  the  roots  of  the 
numeral  equation  x^  -f  at  —  a  —  o>  and  fmce 
one  of  thefe  is  i ,  it  follows  that  one  of  the  roots 
of  the  propofed  equation  \%ai  the  other  two  are 
imaginary. 

%  98.  If  the  equation  to  be  refblved  involves 
more  than  two  letters,  as  x'  +  a^x  —  24*  +  t^yx 
—  y^  =  o,  then  the  value  of  x  may  be  exhibited 
in  a  (cries  having  its  terms  compoled  of  the 
powers  of  a  and  y  with  their  refpeftivc  coef- 

R  ficieniSi 
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ficients ;  which  will  **  converge  tbe/otner  the  left 
y  is  in  re/pelt  ef  tf>  if  the  terms  are  centiiutalfy 
multiplied  by  the  fewers  of  y^  .and  divided  by 
tboje  of  a."  ■  Or,  "  *ill  converge  the  Joner  the 
greater  y  is  in  reJpeU  of  a,  if  the  terms  he  cnm 
tinually  multiplied  by  the  powers  ofa^  and  divide 
by  thofe  of  y"    Since  when  y  is  very  little  in 

.S  .1  y«  yt 

rcfpeft  of  «,  the  terms  y^  — »  ij,  ^,  H,  8cc. 

trecreafe  very  quickly,  li  y  vanilh  in  telpcd 
of  <r,  the  fccond  tcnr.  will,  vanilli  in  refpcft  of 

ihe  firft,    fince  —  -.y  n  y  -.  a.     And  after  the 

Tame  manner  -j  vanilhcs  in  refpeft  of  the  term 

immediately  preceding  it. 

But  when  J  is  vaftly  great  in  refpeft  of  a, 

then  a  is  vaftly  great  in  refpeft  of — ,  and  —  in 

rcfpcft  of  ^Ti  fo  that  the  terms  a,  — ,   -;,    -r. 

-T,  &c.  in  this  cafe  detreafe  very  fwifily.  In 
either  cafe,  the  (cries  converga- fwlfcly  that  coii- 
fift  of  fuch  terms  i  and  a  few  of  the  firft  terms 
will  give  a  near  value  of  the  root  required. 

§  99.  If  9  ferics  for  x  is  required  from  the 
propoicd  equation  chat  ftiall  converge  the  fooner, 
the  Icfs  y  is  in  rcfpeJt  of  *» ;  to  find  the  firft 
term  of  this  Icrics,  we  fhall  fuppofe  y  to  v»- 
nilh^   and  extracting  the  root  of  the  equation 
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.v'  +  a^x  —  'ia^  =  o,  confifting  of  the  remaining 
parts  of  the  equation  that  do  not  vanifli  withj^, 
we  find,  by  §  97,  that  x  '=-  a\  which  is  the  true 
value  of  X  when  j^  vanifhes,  but  is  only  near  its 
value  when  y  does  not  vanifh,  but  only  is  very 
little.  To  get  a  value  ilill  nearer  the  true  value 
of  ;ir,  fuppofc  the  diflfercnce  of  a  from  the  true 
value  to  be  ^,  or  that  x  '=-  er-k-  f.  And  fub- 
ftituting  J  +  ^  in  the  given  equation  for  x,  you 
will  find, 

^  =  a'  +  3a*^  +  3^p*  +  f 
+  a^x  =  <«'  +  a^p 

+  ayx  =:  ay  +  afy 

-  y  =  -y 


11^*1 


+  d'y  +   afy 


But  fince,  by  fuppofition,  y  and  p  are  very 
little  in  refpeft  of  a^  it  follow;5  that  the  terms 
4^'/),  a'y^  where  j  and  f  are  feparately  of  the 
i>^  dimenfions,  are  vaftfy  great  in  refpeft  of 
the  reft;  fo  that,  in  determining  a  near  value 
of  fj  the  reft  may  be  negleftcd :  and  from 
\n^p  +  a^y  =  o,  v/e  find^  =  —  |^\  So  that 
Ar  =  a-f.p  =  ^-,  J  J,  nearly. 

Then  to  find  a  nearer  value  of  ^,  and  conl 
fequcntly  of  ;f,  fiippofe  />  =  —  J^f  +  y,  and  fub- 
Itituting  this  value  for  it  in  the  laft  equation, 
ydu  will  find, 

R  2     '  f 
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-    4»jr    +  4tf*f 

•  r        .  J 


pakth. 


And  fince,  by  the  foppofition,  q  is  voy  licdft 
in  rdpe^t  of  ^,  which  i$  nearly  =  _  ^,  diere« 
fore  q  will  be  very  little  in  iclpeft  of  jt}  and 
confequently  all  the  terms  of  the  lad:  equation 
will  be  very  little  in  refpeA  of  theie  two>  v/jb. 

—  TT^y**  +  4<»*?>  ^vhcre  y  and  j  are  of  leaft 
dimenfions   leparately :    particularly  the   term 

—  ^ayq  is  little  in  refpcft  of  4«*j;  bccaofc  jr  it 
very  little  in  refpew):  of  a ;  and  it  is  little  in 
rcfpeft  of —  -^ay,  becaufe  q  is  litdc  in  rclpcft 

of  J'. 

Negleft  therefore  the  other  terms,  and  fiip:- 
pofing  —  tV^J'*  +  4**?  =  o>  you  will  havfe 

And  by  proceeding  in  the  fame  manner  you  will 

find  a:  =  ^  —  7  +  ^ 

&c. 


50c3i;* 
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§  100.  When  it  is  required  to  find  a  ferics 
for  X  that  Ihall  converge  fooner,  the  ^«/<r jr  is 


m 
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m  rcfpcft  of  any  quantity  ^r,  you  need  only  fup- 
pofe  a  to  be  very  littk  in  refpcd  ofy^  and  pro- 
ceed by  the  fame  reafoning  as  in  the  laft  example 
on  the  fuppolition  of^  being  very  little. 

Thus,  to  find  a  value  for  x  in  the  equation 
x^  —  a*x  +  ofx  —  jr^  =  o  that  fliall  converge  the 
fooner  the  greater  j^  is  in  refpedt  of  a,  fuppofe 
a  to  vanilh,  and  die.  remaining  terms  will  give 
jr'  —  j^'  r=  Oj  or  Af  =  y.  So  that  when  y  is  vaftiy 
great,  it  appears  that  at  =  jr  nearly^ 
.  But  to  have  the  value  of  x  more  accurately, 
putx  sr jr  +  p^  then 

X'-     y  +  3y*p  +  8yp*-+  f 

^  a*x  :=^  ^  a*y  -^  a*p 
+  ayx  =      4?*  +  ^ 

-/  =  -/- 

+  ajf*  +  iiyp: 

where  the  tcnms  3y^p  +  a;*  become  vaftiy  greater 
than  the  reft,  j  being  vaftiy  greater  than  a  orp; 
and  confequently  ^  r:  —  j.  4  nearly^ 

Again,  by  foppoflng^  -  — 1^  +  y,  you  wUl 
cramfimn  the  laft  equackm  into 

-T^i  J 

where  the  two  terms  jyjr*  «  ^^  muft  be  vaftiy 
g;reater  than  any  of  the  reft,  a  being  vaftiy  iefs 

R  3  than 
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than  y,  and  q  vaftly  Icfs  than  a,  by  the  fuppo- 

fition;  fo  that  3fjr*  —  a^y  e=  o,   and  f  =  — 

nearly.    By  proceeding  in  this  manner,  you  may 
correft  the  value  of  j^,  and  find  that 

which  feries  converges  the  fooner  the  greater  j  is 
fuppofed  to  be  taken  in  re(J)efl:  o{  a, 

•  ■ « 

§  10 1.  In  the  foldtion  of  the  firft  Example 
thofe  terms  were  always  compared  in  order  to 
determine  p,  f ,  r,  &c.  in  which  y  and  thofe 
quantities^,  f,  r,  &c.  were /epajately of kwe(t 
dimenfions.  But  in  the  fecond  Ex^fr.ple,  thofe 
terms.  Were  compared  in  wiiich  a  and  the  quan- 
tities p,  uf,  r,  &c.  were  of  Icall:  dimenfions  fe- 
parateJy;  And  thefe  always  are  the  proper  teems 
to  be  compared  together,  becaufe  they  become 
vaftly  greater  than  the  rell,  in  the  refpeftivc 
bypothefes. 

In  general;  to'  determine  the  firft,  or  any, 
term  in  the  fcn^i'/uch  terms  of  the  equation  are 
to  le  ajfumed  together  only^  as' will  be  found  to  ^r- 
come  vajlly  greater  than  the  other  terms  j  that  is, 
which  give  a  value  of  x^  which  fubftitutcd  for  it 
in  all  the  terqns  of  the  equation  ihall  raifc  the 
dimenfions  ofJ  the' other  terms  all  xibove,  or  all 
below,  the  dimenfions  of  the'  aflumcd  terms, 
according  as  j^  is  fuppofcd  to  be  vaftly  little,  or 
vaftly  great,  in  refpefl  of  a. 

»      •  Thut 
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Thus  to  determine  the  firft  term  of  a  con- 
Tct^ing  feries  exprefling  the  value  ofx  in  the  latt 
equation  x*  —  a*x  +  ayx  — y  =  o,  the  terms 
ayx  and  — y  are  not  to  be  compared  together, 

for  they  would  give  *  =  — ,  which  fubftituted 
for  x',  the  equation  becomes 

7.  — «*;*+/— >'  =  o» 
where  the  firft  term  is  of  more  dimtnfions  than 
the  affumed  terms  ayx,  —  y  i  and  the  fecond  of 
fewer :  fo  that  the  two  firft  terms  cannot  be  ncg- 
Icfted  in  rcfpeft  of  the  two  laft,  neither' when 
y  is  very  great  nor  very  Htde,  compared  with  a. 
Nor  are  the  terms  *',  ajx,  fit  to  be  compared 
together  in  order  to  obtain  the  firft  term  of  a 
feries  for  x,  for  the  like  reafon. 

But  K*  may  be  compared  with  —  a*x,  as  alfo 
—  a'x  wiih  —y  for  that  end.  TheTe  two  give 
the  firft  term  of  a  fcries  that  converges  the 
fooner  the  lefs  y  isj  as  x*  ^y  gives  the  firft 
term  of  a  feries  that  converges  the  fooner  the 
greater^  is.  The  laft  feries  was  given  in  the 
preceding  article.  The  comparing  x'  wiih  —  oV 
gives  thefe  two  fetics, 


«  =  -  «  +  J;' 
he  comparing  - 

-I 
-a'* 

with  — 

+  .!«! 

I28n' 

■y  gives 
_  t-  — 

Ice. 
&c. 

*=-•? 

1 

a* 
i4 

And 

>^  And  thefe  feries  give  diree  vaUics  ^(ftf '^^^whqtt 
jr  is  very  .little.;,  die  fafb  o£  wi^h  4b  Itlelf  iUb 
^ery  little  in  that  cafe,  as  it  appears  in4sed  frcm 
the  equation,  that  when  j  vahilhes,  die  tE^ 
values  of  x  beconfie  +  «,  "^  ^» ,  ^^d  o,  begaiiife 
when  /vfriiflies,  the  eqtlation  becomes  *'  •-.*** 

s=  o,  whole  roots  arc  Oy  —  a^  o. 

*-  • 

fc  .  -•      ■         - 

;  §  I02.  Ix  appears  fufficiently  from  what  we 
bttve  ikid,  that  when  aA  equation  is  |Mt>pbfed  in- 
volving 9c  md  y,  and  the  value  of  x  is  requited 
in^ft  converging'feries,  the  difficulty  6f  finding 
tho.-  firft '  term  of  the  feries  is  reduced  to  tiips  % 
*'  to  find  what  terms  afiumed  in  order  to  de^r- 
xnine  a  vulue  of  x  expre0ed  in  foiiiC  dimenfions 
of  ^  and  a  will  give  fuch  a  value  of  it,  as  fiib- 
Itituted  for  it  in  the  other  terms  will  make  thf m 
all  of  more  dimenfions  of^,  or  all  of  lefs  dimdn- 

lions  of  jr,  than  thofe  afiTumed  terms/' 

■♦■   — 

To  determine  this,  draw  BA  and  AC  at  right 
angles  to  each  other,  complete  the  parallelo- 
gram  ABCD  and  divide  it  into  equal  Iquarcs, 
as  in  the  figure.  In^  thefe  fquares  place  the 
powers  of  x  from  A  towards  C,  and  the  powers 
ofjf  from  A  towards  Bi  and  in  any  other  iquare 
place  that  power  of  x  that  is  direftly  below  it  in 
the  line  AC,  and  that  power  of  j^  that  is  in  'ft 
parallel  with  it  in  the  line  AB  ^  fo  that  the  th^ 
dex  of  X  in  any  fquare  may  exprcfs  its  diftftndfi 
froTn  the  line  AB,  and  tit^  index  ofrj  in  art^ 

fquare 
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fquare  may  exprefs  its  dtllance  from  the  Ime 
AC.    Of  this  fqvare  wc  are  co  oblerve> 


^ 


■/''^  '  vV  -/<>^  y'r  '/^^  y'y  lUy'.Tl 


K- 


£i 


iMzS^y?'' 


^*- lyiM!]M!Vli^'' 


Y^iW^ 


^.i^.Thtt  tbp  tern»  ue  notionlf  in  geomc- 
tcical  progrenion  in  the  vertical  column  A  Bj  or 
the  horizontal  AC,  and  their  parallels;  but  al- 
To  in  the  terms  taken  in  any  oblique  ftraighc 
line  whatever ;  for  in  any  fuch  term  ic  is  ma- 
niftft  that  the  indices  o(y  and  x  will  be  in  ariih- 
metical  progreflion.  The  indices  of  _y,  bccauie 
ihofe  terms  will  remove  equally  from  the  line 
AC*  or  approach  equally  to  it^  and  the  indices 


1 
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of  y  in  any  fuch  terms  are  as  their  diftanc« 
fiom  tiiat  line  AG.  The  indices  o^  x  will  »Ifo 
be  in  arithmetical  progreffion,  bccaufc  thcfe  terms 
equally  remove  from,  or  approach  to  the  Ur>c 
AB.  TIris  for  example,  in  the  terms  y'',yx, 
y\\^,  yx\  the  indices  of  y  decreafing  by  the 
common  difference  2,  while  the  indices  of*  in- 
creafe  in  the  progre/Tion  of  the  natural  num- 
bers, the  common  ratio  of  the  terms  is  -;. 
Ibllows, 

2.  From  the  laft  obfervaiion,  that  "  if  any 
two  terms  be  fuppofcd  eqii;d,  then  all  the  terms 
in  the  fame  ftraight  line  with  thefe  terms  will  be 
equal ;"  becaufe  by  fuppofmg  thefe  two  terms 
equal,  the  common  ratio  is  fuppofed  to  be  a  ra- 
tio of  equality ;  and  from  this  it  follows,  that 
"  if  you  fubftitute  every  where  for  x  the  value 
that  arifes  for  it  by  fuppofmg  any  two  terms 
fqual,  expreffed  in  the  powers  of  ^,  the  dimcn- 
iions  of^y  in  all  the  terms  that  are  found  in  tlie 
lame  ftraight  line  will  be  equal ;"  but  "  the  di- 
menlions  of  _y  in  the  terms  above  that  line  will 
be  gnaler  than  in  thofe  in  that  linej"  and 
*'  the  dimenfions  of _)>  In  the  terms  helow  the  faid 
line  will  be  UJs  than  its  dimenfions  in  that  line." 
Thus,  by  fiippoling  j'  =  yx',  we  find  a-'  =  y*^ 
Or  X  =  y*;  and  fubflituting  this  value  for  x 
in  aH  the  fquares,  the  dimenfions  of  y  in  the 
!k "terms y,^'x,  _yV,  _)■*',  which  are  all  found  !■ 
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the  lame  ftratg^e  line,  will  be  7,  but  the  dimen- 
fions  in  all  the  terms  above  that  line  will  be  more 
tfaaa  7,  and  in  all  the  terms  below  that  line  will 
belefs  than  7. 

5  103.  From  thefe  two  obfervations  we  may 
eafily  find  a  method  for  difcovering  what  terms 
ought  to  be  alTumed  from  an  equation  in  order 
to  give  a  value  for  x  which  fhall  make  the  other 
terms  all  of  bigbir,  or  all  of  lower  dimenfions  of 
y  than  the  aflumed  terms :  viz.  "  after  all  the 
terms  of  the  equation  are  ranged  in  their  proper 
fquares  (by  the  lall, article)  fuch  terms  are  to  be 
a0umcd  as  lie  in  a  ftraighc  line,  fo  that  thp  other 
terms  either  lie  all  above  the  ftraight  line,  6t 
fall  all  below  it." 

For  example,  fuppofe  the  equation  propofed  is 
y  —  tfjp'*  +  y*'  +  d*)"**  —  <j*'  1=  o,  then  mark- 
ing with  an  allerifk  the  fquares  in  the  laft  article 
which  contain  the  fame  dimenfions  ofx  and^  as 
the  terms  in  the  equation,  imagine  a  ruler  ZE 
to  revolve  about  the  firft  fquare  marked  at  y', 
and  as  it  moves  from  A  towards  C,  it  will  6rlt 
meet  the  term  ay^x,  and  while  the  ruler  joins 
thefe  two  terms,  all  the  other  terms  lie  above  it: 
from  which  you  infer,  that  by  fuppofing  thefe 
terms  equal,  you  fhall  obtain  a  value  of  x,  which 
fubftituted  for  it,  will  give  all  the  other  terms  of 
higher  dimenfions  of^,  than  thofe  terms;  and 
hence  we  conclude  that  the  value  of  x  deduced 

from  fuppofing  thefe  terms  equal,  viz,  ■ — ,  is 
the 


thp.fiiA  term,  bf  a  fmes^i^iwilliOQsraBedis 
Sooner  the  lefsj  U  in  lefpeftrof «;;  vi  iiri^.    i  ^>u 

'  If  the  ruler  be  made' to  revoli;^  ibobhhe  fi^ 
fquare  the  contrary  way  from  D  towards  C,  h 
will  firft  meet  the  term  jr^x*,  and  fay  fof^iofiii^ 
y  -f  fx^  t=  o^  we  find  jp  =  x^  whidi  givies  dyb 
ilfft  term  of  a  feries  for  x^  that  comwiges  the 
fopner  the  greater  thaty  is.  And  this  \»iCm  ce>^' 
kisirated  Rule  invented  by  Sir  Iffmc  NmMm  f&t 
tiiis  purpofe.  \  ^       '^-• 

-'%  104.  This  Role  may  be  extended  to  eqilia^' 
tions  having  terms  that  involve  powers  of  ^f'atid- 
J  with  fraSiional  or  Jurd  indices  j  **  by  taking 
diftances  from  A  in  the  lines  AC  and  AB  pco^ 
portional  to  thefe  fraftions  and  furds,"  and 
thence  determining  the  fituation  of  the  terms- 
of  the  propofcd  equation  in  the  parallelogratn' 
ABCD. 

■ 

It  is  to  be  obferved  alfo^  that  when  the  lii^^ 
joining  any  two  terms  has  all  the  other  terqifii 
on  one  fide  of  it,  by  them  you  may  find  the  firfk. 
term  of  a  converging  feries  for  x^  and  thm 
"  various  fuch  feries  can  be  deduced  from  the 
fame  equation."  As,  in  the  lad  Example,  the- 
line  joining ^'jf  and  yx*  has  all  the  terms  above 
jti  and  therefore  fuppofing  —  j^'a:  +  a^y9^  =  o* 

we  find  x^  =  ~,  and  x  :=:  —^  which  is  the  firft. 

term 
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terra  of  another  converging  feries  for  ».  Again, 
the  ftraighc  line  joining  jyx*  and  x*  has  all  the 
ocher  terms  above  it,  and  clierefore,  fuppofuig 

a*jfx*  —  iw'  =  o,  we  find  ay  =  x\  and  x  =  a^y*, 
the  firil  term  of  another  ferics  for  x,  converging 
alfo  the  Iboncr  the  lefs  y  is.  There  are  two 
ftries  converging  the  fooner  the  greater^  is,  to 
be  deduced  from  fuppofing  7'  =  —  y*',  or 
_y**'  =  «**.  And  to  find  all  thefe  ieries,  "  dc- 
fcribe  a  polygon  Zabed  having  a  term  of  the 
equation  in  each  of  its  angles,  and  including  all 
the  other  terms  within  it,  then  a  ferics  may  be 
found  for  x^  by  fuppofing  any  two  terms  equal 
that  are  placed  in  any  two  adjacent  angles  of  the 
polygon."  '■' 

%  105.  If  the  ruler  ZE  be  made  to  movb- 
parallel  to  itfelf,  all  the  terms  which  it  will 
touch  at  once  will  be  of  the  fame  dimcnfions  of 
y:  for  they  will  bear  the  fame  proportion  to  one 
another  as  ihe  terms  iri  the  line  ZE  themfelves. 
The  terms  which  the  Ruler  will  touch  firft  will 
have  fewer  dimcnfions  of  v,  than  ihofe  it  touches 
afterwards  in  the  progrefs  of  its  motion,  if  it 
moves  towards  D;  but  more  dlmenfiohs  than 
they,  if  it  moves  towards  A.  The  terms  in  the 
ftfiight  line  ZE,  ferve  co  determine  the  firft 
term  of  die  converging  feries  required.     Thefe 

'_  "1, the.  lerms  it  touchci  afterwards  fcivc  to 

determine  the  fuccceding  terms  of  the  converg- 

it»3 
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will  Ef^^  be  infiaitdy  greater  dian  Ffi^^  when 
jr  is  infinite. 

%  108.  When  the  firft  term  (Af)  of  die  &- 
rlcs  is  found  by  the  preceding  nnethod^  thai  by 
iuppofing  X  =  Af  +  f^  and  fubflitudng  this  bi- 
nomial and  its  powers  for  «  and  its  powers^ 
there  will  arife  an  equation  for  detemuning  f 
the  fecond  term  of  the  (eries.  This  new  equai- 
tion  may  be  treated  in  die  fiune  nuumer  as  the 
equation  of  x^  and  by  the  Rule  of  %  103^  the 
terms  that  are  to  be  compared  in  order  to  ob-^ 
tain  a  near  value  of  f^  may  be  difcovered ;  by 
means  of  which  terms  f  may  be  found :  which 
fuppefe  equal  to  £y*+'',  then  by  fuppofing 
^  =  5y«  + ''  +  y,  the  equation  may  be  trans- 
formed into  one  for  determining  a  the  third 
term  of  the  feries^  and  by  proceeding  in  the  fame 
manner  you  may  determine  as  many  terms  of  the 
feries  as  you  pleafe;  finding  ;c.=:  Af  +  hf-^* 
+  Cy»  +  *''  +  Dy^y  gfc.  where  the  dimen- 
fions  of  jr  aicehd  or  defcend  according  as  r 
is  pofitive  or  negative ;  and  always,  <^  in  ariib* 
metical  progreffion,  that  this  value  of  x  being 
fubftituted  for  it  in  the  propofed  equation,  the 
terms  involving jr  and  its  powers  may  fall  in  with 
one  another,  fo  that  more  than  one  may  always 
involve  the  fame  dimenfion  of  jr,  which  may  mu- 
tually deflroy  each  other  and  make  the  whole 
equation  vanifli,  as  it  ought  to  do/* 

It 
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It  is  obvious  that  as  th^  disnenGons  ot  y  in 
A)'  +  i/"*"'  +  Cy"*"  -^  Dy'*''',  Sec.  are  in  an 
ariliimetical  progreffion  whofe  diffeience  is  r, 
the  fquare,  cube,  or  any  power  i  of  Ay"  + 
5y  +  '  +  C)*+»'  +  Dy  +  3'  +  fs"*-.  will  confifl  of 
terms  «ljercin  the  ditnenfions  of  j  will  conftitutc 
ati  ariihmciica!  progrcflion  having  the  fame  com- 
mon difference  r;  for  thefs  dimcnfions  will  be 
iff,  jB  +  r,  sn  +  zr,  sn  +  ^r,  &c.  Therefore, 
if  in  any  term  Eyx'  you  fubftitute  for  x  the 
ferics^^"  +  By'*'  +  Cj"  +  "  +  D>'+>',  &c. 
the  terms  of  the  ferics  exprefling  Ey'x'  will 
cOnfift  of  thefc  dimenGons  of _)>,  viz.  m  4  stt, 
»  +  j»  +r,  ffl  +  j«  +  2r,  M  +  jff  +  JJ-,  &c.  and 
by  a  like  fubflitution  in  any  other  term  as  Fy  'x*t 
the  dimcnfions  of_y  will  be  r  +  nk,  e  +  ni  -h  r, 
e  +  Hi  +  ar,  f  +  «(■  +  3r,  &c.  The  former  fe- 
ries  of  indices  mud  coincide  with  the  latter  ferics, 
that  the  terms  in  which  they  are  found  may  be 
compared  together,  and  be  found  equal  with 
oppofiie  ligns  fo  as  to  deftroy  one  another,  and 
make  the  whole  equation  vanifh. 

The  firft  feries  conGfts  of  terms  arifing  by 
adding  fome  multiple  of  r  10  j»r  +  j»,  the  latter 
by  adding  Ibme  multiple  of  r  to  /  +  nk;  and  that 
thefc  may  coincide,  fome  multiple  of  r  added 
to  jw  +  jw  muft  be  equal  to  fome  other  multiple 
of  r  added  toe  +  nk.  From  which  it  appears 
that  the  diSereoce  of  n  +  ja  and  ^  +  «ji  is  always 
S  a  mul- 
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a  midcijpk  of  r  ;*  and  conlcqueady  that  r  is  a 
divifor  of  the  difference  of  dunenfions  of  j  in 
the  terms  Efx*  and  Fyx^^  fuppofing  x  ^  AjT* 
It  follows  therefore  ^^  that  r  is  a  common  divifor 
of  the  differences  of  the  dimenfions  of  j  in  the 
terms  of  the  equation^  when  jrou  have  liibfli- 

cuted  Af  for  X  in  all  the  terms.  **  And  if  r  be 
aflumed  equal  to  the  greauft  common  divifor 
(excepting  fome  cafes  afferwsuxl  to  be  mentioned) 
you  will  have  the  true  form  of  a  feries  for  x. 
And  now  the  dinnenfions  j^",  j'"*'%  J*^^t 
j»  +  3*-  jjr^^  being  known^  there  remains  only^ 
by  calculation,  to  determine  the  general  co- 
efficients A^  B^  Cy  D,  &c.  in  order  to  find 
the  feries  Af  +  5/+"  +  Cy"^^'  +  P/  +  3r  ^ 

&c.   tz  X. 

§  109.  This  leads  us  to  Sir  Jfaac  Newton's 
Jecond  general  method  of  feries  \  which  confift| 
in  afluming  a  feries  with  undetermined  coeffici- 
ents expreffing  a-,  as  ^y"  +  5/"^ ''  +  Cy*  +  ^^  + 
&c.  where  A^  5,  C,  &c.  are  fuppofed  as  ycc 
unknown,  but  n  and  r  are  difcovered  by  what  we 
have  already  demonftratedj  and  lubftituting  this 
every  where  for  Xy  you  muft  fuppofe,  in  the 
new  equation  that  arifes,  the  fum  of  all  the 
terms  that  involve  the  fame  dimenfions  of^  to 
vanifhi  by  which  means  you  will  obtain  panicu- 
lar  equations,  the  firfi  of  which  will  give  A^ 
ihtjewid  By  the  third  Cy  &c.  and  thefe  values 

being 
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being  fubfBtuced  in  the  aflumed  fcries  for  A^ 
B,  C,  Sec.  the  ferics  for  x  will  be  obtained  as 
£ir  u  70U  pleafe. 

Lee  us  apply,  for  example^  this  method  to 
the  equation  (of^  98.)  «'  +  a'x  —  ia*  +  ayx  — j' 
=  o.  Suppoie  it  is  required  to  find  a  feties  con- 
verging the  fctoncr  the  fefs  y  is :  its  firft  term 
(by  %  ^^  or  102.)  is  found  to  be  d,  fo  that  n 
=z  O.  Subftitute  a  for  x  in  the  equation,  2nd 
the  terms  become  a'  +  a*  —  2«'  +  «'jr  _  j',  and 
the  differences  of  the  indices  are  o>  i>  2,  3; 
whofe  greatefl  comnfion  mcafure  is  i,  fo  that  r 
=  I.  Affume  therefore  x  =  A  +  By  -t-  Cy* 
+  D^t  Sec.  aad  fuUtitute  this  ferics  for  x  in  the 
equation.    Then 

*'  =  ^  +  sA^By  +  sASy  +    B^'    +  i^e. 

+  zA'Cy*  +  3^Dy^  +  (fc, 

+  6^50'  +  6ff. 

+  a'*  =  a*^  +  a'By  +  «'Cy*  +  a*Dy^  .+ (^c 

+  ayx  =  aAjf  +   aBy*    +    aC>'     +  ^f- 

-  /  = -  I  X  ;»'. 

Now  fincc  *'  +  a'x  +  a;x  —  2a'  —^  =  o,  it 
follows  that  the  fum  of  thcfc  ferics  involving  y 
muft  vanilh.  But  that  cannot  be  if  the  coef- 
ficient of  every  particular  term  does  not  vanifh. 
For  every  term  where  y  is  infinitely  little,  is  in- 
finitely greater  than  the  following  terms,  fo  that 
S  2  if 
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if  every  term  does  not  vanilh  of  itfdf^  the  ad- 
^tion  or  fubtradion  of  the  fi>Uowuig  terms 
which  are  infinitely  lels  than  it^  Or  of  the  prb- 
ceding  terms  which  are  infinitely  greater^  can- 
not deftroy  it  i  and  therefore  the  whole  cannot 
▼aniih.  It  appears  therefore  that  Jt  +  a*if  — 
fttf '  rr  o»  is  an  cquadon  for  determining  A^  and 
gives  A^a. 

In  order  to  determine  B^  you  mufl:  fuppofe 
the  fom  of  the  coefficients  afi^fting  jr  to  vaniihy 
viz.  3A*B  +  tf*^  +  aA  x  jr  =  o,  or,  fince  A 

s:  ^  40l^By  +  « >  =  o,  and  5  =  —  —• 

4 
To  determine  C,  in  the  fame  manner  fuppole 
3AB*y*  +  3^Cy*  +  a*€y*  +  aBy^  =  o,  or, 
fubftituting  for  A  and  JB  their  values  already 

found,  ^^  +  4^*0*  ^  ^  =  Oj  ^d  conle- 
quently  C  =  g — .  And,  by  proceeding  in  the 
fame  manner,  D  =  z^^^9  fo  thit  ^  =  ^i  —  j j 


'   .»    .     '3» 


.   ^     y*  +  — ^j»  &c.  as  we  found  before 

in  §  99. 

§  I  ic^  By  this  method  you  may  transfer  feries 
fi-oni  one  undeter:iiined  quantity  to  another,  and 
obtain  Theorems  for  the  rcverjion  of  feries. 

Suppofe  that  x  zz  ay  +  ty*  +  cy^  +  ^*  +  ^c. 
and  it  is  required  to  exprefs  ^  by  a  feries  con- 
fining of  the  powers  of  x.     It  is  obvious  that 

when 


Chap.  io.       ALGEBRA.  ^63 

when  X  is  very  little,  y  is  alfo  very  Jittle,  and 
that  in  order  to  determine  the  firft  term  of  the 
feries,  you  need  only  alTume  *  =  ay.    And  thete- 

fore^  =:— i  fo  that  »  =  i.  By  fubftitucing — 
for  jf,  you  find  the  dimenfions  of  x  in  the  terms 
will  be  I,  2,  3,  4,  feff.  fo  that  r  =  i  alfo. 
You  may  ihfiefore  aflume  y  =  Ax  +  Bx*  + 
Or*  +  D**  +  ^f.  And  by  the  fubftitution  of 
this  value  oiy  you  will  find 

ay  =  aAx  +  aS**   +    aCx*     +  Off. 
if  =  b/tx''  +  ^bABx"  +  Gff. 

cf*  =  eA*x^   +  fcff. 

But  the  firft  term  being  already  found  to  I 
— ,  you  have  ^  =  — ;  and  flnce  aB  +  hA*  =  o, 

it  follows  that  B  — 7.     After  the  fame 

manner  you  will  find  C  =  — -j — .    Whenoe 


-«'  +  ^c. 


•^      ~  ~  ?         ' 

%  III.  Suppofe  again  you  have  ax  +  ^**  + 
cx^  +  </**  +  y*-.  —  gy  -^  bf  +  rf'  -^  iy''  We,  to 
find  Jf  in  terms  oi  y.  You  will  cafily  fee,  by 
§  io3»  that  the  firft  term  of  the  feries  for  ?r 

is  — ,  that  »  =  I,  r  =  1.    Therefore  aflume 

X  =  /fi>  +  By*  +  Qf^  tff.  and  by  fubfVitucing 

S  3  this 
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this  value  for  x  and  bringing  all  the  terms  to  one 
fide^  you  win  have 

dx  =  a  Ay  +  aBy*  +    aCy*    +  G?f. 
3*«  =  ^^y  +  a^^Sy'  +  6?f, 

6?r.  tic. 


-//  = 


Gff. 


'^ 


fc?f. 


From  wheoce  we  fee,  firft,  th«c-  aA^g,  and 
^  =  ^.    a'.  That  aB  -^  bA*  -  h  =.  o,  and 

5  -  i  -  *^.    3«.  That  flC  +  oJ>AB  +  f/f »  - 1 


=  o,  and  therefore  C  = 


/  -^  2i//S  -.  f>/» 


And 


thus  the  three  firft  terms  of  the  feries  Ay  +  By^ 
+  Cy^  ^c.  arc  known*. 

§  1 12.  Before  we  conclude  it  remains  to  clear 
a  difficulty  in  this  method  that  has  embarrafled 
fome  late  ingenious  writers,  concerning  "  the 
value  of  r  to  be  aflumtd  when  two  or  mere  oi 
the  values  of  the  fiift  term  of  a  feries  for  ex- 
preffing  x  are  found  equal;"  a  correttion  of 
the  preceding  Rule  being  ncceflary  in  that  cale. 
And  the  author  of  that  corredtion  having  only 
coile£led  it  from  experience,   and  given  it  u^ 

^  See  Mr.  Dc  Moivn,  in  Piil.  Iranf.  &40. 

without 
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without  proo^  it  is  the  more  necellary  to'de- 
monftrate  it  here. 

It  is  to  be  oblcrved  then,  that  in  order  that  the 
&na4r+  By*'  +  Cy  +  "  +  Dy  +  y  +  fc?c. 
may  exprefs  x,  it  is  not  only  aeceflary  that  when 
it  is  fubftimted  for  x  in  the  propofed  equation 
Dy'  +  Ey'x'  +  Fyx^  =:  o,  the  indices  m  +  ns, 
j»  +  »j  +  r,  m  +  »j  +  2r,  &c.  fhould  fall  in 
with  the  indices  f+nk,e  +  Hk  +  r,e  +  nk  +  ar, 
&c.  in  order  that  the  terms  may  be  compared 
together  to  determine  the  coefficients  A,  B,  C, 
&c.  but  it  is  alfo  necellary,  that  in  the  particular 
equations  for  determining  any  of  thofe  coeffi- 
cients>  as  B  for  example,  ihofe  terms  that  in. 
volve  5  Oioutd  not  deftroy  each  other.  Thus 
the  equation  j^B  —  3^S  —aA  =  o  can  never 
determine  5,  becaufe  ^A^B  —  ^A^B  =  o,  and 
thus  B  exterminates  itfclf  out  of  the  equationj 
bcfidcs  the  conctadiftion  arifing  from  ~  A  =:  o, 
when  A  perhaps  has  been  determined  already  to 
be  equal  to  fome  real  qua.ntity. 

In  order  to  know  how  to  evjte  this  abfurdity, 
let  us  fuppofe  that  the  firft  order  of  terms  in  the 
propofed  equation  are,  as  before,  Dj',  Eyx., 
&c,  and  if  Af'  is  found  to  be  the  firft  term  of  a 
fcries  for  *,  then  the  dimcnfions  of  jr  in  the  firft 
order  of  terms,  arifing  by  fubftituting  in  them 
Ay  for  X,  will  be  »»  +  »j,  and  the  dimcnfions 
of^  arifing  by  fubftltuting  Ay'  +  By'  +  '  + 
S  4  Cy 
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Cy»  +  *i'  &c.  for  K  will  b€  i»  +  M,  M  +  M  4.  r^ 
M  +  «x  +  2rj  &c.  Suppofe  that  i^'^v*  is  the 
next  order  of  terais^  and,  by  the  iame  fubftitu- 
tion^  the  dimenfions  of  jr  arifing  from  it  will  be 

(becaufeJ5y'A?*=i5y  x4r+ JS[?»+'^+  Cy«+»^+  Csf^I^ 
=  i=V^+«*  +  *F5^*-«y +  •*  +  -  &c.)  ^  +  ir*, 
f  +  »*  +  r,  ^  +  »i  +  ar,  &c.  Now  it  is  plain, 
that  e  -^^  nk  nnufi:  coincide  with  fome  of  the  di- 
menfions M  4  /f /j  iffi  -f  »f  +  r.  Si  i-  iftf  -f  or, 
&c«  that  the  tcmis  involving  them  may  be  copi* 
pared  together.  Aqd  therefore,  as  we  oblcrvoi 
in  §  1083  r  muft  be  the  difference  of  ^  +  tik  and 
m  +  nsy  or  fome  divifor  of  that  difference.  In 
general y  r  muft  be  aflumed  fuch  a  divifor  of  that 
difference  as  may  allow  not  only  e  •{:  nk  xo 
coincide  with  fome  one  of  the  fcries  m  +  ns^ 
m  +  ;;j  +  r,  w  +  «J  +  2r,  &c.  but  as  may  make 
all  the  indices  of  the  other  orders  befides  e  +  nk 
likewife  to  coincide  with  one  of  that  feries: 
that  iS;i  if  Gyfx^  is  another  term  in  the  equa- 
tion, r  muft  befo  aflumed  that  the  feries/ +  nb^ 
f  •{-  hh  -{-  r,  f  +  nb  +  2r,  &c.  arifing  by  fub- 
ftituting  in  it  yiy"  +  j5j*  +  ''  +  Cy«  +  *''  &c.  for*', 
may  coincide  fomcwhcre  ^^ith  the  firft  feries 
m  +  ns,  m  -h  ns  A-  rj  m  +  ns  +  2r,  &c.  And 
therefore  we  faid,  in  §  108,  "  that  r  muft  be  at 
funned  fo  as  to  be  equal  to  fome  Common  divifor 
of  the  differences  of  the  indices  m  -|-  ns,  e  +  ni^ 
f  +  nbj  which  arife  in  the  propofcd  equation 

by 
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by  fubftitudng  in  it  for  x  the  firft  term  already 
known  Ay^^  For  by  afluming  r  equal  to  a  com- 
mon divifor  of  thefe  di^erepceSj  the  three  feries 

m  +  ns^m^ns  +  r^m  +  lu  +  ar, m -f  »x 4*  jr,  &c. 
r  +  »)t,  ^  +  »*  +  r,  ^  +  n^  +  2r,  ^  +  »t  +  jr,  &c. 

will  coincide  with  one  another^  fmce  fbme  mul- 
tiples off  added  torn  ^  ns  will  give  e  +  nk  and 
all  that  follow  it  in  the  /econd  feries,  and  fojne 
multiples  of  r  tidded  to  m  +  ;fx  will  alfo  give 
f  +  nb  and  all  that  foUow  it  in  the  Aird  feries. 
It  is  alfo  obvious^  that,  if  no  particular  reafbn 
hinder  it,  r  ought  to  be  afjlumed  equal  to  the 
greateft  common  meaiure  of  thefe  differences. 
For  example,  if  the  indices  m  •\r  ns^e  +  nk^ 
/  +  nh^  happen  to  be  in  arithmetical  progreflion, 
then  r  ought  to .  be  aflumed  equal  to  the  com- 
mon difference  of  the  terms,  and  the  firft  of 
the  fecond  feries  will  coincide  with  the  fecond  of 
the  firft,  and  the  firft  of  the  third  feries  will  coin- 
cide  with  the  fecond  of  the  fecond  feries,  and 
with  the  third  of  the  firft^  and  fo  on. 

§  1 1 3.  Thefe  things  being  well  underftood, 
we  are  next  to  obferve  that  after  you  have  fub- 
ftituted  i^«  +  J>y*+''  +  C>«+*''  &c.  for  x  in  the 
firft  order  of  terms  in  the  equation,  the  terms 
that  involve  m  -^r  ns  dimenfions  of  jr  will  deftroy 
one  another  ^  for  a?  —  Ay""  muft  be  a  divifor  of 

I  the 
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the  aggregate  of  thefe  terms,  fince  they  give 

^  as  one  value  of*x :  Ictx— -^  xpreprcfcnt 
that  aggregate,  and,  fubftituting  for  x  its  value 
Ay"  +  Br-^''  +  Cy«+»''  &c.  that  aggregate  be- 
comes  Ay  +  By-^^  +  cy»+»''  &c  —  ^«  x  P 
=  ^j>«+''  +  C)«+»''  &C,  X  P.    Now  the  loweft 

dimenfion  m  x  —  yiy"  x  P  was  fuppofcd  to  be 
m  +  nSf  whence  the  dimenfion  of  P,  in  the  iame 
terms,  will  be  w  +  w-—  if,  and  the  loweft  dimen« 

fian  in  Bj^-^''  +  Cy*-^^"  +  ^c.  x  P  will  be«  +  r 
+  w  +  »j  — »  =  w  + w+  r.  Supppfc  again  that 
two  values  of  x,  determined  from  the  firfl:  order 

of  terms,  are  equal,  and  then  x  —  yfy  t  will  be 
a  divilbr  of  that  aggregate  of  the  firft  order  of 
terms.  Suppofe  that  aggregate  nowx— ^«1*  x  P, 
which  by  fubftitution  of-^'«  +  5)'"+''+Cy"+*''&c* 

for  X  will  become  5)'«+'' +  C>"+*''  +  ^^.f  x  P^ 
in  which  the  loweft  term  will  now  be  of  w  +  ns 

dimenfions,  fince  in  x  —  y/>M  x  P  the  loweft 
term  is  fuppofed  of  m  +  ns  dimenfions ;  and 
confequently,  in  thefe  terms,  the  dimenfion  of 
P  itfelf  is  m  +  ns  —  2«. 


In  general f  if  the  number  of  values  of  at  fup- 
pofed equal  to  Jy"  be  />,  then  muft  x  —  /-jy"]^  be 
a  divifor  of  the  aggregate  of  the  terms  of  the  firft 
order.     And  that  aggregate  being  exprefled  by 

X  —  yfy""]^  X  P,  in  the  loweft  terms,  the  dimen- 
fions 
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fions  of  jr  in  P  will  be  n  -f-  hj  —  pn,  that  id 
X  —  AfY  tl»cy  ii^y  be  ffl  +  iH,  as  w€  always  fup- 
pofc.  Subftitutc  in  *—  Ay-^  x  P  for  «  —  Ay* 
its  value  By'-^'  +'  Cy^^  +  &?f.  and  in  the 
rcfult  By+'-h-  Cy'+*'-  +  (^c.^  x  i*  the  loweft 
dimcnfions  of^  will  bcpn  +  pr  +  m  +  tis  -^pm 
=  m  +  ns  +  pr,  ^ 

$  1.14.  From  what  has  been  faid  we  conclude 
that  when  you  have  fubftituted  for  *  in  the  firft 
order  of  terms  of  the  equation  propt^ed  the 
fcrics  Jy'  +  V>y* '  +  Cj-+"^  +  t?ir.  the  firft 
term  of  which  Jy'  is  known,  and  the  values  of 
X  whole  number  is  p  are  found  equal,  then  the 
tenns  arifuig  that  invslre  m  +  ni,  m  +  ns  +  r, 
«  +  w  +  ar,  &c.  till  you  eome  to  a  +  w  +  /r, ' 
wilt  deftroy  each  other  and  vanifh :  fo  that  the 
firft  term  with  which  the  terms  of  the  fccond'or- 
dcr  e  +  Mk  can  be  compared  mufl  be  that  which ' 
involves.*  +  ns  •*■  pr;  and  therefore  fuppofing' 

f  +  nt=:m  +aj  +  pr.orr  =  -—  — >  "  the 

higheft  value  you  can  give  r  muft  be  the  difference 
Df«  -f  nk  andff)  +  »j  divided  by^  the  number  of 
equal  values  of  the  firft  term  of  the  feries." 
If  [his  vidue  of  r  is  a  common  meafure  of  all 
the  differences  of  the  indices,  then  isitajuft 
value  of  r;  but  if  it  is  not,  fuch  a  value  ofr 
muft  be  aOtimed,  as  may  meafure  this  and  alt 
(he  diSerences }  that  isj.  "  fuch  a  value  as  may 
be 
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be  the  greateft  common  meafure  of  the  leaf^  dif- 
ference divided  by  p  (viz. ^ J  and 

of  the  common  iVjcafure  of  all  the  difFcrenccs." 
For  thus  the  indices  w  +  ns,m  -^  ns  +  r,  m  +  ns 
+  2r,  &c.  will  coincide  with  e  +  nk^e  +  nk  +  r^ 
e  +  nk  -^  lr^  &c.  and  with/+  nh^f  +  pb  +  r^ 
f+nb+  2r,&c.  and  youihall  always  havelenAs 
to  be  compared  together  fufficicnt  to  determine 
Bi  C,  D,  ice.  the  general  coefficients  of  the 
feries  afibmed  for  x. 

§  115.  To  all  this  it  may  be  added,  that  if 
X  —  yfy'  be  a  divifor  of 'the  aggregate  of  the 
terms  ofthc/econd  order  Fyx^^  Src.  then,  by  fub- 
ftituting  for  x  the  feries  yiy"  +  ify"+''  +  Cyfr 
+  £«f  r.  there  vanifh  not  only  as  many  terms  of  the 
feries  involvings  +  rtSytn  +  ns  +  r^m  +  ns  +  2r 
&c.  as  there  are  equal  values  of  the  firft  term 
yfy"i  but  the  terms  involving  tf  +  nk  dimenfions 
of  _y  vanifh  alfo  ;  and  therefore  it  is  then  only  ne- 
ceflary  that  ^  -f  »^  H-  r  coincide  with  m  -^  ns  +  pr, 
{o   that,    in    that    cafe,    you   need  only  take 

e  -{■  nk  -^  m  —  ns         .      ,  . t-d^""'  « 

f  :3 ,     And  if  ^  —  yfyT        be  a 

divifor  of  the  aggregate  of  the  fecond  order 
of  terms,  then  the  terms  (after  fubftituting  for 
X  the  feries  Jy"  +  By"-^""  -\-  Cy"+^''8cc.)  which  in- 
volve e  +  nk,e  -^  nk  +  r^  e  +  nk  •{•  2r,  &c. will  va- 
nifh to  the  term  e  +  nk  +  p'^i>^r;  fo  that, 

fup<« 
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fuppofing e  +  nk  +  p  -^  I  x  r  ^m  +  ns  +  pr, 
you  have  r  z=i  e  -¥  nk  ^  m  '^  ns^  that  is^  to  the 
leuft  diffc:rence  of  the  indices  m  +  ns^  e  ^  H^ 
f  +  nb^  &c.  provided  that  difference  be  a  mea« 
fure  of  the  other  ^differences ;  although  there 
may  be  as  many  values  of  the  firft  term  of  the 
leries  equal  as  there  are  units  in  p.  Or^  if  that 
does  not  happen,  r  muft  be  taken,  as  formerly, 
equal  to  the  greateft  common  meafure  of  the  dif- 
ferences. 


§  1 1 6.  Suppole  that  the  orders  of  terms  of 
the  equation   can    be    exprefl*ed    the  Jirft  by 

K  ->  Ay?  X  PT\he/etond  by  x  -  Ay^\^  x  \^  the 
third  by  X  —  Af\^  x  i,  &c.  and  fuppofe  that 
Ef^9^  is  one  of  the  firlt,  Ff:f  one  of  the  fecond, 

Gj^x^  one  of  the  third,  and  fo  on :  then  it  is 
plain  that,  fubftituting  for  x  the  feries  Ay"  + 
By^^^  +  Cf-^^icQ.  the  loweft  term  that  will 
remain  in  the  (irft  will  htm  +  ns^-pr  dimenfions 
of  jf,  the  loweft  term  that  will  remain  in  the  fc-^ 
cond  will  beof  f  +  nk  -^qr,  and  the  loweft  term 
remaining  in  the  third  off  -i-  nb  +  /r  dimenfions 
of  J.  For  by  the  fame  reafoniog  as  we  ufc^,  in- 
§  113,  todemonftrate  that,  in  the  firft  order  of 

terms  *—  /sty"]^  x  P,  the  loweft  dimenfions  of 
y  zrcm  i-  fts  ^  pr,  we  fliall  find  that,  in  the  fub- 
fcqurnt  orders,  the  loweft  dimenfions  ofy  in  the 

terms  x  -  Ay"\^  x  ^zz  /(y«+''+ Q"» •♦•»'•  &c.l^  x  ^ 

muft 
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mtjft  bee  +  nk  ^  jn  +  qn  +  qr^e  +  iA  +  ^f 
and  fo  of  the  other  terms  x  —  ^V  x  I.  the 
itweft  dimenfions  mufl:  be  /  +  iri&  +  /r.  The 
indices  therefore  of  the  terms  that  do  not  va* 
nifli  being 

♦  *  m  +  »  J  +  ^, 

♦  ♦♦♦*♦    f  +  nb  +  Ir, 

if  r  be  taken  equal  to 7-— —3  then  will  m 

•f  ;/j  +  pr  and  i  +  nk  +  qr  coincide :  and  if  at 

the  fame  time  r  be  a  divifor  off  +  nb  —m  ^ns, 
.  and  be  found  in  it  a  number  of  times  greater 

than  p  —  /,  or  if  r  be  lefs  than^ ~. ,then 

r  will  be  rightly  affumed.     In  general,  "  take  all 

the  quotients  — ,  • — — ,    and 

cither  the  kajl  of  thefe,  or  a  number  whofe 
denominator,  exceeding  p  —  q  by  an  integer, 
meafures  it  and  all  the  differences  f  -{-  nb  "^ 
m  —  »j,  gives  r  ;'*  fuppofing  />,  ^r,  and  /  inte- 
gers.    But  if  ^,  q^  and  /  are  fractions,  you  are  to 

"  take  r  fo  that  it  be  equal  to  — ^    "^   'Z     = 

I  .   M,i^>  5*"^  fo  that  K  and  M  may  be 

integers,"    Suppofe,  for  example,  w  +  ;7i  =  -, 

p  = 
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p  ^li  '  +  »*  =  p  ?  =  f i/+  »*  =  J,  and 
/  =  i:   then  putting  — .—  —  —  —  (r  s) 

=  g  +  V  •'f  *  whence  it  is  cafily  fcca  that  5 
and  II  are  the  leaft  integers  that  can  be  afiumed 
fiu*  K  and  M.    And  that  r  = s  =:  7  ;  and 

I  +  ii       o 
therefore  m  +  m  +pr  =  — ,^+  nk  +  qrzz  ^,  and 

/+»/&  +  /r  =  Y^.    That  is,  the  terms  of  die  firft 

feries  whofe  dimenCons'are  m  +  ns+  p  +  K  x  r, 

m  +  ns  +  p  +  Mx  r  fall  in  with  the  firft  terms 
of  the  iecond  and  third  feries  rcipcfti  vely  •. 


•  See  on  tUs  fubjea,  C«^.  Epift.  in  Animadv;  D. 
Mikffri.  Tm^kr  Mcth.  Incr.  Stirlmi  Ian.  iii.  Ord. 
I'Gravefindi  Append.  Elem.  AigjA)tH.  Stewart  on  Cht 
Qnadntnre  of  Corrct. 


CHAP. 
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C  HAP.    XI. 

Of  ths  rules  fok  FINDING  thx  NUBfC 
BER  OF  IMPOjSSIBLE  ROOTS  in  an  EQUA. 
TION. 

S  1 1?*  'npHE  number  of  impojfihle  roots  in 
JL     an  equation  may,  for  moft  par^ 
be  found  by  this 

RULE* 

^  fFrtte  down  a  Jeries  of  f rations  whoje  denomi- 

nators  are  the  numbers  in  this  progreffion  f, 

2y  3,  43  5,  &c.  continued  to  the  number  which 

exprejfes  the  dimenjion  of  the  equation.    Di^ 

vide  every  fraSion  in  the  Jeries  by  that  which 

ftecedes  it,  and  place  the  quotients  in  order  ever 

the  middle  terms  of  the  equation.    And  if  the 

'fquare  of  any  term  multiplied  into  thefraSlion 

that  Jlands  over  it  gives  a  produH  greater 

than  the  rellangle  of  the  two  adjacent  terms, 

write  under  the  term  tbejign  +,  but  ifthatpro^ 

duS  is  not  greater  than  the  reliangle,  write  —  1 

and  thefigns  under  the  extreme  terms  being  +, 

thsre  will  be  as  many  imaginary  roots  as  there 

are  changes  of  the  ftgns  fronwhr  to  — ,  and  f rem 

^to+:' 

Thus 
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Thus,  the  given  equation  being  x'^  +  px^  + 
2p^x  —  y  =  o,  I  divide  the  fecond  fraftion  of 

c«w  iwwv-    ,   -,    -,  by  the  firfr,  and  the  third 

1       3L        3  ' 

II 

by  the  fecond,  and  place  the  quotients  -  and  - 

3         3 

over  the  middle  terms  in  this  manner  -, 

II 

T  T 

x^  +  px"-  +  3/>V  —  y  =  o. 

+        -  +        + 

Then  becaufe  the  fquare  of  the  fecond  term 
multiplied  into  the  frad;ion  that  (lands  over  ir, 

that  is,  -  X  />*;c*,  is  lefs  than  3/>*^  the  rcftangle 
3 

under  the  iirfl  and  third  terms,  I  place  under 
the  fecond  terpi  the  fign  — :  but  as  -  x  ^p^x^ 

(=z  3p*x*)  the  fquare  of  the  third  term  multi- 
plied into  its  fraction  is  greater  than  notbingi  and 
confequently  much  greater  than  —  pqx""  the  ne- 
gative product  of  the  adjoining  terms,  I  write 
under  the  third  term  the  fign  +.  I  write  + 
likewife  under  ar'  and  — -  q  the  firft  and  laft 
terms,  and  finding  in  the  figns  thus  marked  two 
changes,  one  from  4.  to  — ,  and  another  from  — 
to  +,  1  conclude  the  equation  has  two  impoflTi- 
ble  roots, 

In  like  manner  the  equation  a:^  —  4^1^*  +  4Ar  — 

6  =  0  has  two  impofl^ble  roots ; 

^      I  ■         t 

T  T 

x'^  —  ^x^  +  4^  —  6  r:  0 ) 
•f  4-  -         + 

T  and 
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and  the  equation  x*  *  —  6*'  —  3*  —  2  =  O  the 
fame  number 


**  *  —  6j:'  —  ^j;  —  2  =  o. 
+  +        +         —      + 

For  the  feries  of  fraftio/is  -,   -,   -,   -  vidds, 
I     a'    3'    4  J        ' 

by  dividing  them  as  the  Rule  dircftj,  the  frac- 
tions %  -,  I  to  be  placed  over  the  terms.    Their 

the  fquarc  of  the  fecond  term,  which  is  ncth'sHg, 
mukipHed  by  the  fraftion  over  it  being  lliU 
nothing,  and  yet  greaier  than  —  6.v'  the  negative 
produft  of  the  adjacent  terms,  I  write  under  (•) 
the  term  that  is  wanting,  the  fign  -f ,  and  pro- 
ceeding as  in  the  former  examples,  I  conclude, 
from  the  two  changes  that  happen  in  the  feries 
+  +  +  —  +,  that  the  equation  has  two  of  its 
ropts  impoffible. 

The  fanae  way  we  difcover  two  impoffible 
roots  in  the  equation 

'   i      i       i      i  , 


When  two  or  more  terms  are  wanting  in  the 
equation,  under  the  firft  of  fuch  terms  place  the 
Ggn  — ,  under  the  fecond  +,  under  the  third 
— t  and  fo  on  alternately,  only  when  the  two 
terms  to  the  right  and  left  of  the  deficient  terms 
have 
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have  contrary  figns^  you  are  always  to  write  the 

fign  +  under  the  laft  deficient  term. 
As  in  the  equations 

+       +-  +  -.+ 

x^  -f  ax^  *   *  ♦  —  a^  =  o 

+        +    -  +   +       + 

the  firft  of  which  hzs  four  impofliblc  roots,  and 
•the  other  two.      Thus  likcwifc  the  equation 

3  f  S  3        f        1 

T  T  T  T     V     T 

^^  —  a;c*  +  3x»  —  a^  +  ^f**  :|c  — 3  =  0 
+        -         +         -+-+      + 

has^jf  impoflible  roots. 

Hence  too  we  may  difcover  if  the  imaginary 
roots  lie  hid  among  the  affirmative,  or  among 
the  negative  roots.  For  the  figns  of  the  terms 
which  ftand  over  the  figns  below  that  change 
from  +  to  —  and  —  to  +,  Ihcw,  by  the  num- 
ber of  their  variations,  how  many  of  the  impof- 
fible  roots  are  to  be  reckoned  affirmative  -,  and 
that  there  are  as  many  negative  imaginary  roots 
as  there  are  repetitions  of  the  fame  fign.  As  in 
the  equation 

« 

x^  —  43c*  +  4jjf'  — *  ax""  —  5X  —  4  =  0 
+        +         -         +         +      + 

the  figns  (-—  +  —  )  of  the  terms  —  4X^  +  4x^ 
—  2X*  which  ftand  over  the  figns  +  —  +  point- 

T  2  in^ 


i 
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ing  out  two  affirmaEive  roots*,  wc  infer  that 
two  impofiible  roo:s  lie  among  the  affirmative: 
and  (iie  three  changes  of  the  figns  in  the  equa- 

rton  (-f  —  + )  giving  three  affirmative 

roois  and  two  negailvc,  the  five  roots  will  be 
line  real  affirmative,  two  negative,  and  two  ima- 
ginary affirmatives.     If  the  equation  had  been 

K*  — '4J**  —  4-v'  —  a.v'  —  5;^  —  4  =  o, 
+  +         --+        + 

the  terms  —  4X*  —  4*'  that  (land  over  the  firft 
variation  +  — ,  (hew,  by  ilie  repetition  of  the 
Ilgn  — ,  that  one  imaginary  root  is  to  be  reck- 
oned negative,  and  the  terms  —  ix^  —  5*  that 

ftand  over  the  laft  variation ^,  give,  for  the 

■fame  reafon,  another  negative  impofiible  root ; 

fo  that  the  figns  of  the  equation  (  +  — ) 

giving  one  affirmative  root,  we  conclude  that  of 
the  four  negative  roots,  two  are  imaginary. 

"  This  always  holds  good,  iinltf^.v/hich  fome- 
times  m.iy  happen,  there  are  more  impofiible 
roots  in  the  equation  than  are  dilcovcrablc  by 
the  Rule." 

^his  Rule  h'ath  been  invejltgated  by/dversl  emi~ 
ftent  Maihematicians  in  various  ■a:ays ;  crd  others, 
fimilar  to  it,  invented  and  fubliped^.     But  the 

*  See^  19.  ' 

■^  Sm  Stirlin^'i  Lioea  ilj,  Ord.  Nenua.  p.  59.  fbU. 
Trot/.  N".  394,  404,  408, 

erigiKMl 


I 
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original  Rule  beings  on  account  of  its  fsmpHcity 
mdemfy  applicatiow,  if  not -preftrable  to  all  others y. 
atleaft  the  fittefl  for  this  placCy  it  is  Jufficient  /* 
^eB  the  Bjtader  where  be  may  find  the  JubjeEl 
mere  fully  treatsd;  and  to  add  the  demenftralicn 
our  Atttbor  has  given  ef  it  towards  the  end  ef  his 
Letttr  to  Mr.  Folkes,  Phil.  Tranfi  N"  408,  as 
it  depends  only  on  what  has  been  deinenftrated  in' 
Chap.  5.  concerning  the  limits  of  the  roots  efejua- 
thns. 

§  118,  Let  iTx'  ±  px  +  q  =  o  be  any  adfcAed 
quadratic  equation;  and,  by  §  88,  Part  I.  its 


roots  will  be  —  X  +^±  ^/p*  +  4tfj."  whence  it 
is  plain  that,  the  Ugh  of;  in  the  given  equacioit 
being  +,  the  roots  will  be  impoflible  as  of t  as 
■  4jy  is  greater  than  p\  or  ip'  lefs  than  a  x  q. 

§  119.  It  was  (hewn,  in  general  (^  45  . . . .  50) 
that  the  roots  ef  tbt  equation  x'  —  Jx"—'  + 
£*"— '  —  Cx'—i  &c..  =  o,  art  the  limits  of  the 
roots  ef  the  equation  «*■  —  ■  —  jb—  i  x  Ax'—^  + 
n —  IX  Bx—i  &c.  =  o,  or  of  any  equation  that 
is  deduced  frcm  it  by  multiplying  its  terms  by  any 
arilbmetical  pregreffion  I  if  d,  I  ^  2d,  I  zp  3^, 
Sec.  and  converfely  the  roots  of  this  new  equation 
will  be  the  liciiiis  of  the  roots  ef  the  propo/ed  equa- 
tion *"  —  Ax—^  +  fljf- »  &c.'  =  o. 

And  that  if  ajy  roots  ef  the  equation  of  the 
limits  are  impoffible,  there  muft  be  fame  reels  of  the 
fropofed  equation  impoffihU. 

T  3  §  lao. 


'^  lao.  Let  ^'  — . ^*  +  J*  —  C 2=  o b? « 
cubic  equation^  and  the  equaitpn  0f  Wmis 
3^^—  a^i^  -f  £  =  o.  If  the  two  roots  of  this 
laft  are  imaginary^  there  are  two  imaginary  roots 
of  the  given  equation  x^  —  Ax^  4-  fi;r  —  C  =  Oiy 
by  the  laft  An.  But^  by  the  preceding  Art. 
this  happens  as  oft  as  4-  ^  is  kfs  than  Bi  anctsL 
in  that  cafej  the  given  equation  has  two  imagi- 
nary roots.  \         , 

Again^  multiplying  the  terms  of  the  equation 
by  the  terms  of  the  progreQion,  o^  —  i^  -r-  2, 
*^  3>  y^c  get  another  equation  of  the  limiis  A^ 
•~  ^Bx  +  3C  =  O;  whofe  two  roots,  and  con- 
fequently  two  roots  of  the  given  equation,  are 
imaginary  when  ^  fi*  is  lefs  than  A  x  C 

Hence  likewife  the  biquadratic  sd^  —  Ax^  + 
Bx^  —  Cat  +  D  =  o,  will  have  two  imaginary 
roots,  if  two  roots  of  the  equation  4^'  —  sAx* 
+  2BiC  —  C  =  o  be  imaginary ;  or  if  two  roots 
of  the  equation  Ax^  —  zBx'  +  jCv  —  4D  =  o 
be  imaginary.  But  two  roots  of  the  equation 
4v'  —  3  /ix''  +  2  5;v  —  C  =  o  muft  be  imagi- 
nary,  when  two  roots  of  the  quadratic  6;v*  — - 
^Ax  +  5  =  c,  or  of  the  quadratic  ^Ax^  —  ^.Bx 
,f.  3C  =  c,  nre  imaginary,  bccaufe  the  roots  of 
thcfe  quadratic  equations  are  the  limits  of  the 
roots  of  that  cubic;  and  for  the  fame  reafbn 
two  roots  of  the  cubic  equation  Ax^  —  2£x*  + 
30—42)  =  o  muft  be  imaginary^  when  the 
roots  of  the  quadratic  ^Ax^  — -  ^Bx  +  3C  :?c  o> 

or 
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or  of  the  quadratic  Bx*  —  ^Cx  +  6D  =:  o  arc 
impoflible.  Therefore  two  roots  of  the  biqua- 
dratic k^  —  y/x'  +  J5x*  —  Cv  +  D  =  o  miift  be 
imaginary  when  the  roots  of  any  one  of  thefc 
three  quadratic  equations  6x*  —  3Ax  -^  B  ^  o, 
3-^;c*  —  4Bx  +  3C  =  o,  Bx^  —  ^Cx  +  6D  =  0 
become  imaginary;  that  is,  vvhen  ^yi^  is  lefs 
than  B,  ^5*  Icfs  than  ^C,  or  j.  C*  lefs  than  flD. 

§  rai.  By  proceeding  in  the  fame  manner, 
you  may  deduce  from  any  equation  x"  —  yfx"--^ 
+  £x»-»  —  Cx«-3  &c.  =  o,  as  many  quadratic 
equations  as  there  are  terms  excepting  the  firft 
and  laft,  whofe  roots  muft  be  all  real  quantities^ 
if  the  propofed  equation  has  no  imaginary  roots. 
The  quadratic  deduced  from  the  three  firft  terms 
x*  —  /fe«— »  +  5x«— »  will  manifeftly  have  this 

form,  n  x»  —  i  xn^2  ^  n  ^  3  ^c%  x  x*  — 
n  ^  I  x»  — 2X»-.3X7f  —  4  &c.  ><  Ax  + 
»  —  2  x»  —  3X»  —  4X  »  —  5  &c  X  B  zz  o, 
continuing  the  faftors  in  each  till  you  h^ve  as 
many  as  there  are  units  in  »  —  2.  Then  divid- 
ing the  equation  by  aH  the  fadors  »  —  a/»  —  3, 
»  —  4,  &c.  ii^hich  are  found  in  each  coefficient, 

the  equation  will  become  n  x  n  —  i  x  .v*  — 
»  —  I  X  aAx  +  2  X  I  xJ?  =  o,  whofe  roots  will 
be  imaginary,  by  §  118,  when  n  x  »  —  i  x  2  x 

45  exceeds  n  -^  i\  *  x  4^*,  or  vi'hen  J5  exceeds 

ft  «■-  f 

-7 — A*  I  fo  that  the  propofed  equation  mud 

T  4  hnve 
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have  fome  imaginary  roots  when  B  exceeds 
■ A''.  The  quadratic  tquation  deduced  in  the 

fame  manner  from  tlie  three  firll  terms  of  ihe 
equation  /;!*■"—>  —  iBir—-  +  jOc'-J  Sto.  =  o, 
will  have  this  form,  n— v*n  —  iK.n  —3  &c. 
X  Ax*  -  n  —2  X  >r^  X  n  —  4  &c.  x  zBx  + 
n  —  3  X  n  —  4  X  H  —  s  &c.  X  3C  =  o,  which 
dividing  by  the  faftors  common  to  all  the  terms, 
is  reduced  to  ;/  —  i  x  a  —  2  x  ^^v*  —  «  —  2  x 
/^x  +  60  —  0,  whofe  roots  mull:  be  imaginary  . 

when-  X  -^-  x  B'is  lefsthany^C;  and  there- 

3      "-  >    . 
fore  in  that  cafe  fome  roots  of  the  propolcj 
equation  muft  be  imaginary. 

§  122-  In  general,  let  D^f  — '  +  '  —Ex' — ■"  + 
p^—r—z  be  any  three  terms  of  the  equation, 
;v"  —  Ax"—'  +  Sjt^^  &q.  —  Q,  ihat  immediately 
follow  one  another;  multiply  the  terms  of  this 
equation  firft  by  the  progrcfiion  »,  n —  i,  »._  a, 
&c.  then  by  the  progreffion  »  —  1 ,  »  —  2,  »  —  3, 
&c.  then  by  a  —  2,  «  —  3,  »  —  4,  &c.  uU  you  ' 
havfe  multiplied  by  as  many  progrcflions  as  there 
arc  units  in  «  —  r  —  1 :  then  multiply  the  terms 
(if  the  equation  that  arifes,  as  often  by  the  pro- 
greflion  o,  l,  2,  3,  ^c.  as  there  are  units  in 
r  'F"  I,  and  you  will  at  length  arrive  at  a  qua- 
dratic of  this  form ; 


I 


p— r+  1  x«:— r  X  K  —  r —  i  X  n^r — 2&C, 

X  r  —  l  X  r— J  X  r— 3  x  r  — 4 &c.  x  Dr' 

1  — 
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^^^^^^^^t^K^^m  ^H^Mi^MMi^HHi^HH^BBV  ■■■^■■■^■■^■■■■■■■M  AVi^Bl^^^l^^MBWHH^BB^i^ 

—  «  —  rxir  —  r— 1  x«  —  r  —  2X»  —  r  —  3  &c. 
X  r  X  r  —  r  x  r  —  2  x  r  —  7  &c.  x  £y  4. 
»i-r— I  x»— r  —  2  x^n  —  r— 3  x»  — r  — 4 
&c.  X  r+  I  X  r  X  r  —  I  x  r  —  2 &c.  x  F  =  o : 
and  dividing  by  the  faftors ;fv—  r  ~ i,»  —  r  —  2, 
tfr.  and  r  —  1,  r  —  2^  tfr.  which  are  found  in 
each  coefficient,  this  equation  will  be  reduced  to 

«  — r+  I  X  »  — r  X  2  X  I  X  D^*  —  »  —  r  'x  2  x  r 

X  2£;^+  2  X  I  X  r  +  I  X  rF=:o,whofe  roots  muft 

be  imaginary,  by  §  1 18,  when^^T+T  ^  ^Ti  ^  ^* 
IS  lefs  than  DF.  From  which  it  is  manifeft,  that 
if  you  divide  each  term  of  this  feries  of  fradlions 
n     «  — I     »  — 2     «  — 3    «      »-^>-  +  i     ^  — r 

by  that  which  precedes  it,  and  place  the  quo- 
tients above  the  terms  of  the  equation  x"  — 
yfv^J  4.  JJx«— * —  Of»— 3  &c.=o,,beginningwith 
the  fccond :  then  if  the  fquare  of  any  rerlti  mul- 
tiplied by  the  fraftion  over  it  be  found  lefs  than 
the  produft  of  the  adjacent  terms,  fome  of  the 
^oots  of  that  equation  muft  be  imaginary  quan* 
tities. 

§  123.  An  equation  may  have  impofllble  roots 
although  none  are  difcovcrcd  bv  the  Rule  :  be- 
cauie,  "  though  feal  roots  in  the  given  equation 
always  give  real  roots  ^in  the  equation  of  limits  -, 
yet  it  does  not  follow,  converjely^  that  when  the 
roots  of  the  equation  of-  limits  are  real,  thofe 

of 
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erf*  the  equation  from  which  it  is  produced  muft 
be  fych  likicwKc.    Thu$  the  ^u, 

—    f  J  +  aqm  >  X  ;c  - 

+   »  j 


q  X  «*  +  ^  =  O,* 


has  two  of  its  roots  imaginaryj  m  +^  —^n^ 
m  — \/ — n,  the  third  being'  +  q:  and  yet  in 
the  equation  of  Umtts  ^x^  —  4m  +  oJq  ^  x  + 

«i*  +  2qm  +  m  =  o,  ifm  — j1*  exceeds  3*,  the 
roots  of  the  equation  of  limits  will  be  real.     Or 

if  the  other  equation  of  limits  aw  +  y  x  x*  — 

^  X  f»*  +  2qm  +  n  X  X  -h  2q  >^  fn^  -i-  n  :=z  o 
is  found  by  multiplying  by  the  progreflion  o, 
—  I,  —  2,  —  3  ;  it  will  have  its  roots  real  as  oft 

as  m*  +  2qm  +  n\  exceeds  2»f  +  9  x  3^  x  i»*  +  ir. 
And  the  like  may  be  Ihcwn  of  higher  equa- 
tions. 

§  124.  The  rcafon  why  this  Rule,  and  per- 
haps every  other  that  depends  on  the  compari-. 
fon  of  the  fquare  of  a  term  with  the  reftangles 
of  the  terms  on  either  fide  of  it,  muft  fome- 
timcs  fail  to  difcover  the  impoffible  roots,  may 
appear  Itkewife  fronn  this  confideration  :  that  the 
number  of  fuch  romparifons  being  always  left 
by  unit  than  the  number  of  the  quantities  q, 
m,  n,  &c.  in  the  general  equation  ;  they  cannot 
include  and  fix  the  relations  of  thefe  quantities^ 

I  on 
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on  which  the  ratio  o( greater  or  lejfer  inequality 
of  the  fquares  aqd  redangles  depends ;  no  more 
than  equations  fewer  in  number  than  the  quan- 
tities fought  can  furnilh  a  determinate  folution 
of  a  probkm. 


:c: 


CHAP.     XII. 

Containing,  A    GENERAL   DEMONSTRA- 
TION OF   Sir  ISAAC  NEWTON's  RULE 

FOR   FINpiNG   THE   SUMS    OF     THE    POWERS 

oE  THE  ROOTS  OF  AN  EQUATION  ♦• 


ET  the  equation  be^c  —  a  x  x  —  i  x 


u^ 


X —  f  X  * — 4  X  &c.  =  o,  or, 

...  —  ;*'  + x*'—i>  +  iif      j-°* 

It  is  known  that  if=tf+^  +  f  +  i+  &c. 
B  =  ab  +  ac  i-  ad  +  he  -{-  iJ  +  ed  +  &c. 
C  zz  ate  +  ahd  +  bed  +  &c.  D  =  abed  +  &c. 
the  *parts  or  terms  of  the  coefficients  //,  j5,  C, 
P,  &c.  being  of  i,  2,  3,  4,  (^c.  dimenftonsi 
that  is,  containing  as  many  roots  or  faHors  as 

there  are  terms  of  the  equation  preceding  |hem, 
rcfpeftivcly. 

•  See  Jritb.  Unrverf,  pag.  157,     And  Cbaf.  II.  $  15— 17, 
of  this  Fart. 

CASE 


and 

•}  =  "■ 

•)=o. 
■}=o. 
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CASE    I. 
be  an  index  equal  to  n,  or  greater  xbsti 
h,  II         multiplying  the  equaiion  by 
i  uting   iiiLi.  a,  k,  c 

you       lain 

.       ~  La'-"^'  +  Ma'-' 

:y-'+'  +  Mb"" 

-'  +,B/— —  C/- 

...-  <"'+■  +  Mc'-' 
&c. 
Whence,  by  tranfpofition  and  addicion,  this 
Theorem  refulrs,  that,  in  this  cafe,  "  the  funrj 
of  the  powers  of  the  roots,  of  the  exponent  r, 
is  equal  to  the  fum  of  their  powers  of  the  ex- 
ponent r —  I  multiplied  by  J,  minus  the  fum 
of  their  powers  of  the  exponent  r  —  2  multi- 
plied by  B,  +  the  Aim  ofihofe  of  the  exponent 
r  —  3  multiplied  by  C,  and  fo  on." 

It  remains  to  find  the  fums  of  the  powers  of 
ihe  roots^  when  the  exponents  are  left  than  « the 
exponent  of  the  equation. 

CASE      11. 

Iff'is  lefs  than  n,  and  // be  the  coefficient 
in  the  equarion,  of  the  dmen/iom  r ;   that  is,  if 
H  be  taken  fo  that  the  number  of  teims  preced- 
ing it  in  the  equation  be  equal  to  rj  or  the  num- 
bw 
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ber  oCfaSlors  in  its  pans  abcdefgb,  ahedefgi,  . 
&c.  equal  to  r,  then  the  Theorem  may  be  ex> 
preiTed  in  the  following  mannef . 

or  +3'  +  <'  +  <^  +  &c. 


=  < 


X  5  +   f 


^—3 


»'•— 3 


r 


xC 


+  &C. 

—r^H. 

The  cafe  when  r  =  »  —  i  is  eaGly  dpmon- 
ftrated;  for,  dividing  the  equation  by  x,  we 
have 


X 


m^^i 


a 


•;— I 


/Ix*'^    +  ^Jf**        •  •  •  • 

Whence 


L  +  —    =   O. 


i—i 


-  L  +  —  =0, 

a  ' 

A<r--'  +  5f— ' —  Z;  +  -  =  o. 


^'—  —  ^^— »  +   5^-1 


&C. 


&c. 
and  (bccaufe  Z.=i  —  +  -7-  +  —  +  -T  +  ^<^-) 

^  abed  ' 

we  (hall  have  tf"""'  +  ^'*-'  +  ^"-^  +  fif^-. 


>n— a 


+  &C.  J  -  &C. 


+  W  —    I    X  i. 


When 
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When  r  =  «  —  2,  the  demonftraiion  is  de- 
rived from  hence,  that  d'  +  ^'  +  f*  +  t^'  -r  (dc. 
=  A^  —  25  (pag.  142.)  as  follows. 

By  §  32.  tranifortn  the  given  equation,  viz. 

X"— ^*"-'  +  £y-* —  Cx"-' 7 

...  —  Ix'  +  Kx  —  Lx  +  M  S 

the  equation 

C  ,      -B   ^       J  1  \  =  °i 

•••-^^  +.T7=^-;w^  +  17         J 

the  roots  .,  g,  y,  J,   &c.  of  which  new  equa- 
tion fliall  be  refpefti^M:!/  equal  to  the  reciptx)- 

cais.-,   T,  y  J)  &c.   of   the    roots    of   the 
original  equation. 

Divide  now  the  original  equation  by  x*,  and 
in  the  quotient  fubftitute  for  x  the  roots  a,  t, 
c,  d,  &c.  fucceflivcly,  fo  fhall  you  have 


«■—  —  Aii—'  +  Ba— *  —  Ca--'  . 

■  = 

: /«  +  K—  -  +  -.     , 

a-'  —  Ab—'  +  Si--'  —  a-' . 

•  = 

••-«  +  'f-T  +  f 

<—  —  /fe— '  +  Bi"-'  —  G— '  . 

•  = 

...  —  /£   +   K—  -+   y. 

,  Add  all  thefe  equations  together,  and  for 
I  —  1  fubftitute  its  value  r,  and  itwill  be 
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+  &C.— •&€.     J  +   &C. 


•  • 


•&c. 


=0, 


But  by  the  principle  adduced  from  pag.  14I, 
**  +  i^  +  y*  +  &c.  =  -^  -  ^;     whcrcforr^ 

l^  multiplication  and  tranlpofition,  it  will  fol- 
low diat 


2X  — ^xL  + Afx 


Which  equation  being  fubtrafted  from  the  pre- 
ceding, there  remains 

+ &c.  —  &c. 


x7+rx/ir=:o.     Which  was 


to  be  proved. 

But  to  ftxew  it  univerjally^  we  may  ufe  the  fol- 
lowing Lemma : 

''  That 


I 


290  A    Treatise    ef        Part II. 

"  Thac  \i  A  is  the  coefficicnc  of  one  dimen- 
fion,  or  the  coefficient  of  the  lecond  term,  in 
an  equation,  G  any  other  coefficient,  //the  co- 
efficient next  after  it;  the  difference  ofihcdi- 
menfions  of  G  and  A  being  r  —  2  :  if  likewife 
A'  X  G'  reprcfent  the  fum  of  all  ihofe  terms  of 
the  produft  ^  x  G  in  which  the  fquarc  of  any 
root,  as  17%  or  ^',  or  <:%  &c.  is  found ;  then  will 
yl-  -^  G  -  AG—rW 

This  is  a  particular  cafe  of  Prop.  VI.  concern- 
ing the  impojjible  roots  in  Phil.  Iranf.  N°  408; 
which,  by  continuing  the  Table  of  Equations  in 
fag.  14O1  and  obferving  how  the  coefficients  are 
formed,  may  be  thus  demonftrated. 

Let  the  coefficient  of  a  term  of  the  equation, 
as  D  (  =  ahcd  +  ahce  +  aUf  &c.  +  hcde  +  hif 
&c.)  be  multiplied  byyi(t=i3  +  ^  +  c  +  i/  +  He.)  _ 
and,  in  the  produft  A  ^  B,  fetting  afide  all  the 
terms.  A'  x  £)',  in  which  «%  F,  f*,  &c.  are. 
found,  any  one  of  the  remaining'  terms  will 
arife  as  often  as  there  are  fadors  in  the  terms  of 
the  following  corfficient  E.  Thus  the  term 
ahcde  will  ax'i^cjive  times  ;  becaufe  it  is  made  up 
of  any  one  of  the  five  roots  (or  terms  of  A) 
a,  b^  c,  d,  tf  multiplied  into  the  other  four  thac 
make '4  term  of  i) .-  the  like  is  true  of  every 
other  term,  as  abedf,  bcdef,  &c,  each  of  which, 
will  arile^iv  times  in  the  produi^  A  ^  D.  And 
the  fum  of  thefe  terms  ahcde  +  abcdf  +  fc?f. 
making  up  the  coefficient  £,  it  follows  that 
A  X 
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And  the  fame  holds  of  anjr  two  cociEcicntS 
C,  H,  *hofe  dimenfions  are  r  —  i  and  r  rc- 
(peftiwly. 

To  apply  this  to  the  prcfent  purpofcj  it  is  to 
be  obfcTvcd,  that,  in  each  of  the  coefficients 
A,  B,  C,  D,  &c.  except  the  laft  M,  which  is 
the  produd  of  all  the  roots  a,  by  c,  d,  &c.  we 
m^  diftinguilh  two  fereral  portions  or  mem- 
bers,  in  one  of  which  any  particular  root>  as  a, 
is  contained,  but  in  the  whole  remaining  por- 
tion of  the  fame  coefficient,  that  particular 
root  {a)  is  wholly  abfent.  Now  if,  for  bre- 
vity's fakCj  we  denote  that  portion  of  any  co- 
efficient wherein  any  toot,  as  0,  is  contained, 
by  annexing  the  fyAibol  of  the  faid  root  with 
the  lign  4-  in  an  unau  to  the  fymbol,  as  G,  of 

the  coefficient  (thus  G'  "  j)  and  if  we  denote 
the  remaining  portion  of  the  fame  coefficient, 
from  which  the  fame  root  a  is  totally  abfent, 
by  annexing  the  fymbol  of  the  faid  root  with  the 
lign  —  in  an  amui  to  the  fymbot  G  of  the  fame 

coefficient  (thus  d'~')  it  will  appear  that  (if 
G  be  any  coefficient  and  H  the  following  co- 
efficient) 

G  =  G<+°  +  G<-°  and  «<+"    =  .c'"". 

C=,G<+'  +  G(-'.ndH<+'=wt-*. 
&c.  &c. 

U  Divide 


•  « 
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Divide  now  the  equatioa  popo&d  bf  «**'» 
and  it  will  becortie 

in  which  fubftiniting  «,  ^  r>  £ec.  fueeci|^wi| 
for  X,  we  obtain 

V  — A'— +  5/-'  — csr-* .  .  .  ,\ 

v^Air*  +  J3r'» -.  oj^» .....  1  \ 

But»  by  the  hotation  hertuied^  and  explaioed  aa 
aboyoi        .      - 


/ 
+  i     = 


+  ^'  +.t 


«'r* 


Whence 


CtLAT*  li. 


A  L  G  £  B  R  A» 
Whence 


^J 


Gi-fl  +  j  — p  +  9 


^ 


And  the  fum  of  thefe  =  4C^''"'  +  iG^**  + 

fG^*'''  +  &^.  =  (by  this  aouttoo)  ^'  x  (?  s 
(by  th^  the  leoHna) 


xG^rH, 


Cotnpace  dUi  laft  oondufion  «itb  that  which 
fottoired  from  dividing  the  propoifed  equation 

by  N^^>  and  Itibftitating  for  «  the  roots  a,  ht 
t,  &c.  and  you  will  have 


S:Qi 


tiG-^rH 


which  was  to  be  demonflrated. 

Ua 


From 


f 
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From  thefe  two  Thepremi  Sir  ^Swv  iVSratMi^ 
Rule  iluuiifeftQr'folIo«i!S«   . 

But,,  to  illuftrate  th6  fealbning  here  uftd  fajr 

feme  examples :    fuppofe  r  s  j^  then  we  are 

to  take  C  for  H^  becaufe  diree  ienns  only  pie« 

'  cede  €*  in  the  equation  9f^A^^  +  B«^*- 

Otf**'  +  Csfr.  =  0|  and  we  are  to  prove  that 


X  5  +  3CI 


That  this  may  appear,"  obferve  that 


X  ii  +  ^  +v  +  //+  6fr.  -  tf *  X  ?T7+T+  6fr. 

-  i*  X  'oTcTl-^  i^ci  —  c"  X  a  +  *T5  +  &fr* 

—  rf*  X  JTT+7+  ^c.'-^c.  =  (becaufe  -rf' j^  = 
17  X ab  -\- ac-i- ad -V  ^c.  +  ^  >^'abmTbd+  (Si. 
+  ^  xac-k-  bc^Ic  +  (Sc-¥dx  ad+bd+cdf  Gfr. 
+  fef^.)  =  g*  +  ^*  +  f^  +  ^  +  6ff,  X  jf-jtB 

(by  the  Lemma)  =  «*  +  ^*  +  tf*  +  d*  +  €^r. 
x  A^AB  +  3C. 


In  like  manner^  ^i*  +  ^*  +  r*  +  rf*  +  &fr.  =r 


tf*4-^^+f^-f  ^*  4-  6?f.  X  g^  -f  tf^  +  ad+bc-^dd^+cd 
^^€.  +  d'>^bc+bd+cd  +  (Sc.'i'b*xaC'i'ad+cd 
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HS. 


+  ^t,  +  6?^ .  =  -i'  +  *'  +  f"  +  rf"  +  G'f .  X  ^ 
-  «■+«•+  I-  +  J-  +  fift.  X  S  +  ^'  C  = 


<■  +  i'  +  f'  +  </'  +  fe?C.  X  ^  —  fl*  +  *'+f*  +  ^ 

+  6f«.xJ)  +  »+T+7+7+fci'f.  XC-4D. 
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ALGEBRA. 


PART     III.  "     . 

Oftht  Applkathn  of  Algebra  tmd  Geometry 
v'  --         ..-  to  each  Other.      -  -Ji   -J.' 


CHAP.     I. 


Of  THB    REtATION    brtween  the  E(^A-^' 
TIONS  orCURVELlNES  and  the  FIGUWB: 

OF  I^HOSIJ  CURVES,  IN  SEHERAt.  '       '^ 

%  i^.TN  thfi.two  firft  parc&Trefoorideml  Al^^ 
J.  bra  as  independent  of  Geometry  t  a{^,' 
demonftrated-its  operations' from  its  own  pripd^ 
pin.  Ic  remains  that  we  npw  expjtunche  uje  of. 
Algebra  in  the  refolution  ofgeoiietiical  problemti 
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or  realbniflg  abour  geometrical  figures ;  and 
the  ufe  of  geometrical  lines  and  figures  in  the 
refolucion  of  equations.  The  mutual  inter- 
courle  of  thefe  fciences  has  produced  many  ex* 
tenfive  and  beautiful  Theories^  the  chief  of 
which  we  Ihall  endeavour  to  explain^  beginning 
with  the  relation  betwixt  curve  lines  and  their 
equations. 

§  2,  We  arc  now  to  confider  quantities  as 
represented  by  lines ;  a  known  quantity  by  a 
given  line,  and  an  unkntmrn  by  an  undeiermined 
line. 

But  as  it  is  fufficient  that  it  be  indetermined 
on  one  fide^  wc  may  fuppofeoojc  extremity  to  be 
known. 

I     p A  P     P     B 

Thus  die  line  AB>  whofe  extremities  A  and 
B  are  both  dettrttiined>  may  reprefent  a  given 
quantity^  while  Ap9  whofe  extremity  P  is  un- 
detemw^cd^  may  reprefent  an  undetermined 
quantity.  A  leflfer  undetermined  quantity  may 
be  rrprefented  by  AP,  taking  P  nearer  to  A  $ 
and)  if  you  fuppofe  P  to  move  towards  A,  then 
will  AP»  flicc^ivelyy  reprefent  all  quantities 
lefs  than  the  firft  AP  \  and  after  P  has  coin* 
cided  widi  A>  if  it  proceed  in  the  fame  direc- 
tion to  the  place/,  then  will  hp  reprefent  a  ne* 
gative  quantity)  if  AP  was  fuppofed  pofitive. 

u  4  ir 


I 

«98 
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If  AP  reprefent  x,  and  kp  =  AP,  then  will 
Ap  rcprefcnc  —  «;  and  for  the  fame  reafon,  nf 
AB  reprefent  (  +  a,)  then  will  A^  (=  AB)  re- 
prefent (—  a). 

%  3.  After  the  fame  manner,  if  PM  reprc- 
fcQt  -f  ^f  ^nd  you  take  Pm,  cbc  coatinuatioii 


ofPM  on  tfie  other  fide,  equal  to  PM,  ^lea 
wfii  Pf»  reprefent  —  _y;  fiir  by  fuppofil^  M'tb 
tnovt  towards  If,  the  line  PM  decreases  -,  \ih^ 
M  comes  to  P,  then  PM  vanilhea  i  and  after'M 
has  paffcd  P,  towards  m,  it  becomes  negative. 

^4.  In.'AIgebra,  the  root  of  an  equation, 
when  it  U  iMt  impoflible  quantity, , has  its  ex-r 
prelBon  j  but  in  Geonnetry,  it  Has  none.  la 
Algebra  you  obtain  a  general  reToludoitf  and 
there  is  an  exprefljon,  in  all  cafei,  of  the  ^ing 
Tx£quired  j  only,  within  certain  bounds,  that  cxr 
prelfion  reprefents  an  imagiaary  quantity,  or 
rather,  '*  is  tba  Jymbol  of  an  operation  which, 
in  /h»t.  foftt  emmet  bt  ferf^rmd-"  and  ferves 
only 
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only  to  fiKW  die  giiufit  of  the  quantit^j  and  tho 
timits  within  which  it  is  pofBble. 
In  the  ^metrical  refolution  of  a  queftitw^ 

the  thing  required  is  exhibited  only  in  thole 
cafes  when  the  queftion  admits  of  a  rtal  folu- 
tion :  and,  beyond  thofe  limits,  no  folution  ap- 
pears. So  in  finding  the  interfefUons  of  a  gjven 
circle  and  a  ftrAtght  line,  if  you  detemiine  them 
by  an  equation,  you  will  find  two  general  ex- 
pre0ions  for  the  diftanccs  of  the  points  of  inter- 
fe£tion  from  the  perpendicular  drawn  from  the 
centre  on  the  given  line.'  But,  geometrically, 
thofe  interfcdions  will  be  exhibited  only  when 
the  difVance  of  the  ftraight  line  from  the  centre 
is  lefi  than  the  radius  of  the  ^ven' circle. 

%  J.  "  When  in  an  equadon  there  axt  two 
undetermined  quantides,  x  andjr,  then  for  each 
pardcular  value  of  x,  there  may  be  as  many 
values  of  ^  aa  i(  has  dtmcnfions  in  that  cqu*-* 
tion." 


Mr 

M 


M  ■ 


T 

m 


So 


I 


c  Sothit>  if  AP  (b  |ihMnrf^^4teiMiieiitiete 
AE)  reprefeot  %  m4  dife  fM|wndkfilliri>%fii 
.  jrepivieAC  tiie  ^cofit^ondinv  wMi  of  jr^ ,  An 
tiiei€wUlbe  aimwf  |K>ii|CS'(Mv)  thc'isBramp 
Iks  of  thefe  peipciKlkolftfBw  #niM^^  W  t)iere 
iMie  4kMB&ni9  of  jp  In  thecquaiMKu  Aj*itlie 
values  of  PM  will  be  the  raocs  of  .dm  tgrmpm 
ariftng-by  ibbftittttiog  fw  >  iti,  panieiiliir  Vlilie 
APc^in  ftojr  cafe.       '  'Vuk 

Fron;i  which  i(  appears^  how^  when  m  cl|iVK 
tion  is  given^  you  may  dctermini^i .  af  nianx  o^ 
tM  points  M  as  you  ple^»  an4  drfiw  die  l^joc 

that  fliall  pafs  through  all  the(e  points  i  ^'^  which 
is  called  the  7^r«j  of  the  equation." 

§  6.  When  any  equation  involving  two  un- 
known quantities  (x  and  j)  is  propoled^  then 
fubftituting  for  x  any  particular  value  AP,  if  the 
equation  that  arifes  has  all  its  roots  poGtive,  the 
points  M  will  lie  on  one  fide  of  AE :  but  if  any 
of  thenn  are  found  negative,  then  thefe  arc  to  be 
let  off  on  the  other  fide  of  AE  towards  m. 

If,  for  X,  which  is  fuppofed  undetermined^ 
you  fubftitiite  \  negative  quantity,  as  Af,  then 
you  will  find  the  points  M,  m,  as  before:  and 
the  losus  is  not  complete  till  all  the  points  M,  m^ 
arc  taken  in,  that  it  may  (hew  all  the  values  ofjf 
corrcfponding  to  all  the  poffible  values  ofx. 

*'  If,  in  any  cafe,  one  of  the  values  of  jp 

vanifh. 
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vniAy  dien  the  point  M  coincides  with  F^  and 
the  hcus  moeci  with  AE  in  that  point.** 

^  If  one  of  die  values  of  jr  becomes  infinite^ 
then  it  (hews  that  the  curve  has  an  it^finiie  arc  ; 
and,  in  that  cafe,  the  line  PM  becomes  an 
afymptQti  to  the  curve,  or  touches  it  at  an  in« 
finite  diftance,^  tf  AP  is  itfdf  finite. 

'^  If^  when  $c  is  fiippofed  infinitdj  great,  a 
value  of  jr  vanilh,  then  the  curve  approaches  to 
A£  produced  as  an  afymptote/' 

'^  If  any  values  of  y  become  impoffihle^  then 
fo  many  points  M  vanilh/* 

§  7*  From  what  has  been  (aid  it  i^>pears,  that 
wheh  an  equation  is  propoied  involving  two  un«» 
determined  quantities  {k  and  jf)  ^  there  may  be 
as  man^  interfedions  of  the  curve  that  is  the  liH  * 
€us  of  the  equation,  and  of  the  line  PM  as  there 
are  dimenlions  of  jf  in  the  equation;  and  as  many 
interiedions  of  the  curve  and  the  line  AE  as 
there  ju^e  dimcnfions  of  x  in  the  equation." 

If  jrou  draw  any  other  line  LM  meeting  the 


A 


r* 


TTtX 


curve  in  M,  and  the  line  A£  in  the  given 

angle 
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angle  ALM.  Suppofe  LM  =  «,  and  AL  ■=.  a; 
•'  then  the  equation  involving  v  and  z  fhall  not 
rife  to  more  dimenfions  than^  and  x  had  in  die 
propofed  cquition,  or,  than  the  fum  of  their  di- 
roenQons  in  any  of  its  terms." 

For,  fiiice  the  angles  PLM,  MPL,  PML» 
are  given,  it  follows  that,  the  fines  of  thefe 
angles  being  fuppofed  to  one  another  as  /,  »,  », 
PM  :  ML  (y.u)  ::  I  :  «;  and  coiifcqucntly 

J  =  -  :  and  that  PL  :  ML  ; :  «  ;  w;  fo  that 

PL  =  ^,  and  ;f  =  AP  (  =  AL  -  PL)  =  2  _  — . 

Subftituce,  for  J-  and  x,  in  the  propofed  equation 

thefe  values  —  ^nd  2 ,  and  it  is  obviou» 

(fmcc  u  and  2  are  of  one  dimenfion  only  in  the 
values  of  _y  and  x)  that  in  the  equation  which 
will  arife,  2  and  u  will  not  have  more  dimen- 
fions than  the  higheft  dimenfion  of  x  and  y  in 
the  propofed  equation,  or  the  higheft  fum  of 
their  dimenfions  taken  together  in  the  terms 
where  they  are  both  found :  and  confequcntly, 
"  LM  drawn  any  where  in  the  plane  of  the 
curve  win  not  meet  it  in  more  points  than 
there  are  units  in  the  higheft  dimenfion  of*  or  jr, 
or  in  the  higheft  fum  of  their  dimenfions,  in  the 
terms  where  both  are  found."  Now  the  dimen- 
fion of  the  equ:ition  or  curve  being  denominated 
from  the  higheft  dimenfion  of  x  or  7  in  it,  or 
frpm  the  fum  of  their  dimenfions  where  they  are 
mofti 
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mofti  wecdndudc,  that'' the  number  of  pCHius 
in. which  the  curve  can  meet  with  any  ftraight 
line,  is  equal  to  the  number  that  exprelles  the 
dimenfion  of  the  curve,"  * 

It  appean  alfo  from  this  article,  how,  when 
an  equation  of  a  curve  is  given  rxprefling  the 
relation  of  the  ordinate  PM  and  abfcifie  AP, 
you  may  tnuisfonn  it,  fo  as  to  exprels  the  rela- 
don  between  any  other  ordinate  ML  and  the 
abfcifle  AL,    by  fubflituting   for  y  its   value 

— ,  and  for  x  its  value  z . 

m  m 

Or,  if  you  would  have  the  abfcifle  begin  at  - 
any  other  pcnnt  B,  fuppofing  AB~  e,  fubfticute 

.  ffir    .  K« 

for  ;f  not  z *  but  z  —  -^  +  ^. 

m  n 

^  $■  Thofe  curve  lines  that  can  be  dcfcribed 
by  the  refolution  of  equations,  the  relation  of 
whofe  ordinates  PM  and  abfcifles  AP  can  be 
tzpreflfed  by  an  equation  involving  nothing  but 
determined  quantities  befides  thefe  ordinates  and 
abfciOes,  are  called  "  geometrical  or  algebraic 
curves'.** 

They  are  divided  into  orders  according  to  the 
dimen&ons  of  their  equations^  or.  nurriber  of 
points  io  which  they  can  incerfcA  a  ftraight  line. 

The  firaight  Uses  themfelvcs  conftimte  the 

^r^  order  of  lines  1  and-when  the  equation  ex- 

prcfliogthe  relation  ofxand>  is  of  one  diman- 

fioa 


fionotil^  tke  poiMi  M  mgft  bf  iV  Itond-Mi 

Suppo&y  fof  example^,  ibtt  Ac  fqiMMB^smm 
qukccL  * 

ing  a  right  aoglici  if  you  draw  AN  ouddog  t|Me 


m 

M 

-^ 

T 

, 

^ 

f 

^ 

f 

D 

f 

X 

^ 

-^ 

JB 


A 


£ 


aogle  NAP  fuch  that  its  cofine  be  to  its  finff 
as  tf  to  ^;  and  drawing  AD  parallel  to  the  or- 

dinates  P  M»  and  equal  to  <*-,  through  D  jqf^ 

draw  DF  parallel  to  AN>  DF  will  be  the  locua 
required*  Where  you  are  to  take  AD  on  the 
faiiie  fide  of  the  line  AE»  with  PN^  if  b9$  and 
€d  have  the  fame  flgn,  but  on  the  contrary  fide 
of  AE  if  they  have, contrary  figns. 

%  9.  Thofe  curves  whole  equations  are  of 
two  dimenfions  conftitute  the  fecond  order  of 
lines>  and  the  firfi  kind  of  curves.     Their  in-< 

terleftiona 
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terfidKuu  with  »  ftnight  lioe  can  aever  exceed 
two,  by  i  7. 

The  curves  whofe  equations  are  of  three  di- 
menlions  form  the  tbii^  order  of  linea,  or /econd 
kind  of  curves:  aad  their  interfedions  with  a 
ftraight  line  can  never  exceed  Three.  And, 
after  the  fame  manner,  the  curves  are  deter* 
mined  that  b^ng  to  the  Usher  orders,  to  in- 
finity. 

Some  curves,  if  they  were  completely  dc- 
fcribed,  could  cut  a  ftraight  line  in  an  infinite 
number  of  points :  but  thefe  belong  to  none 
of  the  orders  wb  have  mentioned  1  they  are  not 
geometrical  or  algebraic  curves,  for  the  rela- 
tion betwixt  their  ordinates  and  abfciftes  cannot 
be  exprefied  by  a  finite  equation  involving  only 
ordinates  and  abfcifles  with  determined  quanti- 
ties. 

§  lO.  As  "  die  roots  of  an  equation  become 
impoffiHe  always  in  pairs,  fo  the  interfeftions 
of  the  curve  and  its  ordinate  PM  muft  vanifti  in 
pan?,"  if  any  of  diem  vanith. 

LctPM  cue  the  curve  in  the  points  M  and 
w,  and  by  moving  parallel  to  itfelf  come  to 
touch  it  in  the  point  Nj  then' the  two  points 
of  interfeftion,  M  and  m,  go  into  one  point 
of  contaft  l»r.  If  PM  ftill  move  on  parallel  to 
itfcIf,  the  points  of  interfcflion  will,  beyond 
2         '  '  N, 


JS0  A  'txxh^xttif    1^kHitlSl4 

Nj  become  imagiiiarjri  u  tlie  two  rooit  *f 


1     u 


■    1 

tft  equation  firft  become  equal  and  then  inM« 

ginary. 

§  II.  The  curves  of  the  3d,  5*^  7th  <Mr* 
ders,  and  all  whofe  dimenfions  are  odd  numbersj 
muft  have,  at  lead,  two  infinite  arcs;  finoe 
equations  whofe  dimenfions  are  odd  numbers 
have  always  one  real  root  at  Uafi\  and  con(e<* 
quently,  for  every  value  of  x,  the  equation  by 
which  y  is  determined  muft,  at  leaft,  have  one 
real  root :  fo  that  as  ;i;  (or  AP)  may  be  increaied 
in  infinitum  on  both  fides,  it  follows  chat  M 
muft  go  off  in  infinitums  on  both  fides,  without 
limit. 

t  Whereas,  ,in  the  curves  whofe  dimenfions  arc 

even  numbers,  as  the  roots  of  their  equations 

may  become  all  impofllble,  it  follows  that  the 

figure  of  the  curve  may  be  like  a  QircU  or  oval 

4  that 
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dutii  .limited  within  certain  bounds,  beyond 
which  it  cannot  extend, 

§  12.  When  two  roots  of  the  equation  by 
which  jr  is  dermined  become  equal,  either  **  the 
ordinate  PM  couches  the  curve,",  two  points 
of  interledion,  in  that  cafe, -going  into  a  point 
of  contaA;  or,  "  the  point  M  is  a  funSlum  du- 
plex in  the  curve,"  two  of  its  arcs  interfefttng 
each  other  diere ;  or>  *'  Ibme  oval  that  belongs 
to  that  kind  of  curve  becoming  inBnitely  little 
in  M,  it  vaniflics  into  what  is  called  a  pitn£fum 
conjugatum." 

Ifj  in  the  equation,  y  be  fuppofed  =  o,  then 
"  the  roots  of  the  equation  by  which  *  is  deter- 
mined, will  give  the  diflances  of  the  points 
where  the  curve  meets  AE  from  A."  And, 
if  two  of  thole  roots  be  found  equal,  then  either 
"  the  curve  touches  the  line-  AE ;"  or,  '*  AE 
pafies  through  ipunHum  duplex  in  the  curve." 
When  y  is  fuppofed  =  o,  if  one  of  the  values 
of  *  vanilh,  "  the  curve,  in  that  cafe,  paflts 
through  A."  If  two  vanilh,  iljen  either  "  AE 
couches  the  curve  in  A;"  or,  "  A  is  AfunSlum 
dupUx." 

"  As  zpunHum  duplex  is  determined  from  the 
equality  of  two  roots,  fo  is  ApunSium  triplex  de- 
termined from  the  equality  oi  three  roots." 

§  13.  A  few  examples  will  make  thefe  obfer- 

vations  very  plain.     Suppofc  it  is  required  to  ' 

defcribe  the  line  that  is  the  locus  of  this  equa- . 

-  X  tion. 


t 
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don,  y  =  ax  +  ah,  or  y'  —  ax  ~  ab  =  o.  Since 
y  =  ±\/ax  +  ab,  and  fmcc  a  and  i  are  given  in 
variable  quantities,  if  you  aflunie  AF  (=  x)ofz 
known  value,  it  will  be  eafy  to  find  \/ax  +  ai  i 
and  fetting  offPEVl  on  one  fide  equal  to  v/«x  +  «i, 
and  Pm  on  the  other  equal  to  PM,  the  points 
M  and  m  will  belong  to  the  locus  required. 
And  for  every  poficivc  value  of  A?  you  will 
thus  obtain  a  point  of  the  locus  on  each  fide. 
The  greater  AP  (=  x)  Is  taken,  the  greater  does 
the  i/ax  +  ab  become,  and  confequently  PM 
and  Pm  become  the  greater. 

If  AP  be  fuppoftd  infinitely  great,  PM  and 
7m  will  alfo  become  infinitely  great  j  and  con- 
fequently the  locus  has  two  infinite  arcs  that 
go  off  to  an  infinite  diftance  from  AE  and  from 
AD.  If  youfuppofe  ;i:to  vanifli,j'  =  ±  y/^\ 
fo  that_y  does  riot  vanifh  in  that  cafe  but  paflcs 
through  D  and  <^,  taking  AD  and  kd  —  s/ab 
a  mean  proportional  betwixt  a  and  h. 

If  yeu  now  fuppofe  that  the  point  P  moves 
to  the  other  fide  of  A,  then -you  muft,  in  the 
equation,  fuppofe  x  to  become  negative,  and 
y  =  ±s/ab  ~ax ;  fo  that,^  will  have  two  values 
as  before,  while  *  is  lefs  than  L  But  if  AB  =  it 
and  you  fuppofe  the  point  P  to  come  to  B,  then 
ai  =  ax,  and^  =:  ±  y/ab—ax  =  o.  That  is, 
PM  and  Pm  vanifh  j  and  the  curve  there  meets 
the  line  AE.  Jfyou  fuppofe  P  to  move  from 
A 
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A  beyond  B,  then  x  becomes  greater  than  h^ 
and  ax  greater  than  ah^  fo  that  ah  —  ax  being 


negative*  ^/ab  —  ax  becomes  imaginary,  and 
.  the  two  values  of>  become  imaginary;  that 
is>  beyond  B  there  are  no  ordinates  that  meet 
the  curve,  and  confequently,  on  that  fide,  the 
curve  is'limitcd  in  B. 

All  this  agrees  very  well  with  what  is  known 
by  oAer  methods,  that  the  curve  whofc  equa- 
tionb  jf*  -^ax  ■¥  ai,  is  a  parabola  whoft  vertex 
is  B>  axis  BE,  and  parameter  equal  to  a.  For 
fincc  BP  =  i  ±  *,  and  PM  =^,  if  BF  be  equal 
to  0}  then  the  re^ngle  BN  (=  ah  ±  ax)  will 
be  equal  to  PMj  (—_j"i)  which  is  the  known 
property  of  the  parahola.  And  it  is  obvious, 
that  tt^c  figure  of  the  pzrabola  ii  fuch  as  we 
X  1  ■        have 
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'(      termined  this  locus  to  be  from  the  con- 
)n  of  its  equation. 
4.  Let  it  be  required  to  defccibc  the  line 
that  is  the  locus  of  this  equation^  xy  ■¥  By  ■\-  cy 

,       ,     ,  hcAthx 

s^l>c  +  hx,  or_j  =  ^         -. 

Here,  it  is  plaifij  the  ordinate  PM  can  meet 

the  curve  in  one  point  only,  there  being  but 

'  one  value  o(y  correfponding  to  each  value  of*. 

When  *  ^  o,  then  _y  =  --— ,  fo  that  the  curve 

docs  not  pafs  through  A.  If  «  be  fuppofed  to 
increafe,  then>  will  incrcafe,  but  will  never  be- 
come equal  to  b,  Gncc  y  =  ^  x  — — 7—,  and 
a  +  c  -t-  X  \%  always  greater  than  c  +  x.  If  jt 
be  fuppofed  infinite,  then  the  terms  a  and  e  va- 
ni{h  compared  with  x,  and  confequentlyjr  =  t 

K  -  =  ^i  from  which  it  appears,  that  taking 

AD  =  h ;  and  drawmg  GD  parallel  to  AE,  it 
will  be  an  e/ymptote,  and  touch  the  curve  at  an 
inBnite  didance. 

If  X  be  now  fuppofed  negative,  and  AP 
be  taken  on  the  other  fide  of  A>  'then  .Ihall 


fide,  =  f,  then  fhzWy  =  i  x  —  =  0%  fo  that 

the  curve  mull  pafs  through  B,  if  AB  ^  c. 

If* be  fuppofcdgreaterihanf, then , willy ^jc 

become  negative,  and  the  ordinate  'will  betomc 

negative 
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negative  and  lie  on  the  other  fide  of  AE,  rill  K 
becomes  equal  to  iS  +  f ,  and  then^  =  i  x  ~^ 


or  infinite ;  fo  that  if  AK  be  taken  =  a  +  Cf  the 
ordinate  KL  will  be  an  afymptole  to  the  curve. 

If*  be  taken  greater  than  a  +  c.  or  AP  greater 
tlian  AK,  then  both  (  "  x  and  a-¥  c  —  x  become 

negative  i  and  conlequently  y  (=  b  x J 

^^  becomes  pofitivej   and  fince  x  —  c  h  always 
Wk    -       \  Xj  greater 

u 
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greater  than  x  '^  a  —  r,  k  follows  that^  will  be 
always  greater  than  b  or  KG,  and  confcquently 
the  reft  of  the  curve  lies  in  the  angle  FGH, 
And,  as  x  increafes,  fince  thcTjitio  of  j^r  ^  c  to 
,v  —  tf  —  f  approaches  ftill  nearier  to  a  ratio  of 
equality,  it  follows  that  PM  approaches  to  an 
equality  With  PN,  and  the  curVe  to  its  afymptote 
GH  on  that  fide  alfo. 

This  curve  is  the  common  hyperbola  y  for 
fince  3  X  ^  -f  X  =:  y  ^^  a  -¥  c-^-x^  by  adding  ab 
to  both  fides  bxa-^- c-^-x  =:yx a-t  c  +  x+abi 

and  b—y  x  a-^c^x  =  ab  j  that  is,  NNf  X  GN 
=  GC  X  BC,  which  is  the  prq>erty  of  the  com- 
mon hyperbola.  And  it  is  eafy  to  fee  how  ti&c 
figure  of  the  locus  we  have  been  confidcring 
agrees  with  the  figure  of  the  hyperbola.   . 

§  1 5.  Let  it  be  required  to  idcfcribe  the  locus 
of  the  equation  cy"-  -1  xy^  =  a:'  -f  bx^.     Where 

fince^   =— and  J  =  ±^ ,   it  fol- 

lows  that  PM  and  Ym  miift  be  taken  equal,  on 

both  fides,  to  ^ .      But   that   when  x  is 

^^         C  —  X 

taken  equal  to  r,  if  AB  =:  r,  and  BK  be  perpen- 
dicular to  AB,  then  BK  muft  be  an  afymptote 
to  the  curve.  Ifx  be  fuppofed  greater  than  r, 
or  AP  greater  thai*.  AB,  then  c  ^  x  being  nega- 

tive,  the  fradlion  -— - —  will  become  negative, 

and  its  fquarc  root  Impoffiblc.     %q  cJiat  no  part 

of 
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(of  th^ /^ntf  can  the  found  bej^ondB*.  If  x  be 
iuppol^  ac^a|$Vie>  or  P  taken  on  the  other  fidie 

of  A,  ?hcpj^>' ±y  —  '^^ 
an4  X 


the  Cgn  of  x^ 


chapgecj,  but  not  the  f^gn  ofbx*^ 
becaufe  the  fquare  of  a  negative  is  the  fm[ne  .as 
the  iquare  of  a,^fiti ve»  but.  its  cut>e  is  negative : 
while  If  isJef^  than  by  the  ^oes  of  >  will  be 
real  and  equal ;  but  if  x  =  ^^  then  the  values 
of  jf  vaniflifbecaufe,  in  that  cafe^ 

'  =  ±^=^=^/^=-">^ 
fequentljTj    if  AI^  be  taken  =  h,  the  curve 
will  pafs  through  &>  and  there  touch  the  ordi- 


cx)n« 


nate. 


If  ^  b^  tgken  gfcaicjr  thanj  *  tl^en  ±^  — ^ — 

will  bec^yme  ifnaginaryy  Xo  that  .no  part  of  the 
curve  is  jfound  bexond  D  •  j 

,  If  you  Sippiky  =  o,  then  wfll  x^  +  tx*  =2-0 


X4 


be 


314  'A  Treatise    }if     Part.  IIL 

be  an  equation  whofe  roots  are  -^  *,  o,  o,  from 
which  it  appears  that  the  curve  tP^^<^  twice 
through  the  point  A,  and  has^  in  Aj^  ^  punSIum 
duplex.  This  locus  is  a  line  of  the  third  order, 
BK  is  its  afymptotCj  and  it  has  a  mdus  betwixt 
A  and  D. 

If  you  fuppbfe  b  to  vanifh  ih^the  equation, 
fa  that  cy^^pcf^x\  then  will  A  an*  D  coin- 


*  •       ^ 


J .. 


cide,  and  the  nodus  vanifh,  and  the  curve  will 
have  in  the  point  A  a  cu/pis,  the  two  arcs  AM 

and 
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and  Am  touching  one  another  in  that  point. 
And  this  is  thejame  curve  which  by  the  ancients 
was  called  the  ctjhid  of  Diodes,  the  line  AB  being 
the  diameter  of  the  generating  circle,  and  B  K 
the  afymptote. 

For,  if  BR  be  equal  to  AP,  and  the  ordi- 
nate RN  be  raifed  meeting  the  circle  in  N,  and 
AN  be  drawn,  it  will  cut  the  perpendicular  PM 
in  M  a  point  of  the  cLiToid.  So  that  if  M  be  a 
point  in  the  cifibid,  AP  :  PM  : ;  AR  :  RN  : : 
V  AR  :  v'BR  : :  v-BP  :  •AP,  and  confequendy 
BP  X  PMy  =  AP  cub.  that  is,  f  —  *  x  ^^  =  *'t 
which  is  the  equation  the  kcus  of  which  was  re- 
quired. 

If,  inftead  of  fuppofing  h  pofitlve,  or  equal 
CO  nothing,    we  now  fuppole  it  negative,   the 


equation  will  be  cy'  —  xf 


will  pafs  through  D,  as  before, 
AB  =  e,  BK 


A 


^ 


^x',  the  curve 
and  taking 
'ill  be  its  a- 
fymprote :  it  will  have  a 
punSfu'm  conjugalam  in  A, 
becaule  when  y  vanifhes, 
two  values  of*  vanifli,  and 
jhe  third  becomes  equal  to' 
b  or  AD.  The  whole 
curv^befides  this  point  A, 
lies  between  DQ^and  BK. 


Thefe  are  dcmonftrated  a 
;  nnanner  i 


tcr  the  fame  i 
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^  i6.  If  an  equation  is  propofcd,  as^  =  d** 
-f  ij(»— ■  +  c*"— %  ci'f.  and  «  i»  an  even  num- 
ber, then  will  the  locus  of  the  equation  have 
two  infinite  arcs  lying  on  the  fame  fide  of  AE, 
For,  if  X  become  infinice,  whether  pofitive  or 
negative,  x"  will  be  pofitive,  and  ax"  have  the 
fame  fign  in  cither  cafe ;  and  as  a;^  becomes 
infinitely  greater  than  the  other  terms  ix — ', 
tx*—^,  i^c.  it  follows  that  the  infinite  values  of 
y  will  have  the  fame  Hgn  in  thefe  catcs ;  and 
confequenily,  the  two  infinite  arcs  of  tUe  curve 
will  lie  on  the  fame  fide  of  AE. 

But  if  »  be  an  odd  number,  then  when  x  a 
regative,  «^  will  be  negative,  and  ax'  will  have 
the  contrary  figa-to  what  it  has  when  x  is  pofi- 
livc;  and  therefore , the  two  infinite  arcs,  in  this 
cafe,  will  lie  on  different  fides  of  AJE,  and  taA 
towards  parts  direftly^ppofite. 

Thus'the  loqus  of  the  equation  «y  =  x*  is  the 
parabola.     A  is  the  vertex,  AF.  is  the  tangent 


at  the  vertex ;  and  the  two  infioice  arC3  lie  n»- 
Aifcftly  on  the  lapie  fide  of  AE.  ■  « 

But 
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-  Bu[-the  locHs  of  the  equation  a^  r:  x^,  where 
the  index  of  x  is  aa  odd  number,  has  iu  two 


m/k- 


4 


arcs  on  different  fides  of  AE,  tending  towards 
oppofite  parts,  as  AMK,  and  Amk.  This  curve 
is  called  the  cubical  parabola,  and  is  a  line  of 
the  third  order. 

The  locus  of  the  equation  O'y  =  x*  is  of  a 
figure  like  the  common  parabola ;  and  "  all 
iholc  loci,  in  whofe  equations/  is  uf  one  diiiien- 
fion,  X  of  an  even  number  of  dimenfions  :  But 
thofe  loei  are  like  the  cubical  parabola,  in  wliofc 
equations  J  is  of  one  dimenfioii  only,  and  x  of 
an  odd  number  of  dimenfions."  And  this  Rule 
is  even  true  of  the  locus  of  the  equation  y  —  x, 
which  is  a  ftraight  line  cutting  A£  in  an  angle 
of  4S°;  which  manifeftly  goes  off" as  the  cubical 
parabola  does  to  infinity,  towards  oppofite  parts, 
and  on  diSercnc  fides  of  AE. 

§  17* 
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§  17,  If  the  lotus  of  the  equation  >*•  =  «•  +  « 
is  required. 


If  u  is  an  odd  number^  then  when  x  is  pofi- 
tiyc,  y  =  -^i  bqt  when  «  is  negative,  then 

j;  = —  i  fo  that  this  curve  muft  all  lie  in 

the  vertically  oppo^fe  angles  KA.E,  FAc,  (a» 
the  common  hyperbola:)  FI{,  E^j  being  afymp- 


'  But  if  »  is  an  even  number,  then  y  is  always 

jwfitivc,  whether  *  be  pofitive  or  n^ative,  be- 

caufe  x"^  in  this  cafe,  is  always  pofitive;  and 

there* 
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therefore  the  curve  moft  Ul  lie  in  the  two  «/- 


P*   A      +^ 


]£ 


jaeent  angle3  KAE  and  KAt,  and  have  AK  and 
AE  for  its  two  alymptotes. 


i«MH« 


§  1 9.  Let  the  equation  given  hea*  ^  x^  x 
ffkt  ss  «>•  i  fo  dutjf  =  ±  s/a*  -  **  X 


X 


P    A 


\ 


% 


Jf  X  =  o,  then  y 
-becomes  infinite,  and 

therefore  the  ordi- 
nate at  A  is  an  qfym" 

f  tote  to  the  curve. 
If  AB  =  ^,  and  P  be 
taken  betwixt  A  and 
B,  then  (hall  PM  and 
Vm  be  equals  and  lie 
on  difierent  fides  of 
the  abfciffc  AP.  If 
X  ^  i,  then  the  two 
values  of  y  vanifh, 

bccaufe 
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and  then  the  loeus  is  a  conic Jellion  and  ^firMgbt 
Utie. 

Jn  general,  "  ihe  curves  of  the  fuperior  or- 
ders include  all  the  curves  of  the  inferior  orderSj 
and  whatever  is  demonftrated  generally  of  any 
one  order,  is  alfo  true  of  the  inferior  orders." 
So,  for  example,  any  general  property  of  the 
conic  fcflions  holds  true  of  two  ftraight  lines  as 
well  as  of  a  conic  fedion.  Particularly  that' 
"  the  reftangies  of  the  fegments  of  parallels 
bounded  by  them,  will  be  always  to  one  another 
in  a  given  ratio."*  The  general  properties  of 
the  lines  of  the  third  order  are  true  of  three 
ftraight  lines,  or  of  any  one  flraight  line  and  a 
conic  fedion.  And,  as  the  general  properties 
of  the  higher  orders  of  lines  defcend  alfo  to 
thofe  of  the  inferior  orders,  fo  there  is  fcarce  any 
property  of  the  inferior  orders,  but  has  an  ana- 
logy to  fonie  property  of  the  higher  orders  j  of 
■which  it  is  but  a  particular  cafe  or  inftance. 
And  hence,  the  properties  of  the  inferior  orders 
lead  to  the  difcovery  of  thofe  of  the  fuperior 
orders*. 

%  20.  We  have  (hewed  how  to  judge  of  the 

-  figure  of  a  locus  from  the  confideration  of  its 

cljuaiion.     And  when  a  Iccus  is  to  be  defcribcd 

cxaftly,  for  every  value  of  x  you  muft,  by  the 

rcfylution  of  equations,  according  to  the  Rd 

See  tlie  Apfkhdix. 
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^in  Part  II.  find  the  correfponding  values  of  j-, 
and  detennine  rrom  thefe  values  the  points  of 
the  locus. 

But  there  are  geometrical  cenftruSions  by 
which  the  rocts  of  equations  can  be  determined 
more  commodiouQjr  for  this  purpofe.  And,  as 
by  chefe  conftruftioni  we  defcribe  the  lod  of  the 
equationsi  To  reciprocally  when  led  are  defcrib- 
edj  they  are  ufefiit  in  determining  the  .roots  of 
equations  1  both  which  Ihall  be  explained  in  the 
fbllowii^  Chapter.  Then  we  fliall  give  an  ac> 
count  of  the  molt  general  and  ,limple  methods 
of  dcfaibing  thefe  loei  by  the  mechanical  mo- 
tion of  angles  and  lines,  whole  Inteiieftions 
trace  the  curve;  or  of  coiiftnifting  them  by 
finding  geometrically  any  number  of  their 
ppiots. 


CHAP. 


J^ 


4  T^RB^TIsVi^ 


••  . 


.*  • 


■\  •  •^^.^^»%  ;^  "      ■■   .*«    -r  ^ 


I.,  -. 


C  H  A  P*     Ih 


Or  THt  CONSTRUCTION  or  CS^ABiATXC 
£Q27ATION$j  AND  or  TitcPROnERr'nES  or 
-TBI  UNES  er  vna  S£CONl>  ORDKR.    '. 


•I 

N 


-•(      - 


.'rr^flE  g^fiCTal  teqw^dov.  «4)tfdfiDg  the 
•  Jl    ittttif:^  «f  tbe  finer  ofi^;:^^oaii 

ofide^  having  dl  hi  ti^rms 

friHbeofthisfb'rmf  v-  iv 


n 


■  I  - 


■^ 


Where  tf,  3,  r,  J,  ^,  reprefent  any  gfiren  qmui* 
iki'cs  with  their  proper  figns  prefixed  to  tb«m. 

If  a  quadratic  equation  is^  given^  asjr*  4  jjjr 
+  J  =  o,  and,  by  comparing  it  with  the  preced- 
ing, if  you  take  the  quantities  a,  i,  c,  d^  t^  and 
X  futh  that  a*  +  *  =:  /^,  and  rAf *  +  Ji  +  ^  sr  j, 
then  wiil  the  values  of^  in  the  firfl:  equadoii  be 
equal  to  the  values  of  h  in  the  iecoad ;  and 
if  the  locus  be  defcribed  belonging  to  the  firft 
equation,  the  two  values  of  the  ordinate  when 
BK  +  b  zip  and  rx*  +  ^  +  ^  =  j,  will  be  the 
two  roots  of  the  equation  j^*  ^  j^  4.  <^  =:  o. 

And  as  four  of  the  given  quantities  a,  h^  €, 
d,  ^,  may  be  taken  at  pleafure/  and  the  fifib^ 

with 


.  I 
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*ith  the  abfciflc  x,  determined,  fo  chat  ax  -hi  ' 
may  be  ftill  equal  to;>,  and  ex*  +  dx  +  e  =  ^9! 
hence  there  arc  innumerable  ways  of  conllrufl 
ing  the  fame  equation.  But  thofe  loei  are  tftj 
be  preferred  which  arc  defcribcd  mofi:  ealUy^  J 
and  therefore,  the  cirelf,  of  all  conic  feflioo»|,J 
is  to  be  preferred  for  the  refoluuoii  of  quadratii 
equations. 

5  23.  Let  AB  be  perpendicular  to  AE, 
upon  AB  defcribc  the  fcmicircle  BMMA.     If  I 
AP  be  fuppofed  equal  to  x,  AB  =  a,  and  P  M  =:^  J 
then  making  MR,  MR,  perpendiculars  to  the! 
diainecer  AB,  fince  AR  x  RB  =  RM;,  andl 
AR  =y,  KB=a-y,RM^x,  it  follows  thai 
a  —y  X  _>'  =  X*,  and  ^*  - 
«y  +  j:'  =  0.    And,  if  aoj 
equation  j'  —  fy  +  j  = 
be  propoled  to  be  refolv-j 
ed,  its  roots  will  be  ' 
ordinate  to  the  circle,  PR! 
and   PM,   to  its  tangencl 
AE,  if  «  =--p,  and  *'  =  qi 
,  becaufe  then  the  equatjorfl 
of  the  circle  y*  —  ey  ^  ^ 
=  o,  will  be  changed  into  the  propofed  equa- 
tion _ji'  —  |y  +  5  =  o. 

We  have  therefore  this  cohftruftion  for  find- 
ing the  roou  of  the  quadratic  equation^  —  py 
+  y  =  0;  take  AB  =  /•,  and  on  AB  defcribc  a 
Y  2  ft  mi- 


Bp^^ 
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tndion  it  take  AP  nVfic^^UKi^  «iiiiaii||»* 
portionil  betmen  t  $xidiiffif  tgMk6J)fbm 
difa^  PAA  parallel  f»  M^^  anced^  the  favi- 
ciiciein.M^  M;  and  tbe  fiiie»9Mk  PM  Ibril  be 
die  roocs  of  the'prapoM  equwoK. 

K  appears  from' '  the*  co>nfhi3ffion&  dat  if 
;  =.^,  or  v'j^  =  i^j  thep  AP  s  f  AB,  tod  the 

ordinate  PN  touches'  tlie»  curre^  m  N^  tfet  tmo 
roots  PM^  VMf  Hi  tharcafiv  beoMoing^oqikal  m 
one  another  and  PN/ 

,   If  AF  be  taken  ffetttcr  than  |;Afl}  that  is^ 

when  \/y  is  greater  than  ^,  or  f  greater  than 
lf\  the  ordinates  do  not  meet  the-  circle,  and 
the  roots  of  the  equation  become  imapnoiy: 
as.  we  demooftratedj.  in.  another  manner,  in 
?iw*.  IL 

^  23;  The  roots  of  the  fame  equation  may  be 
bthcrwHe  thu»detenninedb  - 

Take  AB  =  v^^,  and  raife  BD  perpendicular 
toABi  fronT  A  as  a  centre  with  radius  equal 
to  ^^j  defcribe  a  circle  meeting  BD  in  C,  dlen 
the  cwo  root9  of  the  equation  y*  ^  pjt  +  q  ^  O, 
ihaU  be  AC  +  CB,  and  AC  -  CB> 

For  thefe  roots  are  -^p.  +  \^ip^  —  q,  and 

J^-^/j/Z^J  and  AC  =^^,  C  8= V^AC*1aB* 

i  v^J/'*  —  ?,  and  confequently  thefe  roots  arci 
AC  ±  CS. 

The 


—  AC  +  CB  (  as  is  demonftrated  in  the  fiuri«| 
manner. 

I  04.     The  roots  of  the  equation  y*  -^  fy  . 
5  =  o  art  determined  by  this  conftruftion. 

Take  AB  =  ^p,  BC  =  ^j,  draw  AC  j  ti4| 
the  two  roots  IhaU  be  AB  ±  AC.    If  the  ftbl 


I  cond  term  is  pofitive,  then  the  n)Ots  (ball  bt] 
-  AB  ±  AC. 

Y3  And 


•»     * 


to  thfefe  four  £5rm^  ' 

jf  :t  iir  -  f  =  p.  • 

it  follows^  that  [they  n^y  be  all  conftruAed  by- 
this  and  the  laill  two  ai 


es. 


-.1 


§  25.  By  th^  geometricjLconftruAionBj  die 
locus  of  any  e<iuauon  of  two'^imenfiont  may 
be  defcribed  i  fince,  i>y  their  miusj,  the  values 
ofj^  that  cofTcfpond  to  any  g[y^  value  of  x 
may  be  determined.  But  if  we  demonftrate 
that  thieffo  y^r^*  are  Avriy^.  conic -folHoHsi  then 
they  may  more  cafily  be  defcribcd  by  the  me* 
thods  that  are  already  ksown  for  defcribliig  tbcfe 
curves.  ..  •,.,..■.. 

'J-  In  order  to  prove  this,  \vp  fhall  enquire  what 
oiuationi^  belong  to  the  dUFtO'cnt  cimif  /c£fio9i  i 
ahd|  as  it  will  appear  that  there  is  no  equation 
of  two  dimendOns  but  mud: .  belong  to  one  or 
other  of  them,  1r  will  follow  that  they  arc  Icci 
of  all  equations  of  two  dimenfions, 

^26.  Lei  CML  be  a  parabola -y  AE  any 
line  drawn  ih  the  fame  plane ;  and  \n  it  be  re* 
quired  to  find  the  equation  expreffing  the  re- 
lation betwixt  the  ordinate  PM  forming  any 
g^rcn  .angle .  wiih  AE,   and  the  abfciffc   AP 

begia- 
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;inni0g  at  A;any  given  p(unt  io  iiie  line  AC. 


X.et  CF  be  the  diameter  of  the  parabola 
mhoih  ^rdinates  are  parallel  to  PM.  Draw 
AH  parallel  to  CF  meeting  PM  in  N;  and 
AD  parallel  to  PM  meeting  CF  in  D.  Becaufe 
the  angles  H AE,  APN«  ANPj  are  given,  the 
lines  AP,  FN,  ANj  ^ill  be  in  a  given  ratio  to 
each  other :  fuppofe  them  to  be  always  as  a,  t^ 
c^^lct  AD  -=^4^  DC  —  £i  and  feeing  AP  (=:  at) 

:  FN ::  a  :  b,  FN  =  -;c5  likcwife  AP ^  AN : : 
a  t  r,  or  AN  =  -x.    And  GM  =  PM  ~  FN 


^  NG  =  t  -  -jc  -  ^.    But  CG  s  DG 


Y* 


DC 


'  •  1 


•  ^  -I 

rsmrnr  of  the  diametpr.  CF  be  cdle^ 

from  the  nature  of  dtepifabbh,  f  xCG^suMq 

and  conieqen^y,  p  x^^x  t^  i  ss  jr  -.  -5c  —  d\ 
from  which  this  Muation  'fblfows. 


:}';-} 


Whence,  if  any  equating  is  pTOj^tcH^  and  fuch 
values  of  n;'  i^  c,  d^  e^  p  can  be  afltimed  ai  to 

makq  that  equation  and  fbis  coincide,  then  the 
/^r«i  of  that  equation  will  be  tl  parabola.  The 
conftruAion  of  which  may  be  deduced  from  this 

article, 

'  ^  Tj.  In  this  general  equation  for  the  para« 
bola,  the  coefficient  of  x*  is  the  fquare  of  half 
the  coefficient  of  xy  \  apd,"  when  any  equa* 
tion  is  propofed  that  has  this  property,  the  Ucus 
'  of  it  is  a  parabola**  For,  whatever  coefficients 
affifft  the  three  laft  terms,  they  may  be  made  to 
agree  with  the  coefficients  pf  the  lali  terms  cS 
the  genera)  equation,  by  affiiming  proper  values 
of  p^  r^^and  e. 

It  appears  alfb,  that'*'  if  the  locus  be  a  pa- 
r^yola,  and  the  term  xy  be  warning;  the  term 
X*  muft  alfo  be  wanting."  And,  "  if  any 
efuadon  0f  two  dimeniioas  be  propofed  thac 

3  wants 
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wants  both  thf  termsy  ^  and  /^^  it  xmy  be 
always  accommodated  co  a  paraMaJ^ 

§  28.    The  general  equadoo  for  the  ellip/i  is 

deduced  from  the  property  of  jrhe  ordinates  of 

any  diamAer>  in  the  fame  no^nner  ^    the  con- 

'  (IruAion  of  the  figure  being  the  fame  as  in  ^  26. 

Only,  in  place  of  the  ^onj^^/j. 

Let  KML  be  an  eHif/i  whofe  diameter  is 
KL^  having  its  ordinates  parallel  to  PM,  and 


Jet  C  b?  the  centre  of  the  ellif/e.  Siippofc 
CL  =  /;  and  the  parameter  of  that  diameter. 
=  p3  then  GMf :  cLq  —  CGq  :  :p :  2/.  But,  as 

in  §  26,  QM  =  j^  -  ^^  -  </,  andCG  =  ^^  -  if; 

therefore,  ▼   ^  ^x  -^A   x  — =  /*  —  -v^*  + 
— X  ^  e* :  whence  this  equation : 

2W 


It 

at  J 


And 
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Aod  tf  any  equation  is  propofcd  that  can  be"" 
matie  to  agree  with  this  general  equation,  bj  af- 
fiiming  proper  values  of  a,  h,  t,  </,  p  atjd  rj 
then  the  locui  of  that  equation  will  be  an  etlip/e. 
§  29.  "  In  the  genera!  cquatian  for  the  elGp/e, 
the  terms  x*  and  y^  have  the  fame  fign  :  and 
the  coefficient  of  *'  is  always"  greater  than  the 
fquare  of  half  the    coefficient   of  xy,   becaufc 

-:  + -7-,isgreaierthan-^.  And  although  the 
term  xy  be  wanting,  yet  the  term  x*  mull  re- 
main, its  coefficient,  in  that  cafe,  being  ^ 
which  mufl  be  always  real  and  pofitivc.  Oa 
tlie  other  hand,  if  an  equation  is  propofcd  in 
wliich  the  coefficient  of  .v^  exceeds  the  fquare  of 
half  the  coefficient  of  xy,  or,  an  equation  that 
wants  *y,  but  has  .v"  and  _y',  of  the  fame  IJgn» 
its  hcui  muft  be  an  eilipje." 

%  30.  In  the  hyperbola,  as  GMj  :  CGj  — 
CL^  :•.  p  :  2/  ;  when  /  is  a  firji  diamettr,  the 
ef^iiation  that  arifes  will  dtffier  from  the  equation 
of  the  eliipje  only  Jn  the  figns  of  the  values 
oSCGq  and  CL;,  and  confequeiuly  will  have 
this  form, 

*•  J        ^        J- 


P'' 
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If/ be  «/*«*/ diameter,  then  ^j  will  be  ne- 
gative. 


In  thU  equation,  it  is  manifeft  that  the  coef- 
HcicDt  of  the  tenn  at*  is  lefs  than  the  fquare  of 
half  the- coefficient  of  ;^i  and,  that  when  die 
term  xy  Jt  wanting,  the  terat  *'  mult  be  ne- 
gative. And,  reciprocaUy,  *'  if  an  equation  is 
{H-opoTed  where  the  coefficient  of  x*  is  lefs  than 
ch£  fquare  of  half  the  coefficient  oi  xy,  or 
where  xf  is  wanting  and  y*  and  x*  have  con- 
criuy  fi^s,  the  locus  of  that  equation  mult  be 
an  hyperbola." 

2  .  §31. 


s*^^*^?^ 


§  31. .  The  equation  of  the  hyperbola  when  iu 
ordinaies  FM  ate  parallel  to  an  afympiote  docs 
not  come  under  the  general  equation  ftf  the 
lalt  article.  Let  CF  and  CL  be  the  ejympiolet 
of  the  typey^aht  ^n^  let  PM  be  parallel  to  jTcj^-, 


Then  CG  x  GM  will  be  equal  to  a  given  red- 
angle  (which  fuppofe  ga).    Then,  CG  =  DG  — 

DC  =  -*  -  e,  GM  =  y  -  -V  —  ^,  and  con- 


fequentlyjr  — n  - 
this  equadoitj 


d-yt.  -X  - 


=  ^X< 


'  whence 


Where  only  one  of  the  term)  y,  *%  can  be 
found  with  xy  ;  and  where  ay  will  be  found  wlthr* 
otit  rtther  of  tliefe  terms,  if  AE  and  AH  coin- 
cide, that  is,  if  AE  is  parallel  to  the  afymixoce 
DF. 

It 
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h  appeals  from  thu,  thai  '*  If  an  equauoti  is 
propofed  chac  cicfaer  has  xjr  the  only  urm  of 
two  diraenfionsj  or  has  *y  and  either  x*  ory* 
bdides»  but  not  bodi  of  them,  the  locus  of  the 
equation  fhall  be  an  hyperbola,  one  of  whofc 
afympotes  fhall  be  parallel  lo  y  or  x  according 
as  it  is  j'  or  x'  that  is  wanting  in  tiie  equa- 
tion." 

%  3a.  Fronfi  all  thefe  compared  together,  it 
follows,  that  '*  lAtf  locus  af  any  eqaiUios  of  Itvo 
dimenfiont  is  d  conic  feftion." 

For  if  the  term  xy  is  wanting  in  the  equation, 
and  bur  one  of  the  terms  y  ,  x^  is  found  in  it,  [he 
locus  Ihali  be  a  parabola ;  by  §  27. 

Ifxy  is  wanting,  and  x*,  j\  have  the   fanif 
fign,  then  the  iacus  is  an  ellipfe.     §  29. —  U 
wRm  they  have  dlflfcrent  figns,  it  is  an  hyperbd 

If  xy  is  found  in  the  equation,  and  x', 
arc  both  wanting,  orciihcr  of  them,  the  toius  is 
an  hyperbola.     §  31. 

If  both  x^  and  >'  are  found  in  if,  having  con- 
trary llgns,.  the  locuj  is  fallzabypfriala. 

Ky*  and  a-»  have  the  fame  figns,  then,  accord- 
ing as  the  coefficienc  of  x'  is  greater,  equal,  c 
ie/s  than  the  fquare  of  half  che  caefScieni  of  xj 
the  locut  (hall  be  an  eili^fi,  parabola,  or  fyper^ 
hole.     ^17,  49»30. 

In  any  iiafc  therefore  the  locus  of  tht  cqua- 
tijsn  is  {o\T]e~rcijir  Jefli':n. 

^33- 


♦1 


s 
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diicdUf  fiom  tbe  cpnfidtotiptt^dC;  HH^ffiu^ 
cqntioa  ipC die  Jiioi .of  iitt . )ftM<iiiilri  la. 
\.tu  Forlt  ii obnoiiiduii^.lf]p-f ;fl5k. Anr IK 


»        < 


■  I 


G    P 

the  fecond  term  of  that  general  equation  vhzy  be 

exterminated  by  aflfuming  z  =:  j  +  ^^^^ — >  and  ic 
will  be  transformed  into 

2**  +  -^- X  » 

4 


+  rf^-x* 


=  o. 


J* 

+  .-- 


which,  by  tranfpofing  the  lafl:  term,  is. 


«*  =  -  -^  x^  +  7  -«xr 


Let 
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Let  MK  be  the  locus  of  the  Aquation-:  and 
ifAH  b$  drawa  fo  that  HE.be  to  AE  as^«  to 
unit,  and  AD,  parallel  to  FM>  be  =  ib,  and 
thtough  D  the  line  DF  be  drawn  parallel  tu 
AH,  meeting  FM  in  G,  dien  Ihall  GM  (=PM 
+  PN"  +  NG  =>  +^x  +  ^h)  =  z.  And  if 
AH  =/.  then  DG  =  AN  =  /x. 

Suppofc  DG  =  s>  and  X  =  •.    InRead  of  x 

fubftitute  7i  and  the  equation  that  refults 
wiU  exprefs  the  rolatiott  of  GM  and  DG,  of 
this  form, 

-  a* — £t     ^     «J  — arf  ,,_ 

2*  =  -~r  X  a»+  —^  y  «  +  I^'  —  f  =  o. 

Which  will  be  an  hyperbola^  farabola^  or  ellipfis, 
according  as  the  term  — s-  h  festive,  nothmgy 

or  lugiUvue.    That  i»,  according  as  —  is  greaiert 

t^ual  to,  ot  fe/s  thin  c.  But  a  was  the  coeffi- 
cient of  *(»;  from  which  it  appears,  that  *•  the 
locus  is  an  elU^e,  parabola^  or  byperboloj  ac- 
cordiiig  as  the  coefficient  of  x*  h  greater,  equal 
to,  or  le/i  than  the  Iquare  of  h^fthe  coefficient 

of  XJf.". 

-  Ic  appears  alfo,  that  *'  if  the  term  xy  be  want- 
ing, or  «  =  o,  then  the  locus  will .  be  an  elUp/e^ 
fafabela,  6f  k/perbala,  accortling  as  the  tenn  (x* 
js  p^ivtt  nothing,  or  negativt." 

Heocc 
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Hence  likcwife,   if  the  term  «'  be  wanting, 

.  and  the  term  ^  not  wanting,  then  the  term 

-~.cu*  being pofitive  (becaufe  -^  is"  always  po- 
fitivc,  whatc«r  a  or /be)  "  the  hcHi  mufi  ke  an 
hyperbola." 

Note,  That  part  of  the  figure,  on  the  other 
fide  of  AE,  which  is  marked  with  rmall  letters, 
anlweis  to  the  cafe  when  the  cocfEcient  of^,  in 
the  general  equation,  ^I'z.  ax  •{-  'b%  is  negative- 

§  2^'  The  lines  of  the _^fo»(/  order  have  fome 
general  properties  which  may  be  demonftratcd 
from  the  confiderdtion  of  the  general  equatioa 
reprefcnting  them. 

'  The  general  equation  of  §  21.  by  extermi- 
nating the  lecond  term  can  be  transfornnod  into 
the  equation,    . 

have, 


From  which 


tV^x 


«*  +  - 


,   ai—Zd 


Where  the  two  values  of  s  are  always  equal,  and 
have  concraiy  figns,  fo  that  the  line  DF,  on 
vhith  the  abfcifTcs  are  taken,  muft  bifcA  the 
,  ordinates,  and  confcquemly,  is  2  dtaaeler  of 
.the  conic-  fcftion.  And,  as  this  has  been  de- 
lonftrated  generally.  In  any  fituation  of  the 
Jines  PM,  it  follows  that  if  any  parallels,  u 
Mw. 


■1 


J 


t 
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M«,  Mw,  be  drawn  meeting  a  conic  fciflion*, 
there  is  a  line  DF  which  can  bifc*fl  all  thcfc  pa- 
rallels. And  confcquenily  if  any  two  parallels, 
Mwi,  Mm,  arc  bifcflcd  in  G  and  g,  ihe  line  Gg 
thai  bifeits  ihefc  two,  will  bifeft  all  the  echer 
lines  parallel  to  them,  terminated  by  the  curve. 
"  Which  is  a  general  property  of  all  ihe  conic 
feAions." 

There  is  one  cafe  which  mud  be  excepted, 
when  PM  is  parallel  lo  an  afynnptote,  becaufe 
in  that  cafe  it  metts  with  the  conic  fed:ion  only 
in  one  point. 

§35.  In  the  general  equation  of  §  21,  if  you 
fuppole,)'— o,  there  will  remain  cx^  +  dx  +  e  —  o, 
by  which  the  points  are  determined  where  the 
curve  meets  the  abfcifle  AE. 

Suppofe  it  meets  it  in  B  and  D,  and  that 
AB  =  A,  and  AD  =  B.     Then  Hiall  -  A  and 

—  B  be  the  two  roots  of  the  equation  *'  +  -x 


and  therefore  x  +  ji  x  k  +  B  —  x* 


bTap 

-de 

+  -^  +  -:  butJf  +  A  =  BP,  and  jv  +  B  =  DP  J  , 


L 


*  Supply  ihe  ££un. 
Z 


therefore 


Part  II%H 
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therefore  DP  X  DP  =**+-«  +  -.     Now,  it  \% 

manifed  from  the  nature  of  equations,  that  if 
PM  meet  the  curve  in  M  and  w,  the  reSajigIc 
of  the  roots  PM  and  Pw  fhall  be  equal  CO 
«*  +  (/a:  +  f  the  laft  term  of  the  equ-uion 


We  have  therefore  PM  x  P«  ■=  f  v*  +  <fir  +  f » 
and  flP  X  DP  =  ^"^  +  -»  +  -J  fo thatPM  k 

P«:BP  xDP::f**  +  a'#+tf:Jf'  +  4  +  -  ::  f 

:  I.  That  is,  "the  reflangle  of  the  ordinatw 
PM,  Vm  is  to  ihe  rcftangle  of  the  fegmcnts  of 
the  abfciffes,  as,  in  a  given  ratio,  e  is  to  1." 
Which  is  another  general  property  of  the  lines 
of  xhcjecond  order. 

In  a  fimilar  maHner  the  analogous  properties 
of  the  line*  of  the  higher  orders  are  dcmon- 
ftrated  •. 

%  36.  There  are  many  difTcreni  ways  of  de- 
fcribing  the  lines  of  the  Jecond  orders  by  motion. 
The  following  is  Sir  1/aac  Nekton's. 

t  Let  the  two  points  C  and  S  be  given,  and 
the  ftraight  line  AE  in  tlic  fame  plane.     Lctd 

•  See  ihe  Appehptje. 

\  Sec  Gtemttna  Qr^anka,  Prop,  I* 
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given  a/igles  FCO,  KSH,  revol«  about  the 
points  C  and  S  as  poles,  and  let  the  imerfcc- 
tion  of  the  fidei  CF,  SK,  be  carried  along  the 


ftraight  line  AE,  and  the  tnteHcftion  of  the  ^ 
fides  CO,  SH,  wil  delcribe  a  line  of  the^<-« 
trjer. 

Let  the  fidei  CF,  SK  interfeft  each  other  iif 
Q.,  and  the  fides  CO,  SH,  in  P  ,  let  PM  an* 
QN  be  perpendicular  on  CS.  Then  draw  PRJ 
QU;  PT.QL;  rothatCUCl=CRP=FCG* 
and  SLQ_=  STP  =  KSD. 

The  angle  RCP  =  CQU,  Cncc  RCP  make! 

two  right  ones  with  RCQjind.QOC.     So  ih^ 

the  triangles  CUQ_and  CRP  will  be  fimilar.1 

And  after  the  fame  tjianner  you  may  demon-  ■ 

Z  1  Orate 
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ftraK  that  the  triangles  SLC^,  STP  ire  Amibri 
whence,  . 

CR  :  PR  :i  QU  :  CCr,  ' 

andST:PT::QL  iSL.' 

Suppofe  CS  =  Hy  CX=  i,  the  fine  of  the 
^ngle  FCO  to  its  cofine  as  *^  to  a  j  fyi.  angle 
CAE  to  cofiti.  as  c  to  tt,  and  fin.  K5H  to  cofin. 
as  t  to  a.     Put  alfo  PM=y,  CM  =  v,  QN  =  x. 

ThenRM;PM;:a :  d,  PR :  PM ;:  v'^TTj, 
AN  :  QN  ::  a :  t.  SothatRM  =  ^,CR(=CM 
_  RM)  =  X  _ 


,    Likewifc  QU  =  !vjl_XJL,  and  CU  (=  CA 

-  AN  -  NU)  =i-^z-  iz.     And  it  be- 
ing    CR  :  PR  ;:  QU  :  CU,  ,  it  follows  t^ 

be  X  dx-roj^ 


d.   .  So  that  z  =  = 


PT 


In  like  manner  you  win  find  ST  =  a — jf 
i\/''  ■^  •'  or   _  '"/''■  -^  ■ 


and  |L 

(==  AN  -  AS-Nl.) :;  a  ^  i  +  C;;i4^.' 'ilrt: 


,QL  = 
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it  was  ST  :  PT  ::  QL  :  SL,  that  isj  a-x- 


Whence  ON  =  2=         ,  ,         . 

■  And  from  the,  equation  of  thefe  two  values  of 
z  this  equation  refuhs ; 

+ae-AcXdy  +dcei     ~icxe+  di 

+  abc  X  d  •¥  e")     —he  y.  a*  —  ed\    _ 

.    —  aV,  X  rf  +  <J     —af  X  dc  ~a^}  .     ' 

where  fince  x  and^  arc  only  of  two  dimcnfions, 
it  appears  that  the  curve  deleribed  mud  be  a 
line  of  the  fecond  ffrdert  or  a  conic  feftionj  ac- 
^rdin^  to  what  has  been  already-  dcmonftrated. 

%  57.  As  the  angles  FCO,  KSH  revolve  about 
the  poles  C  and  S,  if  the  angle  CQS  becomes 
equal  to  the  fupplement  of  thefe  given  angles 
to  four  right  ones^  .then  the  angle  CPS  mull 
vanilh,  that  is,  the  lines  CO  and  SH  mun:  be- 
come parallel}  and  the  intcrfcftion  Pmuftgo 
off  to  an  infinite  diftance.  And  the  lines  CO 
and  SH  become,  in  that  cafe,  parallel  to  one  of 
the  a/ymptotes. 

In  order  to' determine  if  this  may  be,  defcrib* 

on  CS  an  art  of  a  circle  that  can  have  infciibcd 

in  it  an  angle  equal  to  the  fupplement  of  tlic 

angles  FCO,  KSH,  to  four  right  angles.     If 

Z  3  uV^ 
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this  arc  meet  the  line  AE  in  two  points  N,  iv, 
then  when  Q^thc  intcrfcftion  of  the  fuJes  CF, 
SK  comes  to  eirher  of  thcfe  points,  as  it  is  car- 


vK, 


V 

ried  along  the  line  AE,  the  point  P  will  go  off 
to  Infinity,  and  the  lines  SH,  CO,  become  pa- 
rallel to  each  other  and  to  an  ajymftou  of  the 
curve. 

If  that  arc  only  touch  the  line  AE,  the  point 
P  will  go  off  to  infinity  but  once.  If  the  arc 
neither  cut  the  line  AE  tior  touch  it,  the  point 
P  cannot  gp  off*  to  infinity.  In  the  firit  caie 
the  conic  icftion  is  an  hyperbola,  in  the  lecond  t 
faraboh,  in  tbe  third  an  elUfJe, ' 

The  afymptotts,  when  the  curve  has  anj*  ire 
determined  by  the  following  conftru&ion. 

Draw  NT  confthuting  the  wi^  CNT  s 
SKA,  meeting  SC  in  T  i  then  take  SI  =  CT, 
and  always  towards  oj^fiK  pans,  and  thrMigh 
X  draw  IP  parallel  to  SH  or  CO,  and  IP  wiU 
be  one  afymptote  of  the  curve.  The  other  n 
detenhiQed  in  like  muiner,  by  bfinfpDg  Qja  u 
And 
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And  the  t*o  alympcotrs  meec  in  the  centre, 
conftiiutiog  there  an  angle  -  NS». 

from  this  conftruflion  h  is  obvious,  that 
when  the  circuUr  arc  CN«S  touches  the  line 
AE,  the  angle  SNA  being  then  =  SCM,  the 
line  NT  will  become  parallel  to  CS  j  antl  there- 
fore CT  and  SI  become  infinite,  that  ii,  ttve 
afymp&tt  IP  going  off  lb  infinity,  :he  airvc  be- 
comes a  parabola.        '"^  '■ 

§  38.  There  is  anortier  getieial  method  of 
describing  the  lines  o(i\\efccond  order,  that  ilc- 
fcfve*  our  confide  rati  on. 


BH 


Inftead  of  angles  we  jiow  ufe  three  ruVri 
DQj  CN,  SP,  v.'hich  wc  foppofe  to  revolve 
about  the  poles  T),  C,  S,  and  cut  one  another 
always  in  three  pOiiUi  N,  Q^and  Pi  and  cariy- 
,  ing  any  two  of  ihcfe  interfcftions,  as  N  and  Q_» 
along  the  given  ftraight  lines  Ah'.,  BE,  the  thiid 
iiKcnection  P  wiU  defcribe  a  conic  fcflion, 

Z  4  Through 


■ 
I 


# 


PM,  QR»  paftiUell  ta^A&»''voBg6ug^^E9tiaL>^i 
MfRp  idlb  &r6uf^  P  dn^'PH  {NmUdPlo  Be 

rtiitttti^''CS  inH.  ''■•'•     ^■■'  " «'- -    "•■■'.*  .'-••  ■  • 

=•*;  SB  =  c,  DF!=*,-AF.*'?,'«*ti,  lKati>; 
AB  (=  a-^'i'^^e)  ss/,  HBifcfe  ♦«ie  iabgted 

PMH,  AEB  are  fimilai^  theQf^ j^^  ^^^ 

MH  =  4  Sit  si  it±^=^i:  ■  Afld^^fiiicc 
CA  :  AN  ::  CM  :  PM,  i  .viAf^^koi^] ark^fiftitl 


4r 


SB  :  BCL::.SH  :  PH, .. .  B(^=  ^^3^. 

Buf, 
BCL:  QR^:  BE  :  AE  . . .  QR  =  57+^r^, 

cfy 

.    and  . . .  BR  =  r; — ^"7 > 

dx  -k-  fy^  ad 

Now  AN  -  DF  :  RQj-  AN  : :  AF  :  ARi 
this  is, 

And  multiplying  the  extremes   and  means^ 
and  ordering  the  temnTs,  it  is, 

+  had  X  /  +/  X  j^  —  adfk  x  x  + 1^*  x  x^\ 

% 

In  which  equation,  the  fign  of  fomc  terms 
may  vary  by  varying  the  fituatipn  of  the  poles 

an4 
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and  lines  j  but  x  and  y  not  nfing  to  more  than 
two  dimcnfions,  it  appears  that  the  point  P  al- 
ways defcfibes  a  (Otiic  /e3io».  Only  in  rome 
particular  cafes  the  conic  feftion  becomes  a 
llraight  line.  As  for  example,  wlien  D  is  found 
in  the  ilraight  line  CS;  for  then  DF  vanifliing 
the  terms  dfkx^  —  luifkx  vanilh,  and  thtf  remaio- 
ing  terms  being  divifible  by^,  the  equation  be- 
comes, 


i/Kc-i~/xy+eld—i>Jxi+fxx  +  hd)(I+/=o. 
Which  ia  a  locus  of  the  ^rjl  order,  and  fhcws, 
that,  in  this  cafe,  P  mufl:  defcribc  a  Jlraiibt 
Utte. 

After  the  fame  manner  it  appears  that  if  the- 
point  E  the  intcritftion  of  the  lines  AE,  BE, 
falls  in  CS,  then  will  P  defcribe  a  ftraight  line. 
For  in  that  cafe  d  yanilhes,  and  the  equation 
becomes. 


b.y.1 


-  i-/xy  -k  X  c  —/Xx  =  o. 


§  39.  Thefe  two  defcriptions  furnifli,  each, 
agcneral  method  of  "  defcribing  a  line  qf  the 
fccond  order  through  any  five  given  points  whe/e- 
of  three  arc  not  in  the  fame  ftraight  line." 

Suppole  the  five  given  points  are  C,  S,  M,  K, 
N;  join  any  three  of  them,  as  C,  S,  K,  and 
let  angles  revolve  about  C  and  S  equal  to  the 
angles  KCS,  KSC.  Apply  the  interfeflion  of 
the  legs  CK,  SK  firft  to  the  point  N,  and  In  the 
I  inter- 
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imerfeftion  of  dip  legs  CO  ami  SH  be  Qj 

fccondly  apjily  ihc  interferon  of  the  fame  Icgj 
CK,  SK,  to  the  femaiQJng  point  M,  uid  let  the 


interfcftion  of  the  legs  CO,  SH  be  L.  Draw 
a  line  joining  Q__and  L,  and  it  will  be  the  line 
AE  aiong  which  if  you  carry  the  interfedion  of 
the  legs  CO,  SH,  the  interfeftion  of  the  other 
legs  will  defcribe  a  conic  feftion  pafling  through 
the  five  given  points  C,  S,  M,  K,  N. 

Ii  mud  pafs  through  C  andS  from  the  con- 

flniflion;    when  the    interfeflion  of  CO,    SH 

comes  10  A,    the  curve  will  pafs  through  K. 

Arid 
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And  whejl  it  cooics  to  Q^  and  L,   it  pzSea 
througll  N,  M. 


P 


i  40.  From  the  fecond  defcription  we  have 
this  folution  of  the  fame  problem. 

Let  C,  S,  M,  K,  N  be  the  five  given  points : 
draw  lines  joining  them ;  produce  two  of  the 
lines  NC,  MS,  till  they  meet  in  D.  Let  three 
rulers  revolve  about  the  three  poles  C,  S»  D, 
viz.  CP,  SQ_,  DR.  Let  the  intcrfedion  of 
the  rulers  CP,  DR,  be  carried  over  the  given 
line  MK,  and  the  interfcdion  of  the  rulers 
S<Xj  DR  be  carried  through  the  line  NKj 
and  ,the  point  P,  the  intcrfeftion  of  the  rulers 
thac 
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that  revolve  about  C  and  S,  will  defcribe  a  conic 
fcdVion  that  pafies   through  the  five  points  C, 
.  S,  M,  K,  N. 

§  41.  It  is  a  remarkable  property  of  the  co- 
nic feftions,  that  "  if  you  alTume  any  number 
of  poles  whatfoever,  and  make  rulers  revolve 

.  about  each  of  them,  and  all  the  intcrfedions 
but  one  be  carried  along  given  right  lines,  that 
one  fhall  never  defcribe  a  line  above  a  conic 
feftion ;"    if,    inftead  of  rulers,  you  fubftitute 

-  given  angles  which  you  move  on  the  fanic 
poles,  the  curve  defcribed  will  ftill  be  no  more 
than  a  conic  feftion. 

Sy  carrying  one  of  the  interfeftions  necelTary' 
in  the  delcription  over  a  tonic  fedion,  lines  of 
higher  orders  may  be  defcribed. 


CHAP. 
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CHAP.     III. 

Or    THE  CONSTRUCTION    of   CUBIC  and 
BIQyADRATIC  EQUATIONS.     ' 

§  42. "  npHE  roots  of  any  equation  may 
.J.  be  determined  by  the  intcrfcAions 
of  a  ftraight  line  with  a  curve  of  the  fame  di- 
menCons  as  the  equation;"  or,  "  by  the  intcr- 
feflions  ol  any  two  curves  whofe  indices  multU 
plied  by  each"  other  give  a  produ6l  equal  to  the 
index  of  the  propofed  equation," 

Thus  the  roots  of  a  hiquadraiU  equation  may 
be  determined  by  the  interrcftions  of  two  conic 
fedions  ;  for  theequation  by  which  the  ordinate? 
from  the  four  points  in  which  ihcfe  conic  feftions 
may  cut  one  another  can  be  determined  will  arife 
to  four  dimenfions:  and  the  conic  feftions  may 
be  afTumed  in  fuch  a  manner,  as  to  make  this 
equation  coincide  with  any  propofed  biquadratic : 
fo  that  the  brdinatcs  from  thefe  four  interfcf^tons 
will  be  eqpalto  the  roots  of  the  propofed  biqua- 
dratic. , 

If  one  of  the  interfcftions  of  the  conic  fedion 
falls  upon  the  axis,  then  "  one  of  the  ordinates 
vanifl^cs,  and  the  equation  by  which  thefe  ordi- 
dinates  are  determined  will  then  be  of  three  di- 
menfions only,  or  a  (ubic"  to  which  any  pro- 
pofed cubic  equation  may  be  accommodated. 
So. 


1 
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So  that  the  three  remaining  ordinatcs  will  be  the 
three  roots  of  tbatpropofed  cubic 

§  43.  Thofe  conic  fedions  ought  to  be  pre- 
ferred for  this  pui^pofc  chat  are  moft  eafdy  de- 
fcribcd.  They  mufl  not  however  be  boib  dr- 
(les;  for  their  intcrfeftions  arc  only  two,  and 
can  ferve  only  for  the  refolution  of  quadratic 
equations. 

Yet  the  circle  ought  to  be  one,  as  being  moft 
eafdy  dcfcribed;  zn^  the  parabola  li  commonly 
affumed  for  the  other.  Their  interfedions  ar* 
determined  in  the  following  manner. 


VjT 

^ 

Vf 

-K 

TW                \ 

[ 
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ax 

c       \ 
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■JA 

N        Ni> 
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Let 
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Lu  APE  be  the  common  Apollonian  pon- 
b<^.  Take  on  ics  axis  the  line  AB  :=  half  of 
its  parameter.  Let  C  be  any  point  in  the  plane 
of  the  paraboU,  and  from  it  as  a  centre  defcribe, 
with  anjr  radius  CP,  a  circle  meeting  tfrfpara- 
bola  in  P.  Let  PM,  CD,  be  jierpcnJirulan 
on  the  aiis  in  M  and  D,  and  let  CN,  parallel 
to  the  axis,  meetPM  in  N. 

Then  will  always  CPj=;CN?  +  NP^(47£.t.) 
Put  CP  =  a,  the  parameter  of  the  parabola 
=  b,  AD  =;f,  DC  -d,  AM  =  x,  PM  => 

Then  CNf  =  TT^l'*  NPf  =>  4.  t^l'i  and 
*+~(^*  +  y  +  ti\'  =  a'*.    That  is, 

«'  ±  2eX  +  c'  +  J"^  ±  2i^  +  </'  =  <j\ 
But,    from  the  nature  of  the  parabola,  y  =  6x^ 

andj:*  =  'i^^i    fubftituting    therefore  thcfe  va- 
lues for  a'  and  x,  it  will  be, 

^±^  -i-  y^  ±  l{fy  +  c*  +  d'  -a  ~o. 
Or,  multiplying  by  l>', 

y±2^f+*'  xy±2df>'  xy  +  c'+</*— a*  X  ^'=:0. 
Which  may  reprefcnt  any  biquadratic  equation 
that  wants  the  fecondiermj  fince  fuch  values 
"  may  be  found  for  a,  b,  c,  and  d,  by  comparing 

k  this  with  any  propofed  biquadratic,  as  to  make 
H  them  coincide.  And  then  the  ordinates  from 
B  the  points  P,  P,  P,  P)  on  tlic  axis  will  be  equal 
H       to  the  roots  of  that  propofed  biquadratic.     And 

L 


t  i)  ttic  diSermct  of  *  vJ  i  indtliiutcly,  wtiichcv 
ttc  tm  U  STtutfl, 


this 
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this  may  be  done,  though  the  parameter  of  the 
parabola  [viz.  h)  be  given  :  that  is,  if  you  have  a 
parabola  already  made  or  given,  by  it  alone  you 
Diay  refolve  all  biquadratic  equations,  and  you 
will  only  nccd-to  vary  the  centre  of  your  circle 
and  its  radius. 

§  44.  If  the  circle  defcribed  from  the  centre 
C  pafa  through  the  vertex  A,  tlieti  CPy  =  CA^ 
=  CDq  +  AD  J,  that  is,  a'  =  </'  +  f'  j  and  i 


Uft  term  of  the  biquadratic  (r*  +  i^  —  <•)  \ 
vanifti  i  therefore,  dividing  the  reft  by  j,  tb 
arifcs  the  cubic, 

y  ♦  ±  ibc  +  i"  X  _j'  ±  idl/^  =  o. 
Let  the  cubic  equation  propofed  to  be  rcfblvcd 
be  j'  ♦  ±  ;>>'  ±  r  =  o.    Compare  the  terms  erf" 
thcfe 


Ghap.  3.    '    a  L  G  E  B  R  A;  355 

thefe  two  equations^  and  you  will  have  ±  i^c  + 

**  =  ±P,  and  ±  a/ih*  =:  ±r,or,  +  c  =  -  +  x',* 
It  '      '   '  a   '   a*' 

and  d  zs.  ±  --K.    From  which  you  have  this 
conftruaion  of  the  cubicy  ♦  ±  ;y  ±  r  =  o,  by 
means  of  any  ^reo  parabola  AFJE. 
"  From  the  punt  B  take  in  the  axis  (forward  if 
the  equation  has  —  p,  hut  backwards  iff  is  pe- 

filive)  the  line  BD  ^ —%  then  rai/e  the  per-    ■ 

pendicular  DC  =  ^,  and  from  C,  dejcribe  a 
'  circle  paffing  through  the  vertex  A^  meeting  the 
parabola  in  P,  ft  piaU-  the  ordinate  PM  he  one 
ef  the  roots  tf  the  (ubic  y^  *  ±.py  ±.r  —  o." 

The  ordinate!  that  ftaod  on  the  (tmc  fide  of 
the  axis  with  the  centre  C  are -negative  or  af- 
firmative, according  as  the  lafl.  term  r  is  nega- 
tive or  affirmative;  and  thole  ordinates  have 
^ways  contrary  ftgns  that  ftand  on  different 
fides  of  the  axis.  The  roots  sre  found  of  the 
fame  v>alur,  only  they  have^.ontrary  (igns,  when 
r  is  pofitive  as  when  it  is  negative;  the  lecond 
term  of  the  equation  being  wanting;  which 
agrees  with  what  has  been  demonftrated  clfe- 
where, 

%  45.  In  refolvirig  numerical  equations,  you 

.  piay  fuppofe  the  parameter  b  to  be  unit ;  then 

A  a  AD 
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AD  =  =F  ^p,  and  DC  =  ■^r;  and  tlie  ordinate 
PM  muft  then  be  meafurcd  on  a  fcalc  where 
the  parameter,  or  2AB,  is  unit.  Or,  if  it  be 
■ntncier  may  be  fuppofcd 


■  any  other  nuinbtr, 

safuring  it  on  a  fcale 

joo,  fc?c.   or  thac 


more  convenient 
10  exprefs  jo,  igi 
and  PM 
where  p 

other  numb 

§  46.  "  len  the  circle  meets  xYvt  .para&ala 
in  one  po  snly  befides  the  vertex,  the  equa- 
tion has  only  one  real  root,  and  the  other  two 
imaginary," 

Thus,  if  the  eqiiacion  has  +  p,  or  if  D  falls 
on  the  fame  fide  of  B  as  A  does,  the  circle  can 
meet  the  parabola  in  two  prints  only,  whereof 
A  is  onei  and  tjierefore  the  equation  mud  have 
'  two  imaginarf  roots  g  as  wc  demonflrated  elle- 
where.  If  the  circle  touch  the  parabola,  chea 
two  roots  of  the  equation  are' equal. 

Ic  is  alfo  obvious,  that  the  equation  muft  ne- 
ccflarilyhave  on^  real  root;  bccaufe,  Hnce  the 
circle  meets  the  parabola  in  the  vertex  A,  it  muft 
meet  it  in  one  other  point,  at  leaft, ,  befides  A. 

§47.  Inftead  of  making  the  circle  pafs  throi^i 
the  vertex  A,  you  may  fuppofe  It  to  pafs  through 
fome  other  given  point  in  the  parabola,  and  that 
inierfeftion  being  given,  the  biquadratic  foynd 
for  determining  the  interfcftions,  in  §  43,  may 
be  jeduccd  to  a  (ubic*  '  .    ■    ' 
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L^t'die  ordinate  belonging  to  that  ^ven  in- 


A 
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cerfeAioh  be  g,  thea  xme  of  the  valocs  of  jr  being 
g,  it  follows  that  the  biquadratic 

■''  *  f  fp\^  ■^Vl  +  ^  + .•-■«•  X  *•  =  o 
will  be  divifible  by  j*  —  ^,  which  will  reduce'  it 
toa.ctt^rc  that  (hall  have  thelecond  term.  .And 
thus  we  have  a  conllrudion  for  athie  equations 
that  have  all  their  terms. 

For  cxamplr,  let  us  fuppofe  that  the  fara- 
meter  is  AG,  and  the  ordinate  at  G  is  GF  meet- 
ing fhe  curve  in  F.  Suppofe  now  that  the 
circle  is  always  to  pafs  through  F;  thtn  fhall 
CF?  (='«•)  =  CHy  +  HF?  =  rjTI'  +  J+71' 
=  «*  '¥d*  ±  o.(h  ±  lib  +  ai*,  and  fubftituting 
A  a  2  ia 


in  the  ^equwdonof  1 4j3r  tl^it  i^.«C.||%  jrte. 


W±  *»•?(> 


Where  f  in  (h6*lfl&  teim  Jui^^^trary  fign  ta 
what  it  has  iiv'die  thirdi  ^siM%  d^ntnuy  fign  m. 
what  it  hasjfij^e  fbgrtk  -        - 

This  biGto^dratic  hits  FG»  ior >»  filr  one  ^  ba 
roots ;  anq  .6eing  diyideSTb/  ^r?  }% '  th^  npft^ 
tbis^cubici^  '\'  ; 

+  2^*]^  ±.arJ^  >=o, 

^+  2^'    J 

having  all  its  terms  complete,  Jf  C  had  been 
taken  on  the  other  fide  of  the  axis,  the  fecoad 
term  by'  had  been  negative* 

Let  now  any  cubic  equation  be  propofed  to 
be  refolvcd,  as  j'  +  />y*  +  jy  —  r  =  o.  And  by 
comparing  it  i»ith  the  preceding,  you  will  find 


rwhepce 


dzzL  +  JL 

7f        ^\ 


^beriforcy  to  covftruH  the  fropoftd  cubic  efUsHmi 
y^  -^-py^  +  qy  '^r^  o,  let  the  paranfeter  of  ywr 
parabola  be  ejual  to  />,  take,  on  tb€  asfis  from 

4 
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the  virtix  A,  the  Hne  AD  ^p  —  -^9  and  raife 

ibe  pirpendtiular  DC  —  "T  +  rru    ^»^  A^^  ^ 

difcrih  a  circle  tiroMgb  P^  meeting  the  parabola 
mP^fo  JkaU  the  ir^OtMe  PMbea  root  of  the 
efuatitm. 

If  the  cquttkXi  propoied  is  a  literM  equation 
of  this  (xm  f  -Vpf  +Pfy  ^p^  =  Ot  having 
all  the  terms  of  three  dimenfions^  then  this  con* 
fira^oo  will  only  reqiiire  AD  =  1  -*  i}»  ^d 
DC  !s  iY  +  ^•. 

S  4S.  If  you  fuppofe  the  ptrahola  to  pa& 
dirough  any  point  F  taken  anywhere  in  the 
panboh  (W.  ^^i^^pr^i^^  and  ca^ 

FQ:=4;  thenr-^  +. / - il*  s:  a\  and  the 
general  biquadratic  maf  have  this  form, 

=  0. 


+  ***! 


+  ****[  = 
-     *V  J 


But  fince  FG  s  «  is  one  of  the  values  of  jr» 
the  equation  will  be  divifible  bf  jr  -  «,  and  the 
quotieoc  is  ibundco  be  this 


y*  +  (jj^  —  a***)     —  flrf** 


-  a#*|     —  fl**  1 
+  *•  j. J'  -  a«*  I  _  ^ 

+   <*  J 


A  a  3  Which 


\- 
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Which  bompared  withjp*  4-^Vi^ff|f -ir^'l^s^  . 
^vw  FG  (or*)  =^,  AD  (=r)'«t  tl±4^» 

and  DC  =:/  =;  ^^^^^^.     And  faf.  thi?  con. 

ftruAton-  the  rooes  of  a  complete-  cublc^qpHdoR 
may  be  found  by  any  parabola  whatfoevef; 

§49,  It  is  eafy  to  fee  from  -§'4j.  fabwto 
eohftruft  the  roots  of  a  ]bk}u^ulratic  by  aoj^pa- 
xabcda, .  after  the  fecond  tenlfi  irlBdbitt  m^. 
But  ^ihf^rbbftVif  aUquadrati(e.iniy  be  deter- 
mined  by  any  pairabola :"  only^hey  canne^'  be 
the  ordinate  on  the  ai^s^  but**^ inay  be  equal 
to  the  perpendiculars  on  a  fine  pantUel  to  die 
axisj  meeting  the  parabola  in  F^  CD  in  Hj  and 
PM  in  L," 

L.ct  FG  be  an  ordinate  to  the  axis  in  G  j  and 


ihc  reft  remaining  as  before,  let  FL=;r,  PL==7, 


•1. 


the 
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the  parameter  =  ^,'  CP  =  «,  FH  =  r,  CH  =  </, 

fG  =  e.  ^ 

And  fince  PMj  (-  PL  +  HD|')  =  AMx^, 
therefore  y*  +  iey  +  e*  z=.  AG  +  FL  x  ^  = 

J  +  *  X  ^;  and  cdnfcquentlyy  +  20'  =  ^*« 

But  CNj  +  NPy  =  C?q  i  that  is,  TIT?*  + 
_y  _  </!*  :p  tf*.    And  fubftituting  for  x*  and  *  their 

values '— ^r-^  and  ^^ — —2  j  you  will  find 

which  is  a  complete  biquadratic  equation.    And  > 
by  comparing  with  it  the  equation 

y*  +  py^  +  %*  -  *'o'  -  ^'-^ = o>  you  win  find 

FG  (=0  =  ip,  FH  (  =0  =  iil±^, 

HC  (=rf)  =  ■^~^,    and  CP  (  =  ^  )   = 

\/^'j  +  c^  +  d^i  which  gives  a  general  conftruc- 
tion  for  any  fuch  biquadratic  equation  by  any 
parabola  whatfoeven  If  the  figns  of  p,  f ,  r, 
or  s,  arc  different,  it  is  cafy  to  make  the  ne- 
ccffary  alterations  in  the  conftrudtion.  Ex.gr. 
Ifp  is  negative,  then  FG  muft  be  taken  on  the 
other  fide  of  the  axis. 

If  you  fuppofe  the  circle  to.  pafs  through  F, 
the  eauation  will  become  a  cutic  having  all  its 

A  a  4  tcrnis  : 


* 


3$%  A.Tx%KTi%%itf     FAft*III; 

tsmsi  Ac  lift  term  ^TF*^k^  >Wiilli. 
ing,  bscaofe  then'e*  -I-  t^cz  ^»    It  nJOI-tevt 
"drisfirm,  •  .     -    -'^    • 

and  dicn  ^'the  conftrudHon  will  gtv<i  die  foots 
of  It  complete  cubhrequation.'' 

§  50.  We  have  fuffictently  .fficwe^^  how  the 
roots  of  cubic  aiki  biquadratic  tquadras  itaky  be 
cohftru^ed  by  the  paraboh  andciidei  iveihall 
^ '  now  fhivi  how  oAer  conic  lefHons  tnay  be 
determined  l^y^whoie  imerfefttdns  tlie  fame  roots 
may  be  difcovered. 

Let  the  equation  propofed  be  y**  +  ^pj*  + 
F'qy  —  ^ V  =  o  J  and  let  us  fuppofe,  that, 

I^  ix^y*;   then  (hall  we  have  by  fubfti- 
tutioh  X)f  ^ V  for  y^,  and  dividing  by  bpf  ' 

a\  y*  4-  —A*    +    ^_y  —  -—  =  o,  which  has 
P  p^       P         \ 

its  locus  an  ^///g/"^.     Then  by  fubftituting  (in 
this  laft)  bx  forj^*,  and  multiplying  all  the  terms 

by  p  you  find, 

3^  Af*  +  ^AT  +  gy  —  ^r  =  o,  an  equation  to  a 
parabola.      Then,     adding    to    this    equation 

y"^  ^  bx=L  o,  you  will  have, 

4^  >f*  +  7*  +  ^  —  ^^^+  qy^ir::^  o,  an  equa- 
tion to  a  circle. 

The 
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The  roots  of  the  equation^*  +  ^*  +  ^'jy 

—  i'rsiO  may  be  determined  by  the  intcrfec- 

tion  of  any  two  of  thefe  loci;  3s  for  example. 


by  the  interfeftions  of  the  eliip/e  that  is  the  ioais 
of  the  equation  y*  +      '*+—>——      o> 
and  of  the  circle  which  is  the  heus  of 
«'  +  J'"  _  ^  J  X  +  qy  —  ir=zo,  from  which  we 
deduce  this  conflrui^ion. 


■364  JTRtATistef      Pakt  hi. 

Let  AB  h  tbc  ex'is  of  an  elUpJitj  tqmal  tv 

■  aV  *'■  +  ~,  lei  0  Is  the  autre  of  the  eliigfe, 
and  the  axis  to  the  parameter  as  p  to  b.     ^t  G, 

'    rai/c  a  perpendicular  to  the  axis,  and  on  it  take 

CD  =  —  >  and  en  the  other  fsde  « the  perfendimUr 

■  eoittifiued  late  GK  =  ^q  x  ^-7--     Let  DE  and 
.  KC  be  parallel  to  the  axis :  take  KC  =  4.  *  —  4  p^ 

end  from  C  as  a  centre,  tvilh  the  radius  s/DCq  +  ^r 
"  defcribe  a  circle  meeting  the  ellipfe  in  P,  and  the 
ordinate  PM,  on  the  line  D  E,  Jhall  he  one  of  the 
roots  of  the  propcfed  equalioiu 

Let  PM  (=j')'produced  meet  AB  in  R,  and 
KC  in  N  ;    and  calling  DM  =  x,  then  CPj  = 
'     NP^  +  NCg,   that  is,    {f  +  ih^  —  ^ph  +  if* 
,  +  ir  =  {■  h—^p—xV  -i^y  +  '^Y  i     and  therefore, 
1°, y-  +  x'  +  qy       ix ~-hr  :=  o,  the  equa- 
tion to  the  circle,  which  was  to  be  conftrufted. 

And  fince  PRy  :  GBq-GRq  ::  k:p,  there- 
fore y  +  ~\  :  hr  +  ~ —  x'  ::  b  -.p ;  and  con- 
fequently, 

^     ■.    '  h  l''r  . .  .    •     . 

2°.  y*  +  —  *  4  -'•y  ~  —  =:  o ;  which  is  the 
■  P  P  P 

equation  that  was  to  be  conftrufted. 

Now  that  their  intcrfeftions  will  give  the  roots 
required,  appears  thus. 

For 


I 
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For  X*  in  the  firft  equation  fubftitute  the  va- 
lue you  deduce  for  it  from  the  fecond,  viz. 

ir  —  jjr'  —  qjt  and  there  will  arife 

that  is,  y  =  «,  and  **  =  ^,i  which  fubftituted 

for  X*  and  Xy  in  the  firft  equation^  gjves 

^+j'*  +  p  — *  xj-+y^  —  ^='0;  that  is, 

y**  +  ^*  +  ^Vj*  —  ^''^  =  °' 

And  if  you  fubftitute  them  in  the  fecond  equa- 
tiona  there  will  arife 

p^f  +  J*  +  y;-  -  y  =  o,  that  IS,  >♦  #  + 
i^»  +  ^*jy  —  iV  =  o,  the  very  fame  as  before; 
and  thus  it  appears  that  the  roots  of  the  equation 
J'*»  +  ify*  +  ^V>  —  iV  =  o  are  the  oidinates 
that  are  common  to  the  cirtU  and  elli^et  or'that 
are  drawn  from  theif  interfeAion. 


End  efthe  Third  Part. 
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LINEARUM  GEOMETRICARUM 


PROPRIETATIBUS  GENERALIBUS. 


DE  lineis  fecifndi  ordinis,  five  fefUonibus.coniciSj 
fcripferunt  uberrime  geometrae  veteres  Sc  recen- 
tiores  i  de  figuris  quae  ad  fuperiores  linearum  ordines 
referuhtur  pauca  &  exilia  tantum  ante  Newtonum 
tradidcrunt>^  .Vir  illuftriffimus,.in  Tradbttu  de  £nw» 
meratione  Linearum  tertii  Ordinis^  doflrinam  hanc,  cum 
diu  jacuiflet,  excitavit,  dignamque  efTc  in  qua  elabora- 
rent  geometris  oftendir.  Expofitis  enim  harum  linea- 
rum proprietatibus  generalibus,  quae  vulgatis  fe£lionum 
conicarum  a(re6Honibus  funt  adeo  afSnes  ut  velut  ad 
eandem  normam  compofitae  videantur,  alios  fuo  exem- 
plo  impulit  ut  analogiam  banc  five  fimilitudinem  quae 
tarn  diverfis  intercedit  figurarum  generibus  bene  cog« 
nitam  &  fatis  firme  animo  conceptam  atque  compre-' 
heniam  habere  ftuderent.  In  qua  iliuftranda  &  uherius 
indaganda  curam  operamque  merico  pofuerunt;  cum 
nihil  fit  ooinidm  quas  in  difciplinis  pure  mathematicis 
tra^ntur  quod  pulchrius  dicatur  aut  ad  animum  veri 
inveftigand^  cupidum  oble&ndum  aptius,  quam  rerum 
tarn  diverfarum  con&nfiis  five  harmonia,  ipfiufque  do- 
ftrinae  compofitio  &  nexus  admirabilis,  quo  pofterius 
priori  convcnit>'  quod  fequitur    fiiperiori   refpondet, 

quaeque 
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quseque  rimpliciora  Tunt  ad  magis  ardua  viam  eonfti 
apetiuni. 

Lincarum  tertii  ordinis  proprictates  gcncrales  a  ffm 
.  tena  (raditx  paralleiarum  fegmenu  U  af^'mplotos  pt«« 
rzquc  fpefbiiit.  Alias  harum  affcftioncs  (juardani  di- 
vcrfi  generis  brcviter  indicavimus  in  traftatu  de  flun^ 
onibus  nu[Kr  edjto,  Act.  3241  &  401.  Cdebefrimus 
Coltfius  pukhcTritnam  olim  deiexit  lincanun  gcometti- 
carum  proprietalsm ,  hucufque  ineditam,  quam  at>r({u« 
demonff  rati  one  nobis  communicavit  vir  Reverendm  D. 
Robirtus  Snulb^  Collegii  S.  S.  Trinilatis  apud  Canlabci- 
gienles  prxfe^tus,  doArina  operibur(|ue  fuis  pariKr  ac 
fide  &  fiudio  in  amicos  chrus.  De  his  mcdiuntibus 
nobis  alia  quoquc  Te  abtulerunt  theoremata  generalis  ^ 
quse  cum  ad  arduam  banc  grometrix  partem  augcndam 
&  iiluftrandatn  conduccre  viderentur,  ip(a  qtufi  in  (aC> 
ciculum  congcrenda  &  una  ferie  brcviKt  exponcoda  & 
demonftranda  puuvimus. 


S  E  C  T  I  O     I. 

Vt  Uneit  Geometrictj  iit  gmtrt. 


'^  I.  T    Inex  fecundi  ordinis  Te^tionc  falldi  geometru 


/  coni  fcilicec,  defiaiuiUur,  undccarumpra 
(ates  per  vulgarem  geometriam  optimc  derivantur. 
rum  diverla  ell  ratio  Aguiarum  quai  ad  ruperioret  I 
arum  ordines  referuntur.    Ad  has  definicndas,  eaniol 
propiLctates  ecueiidas,  adhibenda;  fuiit  .-cquaiioiics  g 
rales  co-orJinatarum  rclalioiicm  exprini«nl». 
fig.  I.  l*=niei  X  abkiir;im  AP,  ^  ordinatam  PM  tigunc  ( 

denotentque  0>  h,  e,  t!,  t,  itc.  coeiEcIefiKs  qiufcuuqae 
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invariabiles  $  &  dato  angulo  APM  fi  relatio  co-ordina- 
tarum  x  icy  definiatur  xquatione  qux^-praeter  ipfas  co- 
ordinatas,  Tolas  involvat  coefficientes  invariabiles,  linea 
FMH  geometrica  appellatur ;  quae  quidem  aucEloribus 
quibufdam  linea  algcbraica,  aliis  linea  rationalis  dicitur* 
Ordo  aucem  lineae  pendet  ab  indice  altiffimo  jpfius  x  vel 
y  in  terminis  ^uationis  a  friadlionibus  &  furdis  liberatse, 
vel  a  fumma  indicis  utriiifque  in  tennino  ubi  hsec  fumma 
prodic  maxima.  Termini  enim  x\  xy^  y*  ad  fecunduni 
ordinem  pariter  referuntur ;  termini  x\  Jr*jr,  xy\  y^  ad 
tertium*  Itaqucaequatio_y=sjx'+i,fivejf— tfx  —  bzno^ 
eft'  primt  ordinis  &  defignat  lineam  five  locum  primi 
ordinis,  quse  quidem  Temper  re<^  eft.  Sumatur  enim  ^ig*  2. 
in  ordinata  PM  reda  FN  ita  ut  FN  fit  ad  AP  ut  +  a 
ad  unitatcm ;  conftituatur  AD  parallela  ordinatse  FM 
aequalis  ipfi  +  i,  &  du^  DM  parallela  re&x  AN  erit 
locus  cui  aequatio  propofita  refpondebit.  Nam  PM  =: 
PN  +  NM  =  (tf  X  AP  +  AD)  ax  +  b.  Quod  fi 
aequatio  fit  forn^ae  yznax  —  *,  vel;^  r:  —  ^^r  +  A,  rcSa 
AD,  vel  PN,  fumenda  eft  ad  alteram  partem  abfciiTs 
AP ;  contrarius  enim  re£larum  fitus  contrariis  coefEcir 
cntium  fig^nis  refpondet.  Si  valores  afiirmativi  ipfius  x 
defignent  redlas  ad  dextram  dudlas  a  principio  abfciflse  A, 
valores  oegativi  dei^otabunt  re£las  ab  eodem  principio 
ad  finiftram  dudas;  &  fimiliter  ft  valores  afHrmativi  ip- 
fius y  ordinatas  reprsfentent  fupra  abfciflam  conftitutas, 
negativi  defignabunt  ordinatas  infra  abfciflam  ad  oppo*- 
fitas  partes  du£tas. 

^quatio  generalis  ad  lineam  fecundi  ordinis  eft  hujus 
forms 

y*  —  axy  +  tx^ 


—  axy  -t-  r jf  "J 

—  ^    —dxl:=L 


B  b 
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&  xquatio  gencralis  ad  lincas  tcrtii  ordinis  eft  y*  -^ 
ex  +  i  xy*  +  cxx  ~dx  +  e  X  y  —/*'  -i- gx""  —  bx  + 1 
=  0.  Et  Umilibus  xquationibus  dcfiniuntur  Imrz  geo- 
meCricse  fupeiiorum  ordinum. 


§  2.  Linea  geometrica  occurrcrc  poteft  reSx  in  tot 
pun£tis  quot  funt  unitates  in  numeroqui  Kquationis  vel 
linese  ordinemdefigiiat,  &  nunquam  in  pluribus.  Oc- 
curfus  curvse  &  abririfTse  AP  definiuntur  ponendo  j  =  0, 
quo  In  cafu  reflat  tantum  ultimus  xquationis  [erininus 
quern  y  non  ingreditur.  Linea  tertii  ordinis  rx.  gr.  oc- 
curril  abfciffe  AP  c\im  fx^  ^ gx''  +  bx  —  k  =  O,  cujm 
fcquaClonis  fi  tres  radices  Tint  reajes  abfciifa  fecabit  cur- 
vam  in  tribus  punftis.  Similiter  inasquatione  genenli 
cujiifcunque  ordinis  index  alciflimus  abrdiTz  xequalis  eft 
numcroqui  linex  oidincm  defignat,  fed  nunquam  ma- 
jor, adcoquc  is  c<l  numerus  maximusoccurfuum  curvsc 
cum  abfcifla  vcl  alia  quavis  reila.  Cum  autem  xqua- 
tionis  cubical  unica  faltem  radix  fit  Temper  rcalis,  idem- 
que  conflet  de  Kquadonc  quavis  quinti  aut  imparis  cu- 
jufvis  ordinis  (quoniam  radix  quaevis  imaginaria  aliam 
necefTario  fern  per  habet  comixm},  fequitur  lineam  tertii 
aut  imparis  cujufeunq  le  ordinis  rciSam  quamvis  afymp- 
tolo  non  parallelam  in  eodcm  p!ano  Jufljmln  uno  fal- 
tcm  punfto  necefTario  fecarc.  Si  vero  rcdta  fit  afymp- 
toto  paralicla,  in  hoc  cafu  vulgo  dicitur  curva-  occur- 
rere  ad  di{tantiam  inF.nitam.  Linea  igititr  imparis  c ajuf- 
cunque  ordinis  duo  Talcem  habct  crura  in  infinitum  pro- 
grcdientia.  /Equationis  autem  quadraiicx  vcl  paris  cu- 
jufvls  ordinis  radices  omnes  nonnunquam  fiunt  imagina- 
riz,  adeoque  fieri  poteft  ut  reda  in  piano  lincx  paris 
ordinis  du<5ta  eidcm  nullibi  occurrat. 


5  3- 
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I  3.  JEqwtio  fecundi  aut  fuperioris  cujufcunque  or« 
dinis  quandoque  componitur  ex  tot  fimplicibus,  a  furdit 
&  fra^s  liberatis,  in  fe  mutuo  duAis  quot  funt  ipfiua 
acquationls  propofitae  dimenfiones ;  quo  in  cafu  figure 
FMH  non  eft  curvillnea  fed  conflaturex  totidem  reffa's, 
quae  per  (implice$  has  a^iuationes  definiuntur  ut  in  Art.  r  • 
Similiter  fi  aequatio  cubica  componatur  ex  aequationibus 
duabus  in  fe  miituo  du£tis,  quarum  altera  fit  quadratica 
altera  fimplex,  locus  non  erit  linea  tertii  ordinis  pro- 
prie  fie  dida,  fed  fe£bio  conica  cum  reSti  adjunda. 
Proprietates  autem  quae  de  lineis  geometricis  fuperiorum 
ordinum  g^neraliter  demonftrantur,  aflirmandae  funt 
quoque  de  Kneis  inferiorum  ordinum,  modo  numeri 
barum  ordines  defignantes  fimul  fumpti  numerum  com- 
pleant  qui  ordinem  diAae  fuperioris  lineae  denotat. 
Quae  de  lineis  tertii  ordinis  (ex.gr.)  generaliter  demon- 
ftrantur  affirmanda  quoque  funt  de  tribus  redis  in  eodem 
piano  dudis,  vel  de  {c&\om  conica  cum  unica  quavis 
reda  fimul  in  eodem  piano  defcriptis.  Ex  altera  parte, 
vix  ulla  afiignari  poteft  proprietas  lineae  ordinis  inferioris 
(atis  generilis  cui  non  refpondeat  afFe£lio  aliqua  linearum 
ordinum  fuperiorum.  Has  autem  ex  illis  derivare  non 
eft  cujufvis  diligentiae.  Pendet  haec  dodrina  magna  ex 
parte  a  propijetatibus  aequatioaum  generalium^  quas  hie 
memorare  tantur;[i  convenit. 

§  4.  In  aequatione  quacunque  coefiiciens  fecundi  ter- 
mini aequalis.eft  exceflbi  quofumma  radicum  afErmati« 
varum  fuperat  fummam  negativarum ;  &  fi  defit  hie  ter- 
minus, indicio  eft  fummas  radicum  afiirmativarum  & 
negativarum,>velfummas ordinatarum ad  diverfas partes 
abfciflae  conilitutarum,  sequales  efle.  Sit  equatio  ge« 
neroliis  ad  lineam  ordinis  //, 

B  b  a  / 
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;"  —  ax+b  X  y^'  +  exx  —  dx  +  e  X  /- '  —  Etff .  =  O, 


lor  u  + i  fc  in  equaiione  transform  a  ta  decrit  ft- 

cundus  terminus  a""* ;  ut  ex  calculo,  vel  ex  dodilna 
xquationuRi  paffim  tradita  facile  patet :  &  hinc  quo- 
que  condat,  quod  per  hypothernn  valor  quifquc  ipfius 
u  minor  fit  valore  corrufpondcnie  ipfius j^  ditFercncia 

— -*  1  Undc  fcquitur  fumniam  valorum  ijlfius  «  (^uo^ 

mm  numerus  eft  n)  deficere  a  fumma  valorum  ipGus 

y  (qux  Aimma  eft  a 

-I-  bj  adeoque  priorem  fummam  cvanefcere  &  fecun- 
dum  lerminum  deefle  in  xquatione  qua  u  definitur,  vel 
afErmativos  &  negatives  valores  ipfius  u  sequales  futn- 

mas  conficcre.     Si  itaque  fumatur  PQ_=  ,  ut  fit 

QM  =  K,  rcflre  ex  utraque  parte  pundli  Q_ad  curvam 
terminatE  eandem  conBcient  fummam.  Locus  autem 
pun£ti  Q_efl  re£la  BD  qux  abfciflam  ultra  principium  A 

produi3am  fecat  in  B  ila  ut  AB  =  -,  &  ordinatam  AD 

Ipfi  PM  parallelam  in  D  ita  ut  fit  AD  =  --  x  ^  j  f>  enim 
hac  rcfla  ordinate  PM  occunal  in  puni^o  Q^,  erit 
PQ_ad  PB  (feu  *  +  *)  ut  AD  ad  AB  vel  a  ad  «,  adco- 

que  PQ.= 

rectam  fempcr  duel   pof!e  qua  parallelas  quafvis  line« 

geometricEeoccurrentes  in  tot  punftis  quot  funt  figurz 

dimenfionc^  ita  fccabit  ut  fumma  fcgmentorum  cujufvis 

psral- 
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paralldae  ex  um  ffofiitis  parte  ad  curvam  terminatonim 
iemper  aequaiis  fit  fummas  fegmentorum  ejufdem  ex  al- 
tera iecantis  parte.  Manifeftum  autemeft  redam  quae 
duas  quafyis  parallelas  hac  ratione  fe(f%t  ipfam  nec^Qkrio 
efle  qux  fimiliter  alia^  omnes  parallelas  fecabit.  Atque 
hinc  patf^t  Veritas  iheortmktis  Netvtottianiy  quocontinetur 
proprietas  linearum  geometricarum  generaKs,  notiffims 
feAipnym  contcarum  propriet^ti.  analoga;  In  his  enim 
ij^e^la  quae  duas  quafvis  parallelas  ad  fedionem  termi- 
natas  bitbcat  diameter  eft,  &  bifecat  alias  omnes  hifce 
par^elas  ad  fedionem  terminatas.  £t  fimiliter  re^ 
quae  duas  qu^fvU  parallelas  lineae  geometricae  occur- 
rente9  in  tot  pun£lis  quot  ipfa  eft  dimenfipnum  ita  fecat 
ut  fiimma  partium  ex  uno  fecantis  latere  confiftentium 
&  ad  curvam  terminatarum  aequali$  fitfummae  partium 
ejufdem  parallelae  ex  altero  fecantis  latere  coofiftentium 
ad  curvam  terminatarum,  eodem  modo  fecabit  alias 
quafvis  refUs  bis  parallelas. 

§  5;.    In  aequatione  quavis  terminus  ultimus,  five  is 

quem  radix jf  non  ingreditur,  aequaiis  eft  hSto  ex  radici- 

bus  omnibus  in  fe  mutuo  du^s  i  unde  ad  aliam  ducimur 

non  minus  generakm  linearum  geometricarum  proprie- 

tatem.     Occurrat  re£U  PM  lineae  tertii  ordinis  in  M,  Fig.  i* 

m &  fx, eritque PM  x  P/w  X  P^  =/jr*  -.fy*-f  bx  —  i, 

Secet  abfcifla  AP  curvam  in  tribus  pun6tis  I,  K,  L  ;  & 

AT,  AK,  AL,  erunt  valores  abfcifise  Xj  pofita  ordinata 

y  zz  Oy  quo  in  cafu  aequatio  generalis  daty>^  —  ^**  + 

bx-^izzo  pro  his  valoribus  determinandis,  ut  in  Art.  2. 

£x*      bx      k 
'expofuimus.     ^quationis  igitur  x^  — ^  +  —  —  —zro 

J        f     f 

tres  radices  funt  AT,  AK>  AL ;  adeoque  hxc  xquatio 
componitur  ex  tribus  at  —  Al,  at  —  AK,  at  —  ALin 

B  b  3  fc 


\ 


□ 

■ 

1 

■ 

1 

I 

B 

■■ 

S 

• 

J7»     . 

DM  LIKEARUM  CEOMETKICAKUH 

fe  mutuo  duiflis ; 

cfiqi 

,e.. 

+ 

tx 

f 

i 

*-Alx 

,_AK 

IP  X 

AL 
KP 

=  A1'- 
X  LP  = 

Al 

1 

xAH 
xPM 

xP«i 

XAt- 

.  AL  = 

Fig.  4, 


X  Pf^  Fadum  igitur  ex  ordinatis  PM,  P«k  Pf  *d 
punSum  P  &  curvam  terminatis  eft  ad  (afium  ex  fe^ 
mentis  IP,  KP,  LP,  reaae  AP,  eodem  pondo  &  ciir- 
va  terminatis  in  ratione  iiivaiiabi]t  coefficientlt  /  td 
unitatem.  Simili  ratione  detnonftntar,  dato  axignlo 
APM,  li  xtSoi  AP,  PM,  lineam  geometricam  cv}ii& 
vis  ordinis  fecent  io  tot  pundis  quot  ipla  eft  dimcnlui- 
num,  fore  Temper  &£lum  ex  fegmentis  prions  ad  punc-> 
turn  P  &  curvam  terminatis  ad  faQxaa.  ex  legmentis 
poflcrioris  eodem  pun^o  &  curva  terminatis  in  ratione 
invarlabili. 


§  6.  In  articulo  pracedente  Tiipporuimus,  cum  Nax' 
loKD,  redtam  AP  lineam  tertii  ordinis  fecare  in  tribus 
pundlis  I,  K,  L  ;  verum  ut  theorema  cgregium  red- 
datur  gencralius,  fuppunamus  abfcilTnm  AP  in  unico 
tantum  punfto  curvam  fecare  ;  fitquc  id  punflum  A. 
Quoniam  igitur  evanefcentey  cvanefcat  quoque  *■,  iil- 
timiis  xquationis  terminus,  in  hoc  cafu,  erity*-'— ^**+ 

'        t       Si 


hx  —fx  X  A-*  -  ^  +  —  -fx  XX. 


4// 


(fi  fumatur  Affverfus  P  aqualis  ^  &  ad  pumnum  t 


erigatur  pcrpendicularis  ai   =  ,        J  =  /  X 


n/4/^- 


^)-. 


AP  x<7F"  +  fli*=/x  AP  xiP";  undecumPMx 
Pm  X  P/*  fit  sequalis  ultimo  terminoyjr'  —  gx^  +  i*-. 
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ut  in  ar^Miliiii  j^^  ;  erit  PM  x  Pm  x  Pi*  ad 

AP  X  tP^ih  latiofie  conftante  coefficientis/ad  unita- 
fern.  Vidor  autem  redbe  perpendicularis  at  eft  femper 
realis  quoties  reda  AP  curvam  in  untco  punAo  fecal; 
in  hoc  enim  cafii  nulicet  aequationis  qu2drzticmfx*^gx 
+  b  funt  neceflSurio  imaginariae^  adeoque  j^fb  major 

quam  gg^  &  quantitas  ^^jh^gg  realis.  Cum  igitur 
reda  quaevis  in  unico  pundo  A  fecat  lineam  tertii  or* 
dinis  eft  fdidum  fub  ordinatis  PM»  Pm»  Pf*  ad  foli* 
dum  fub  abfcifla  AP  &  quadrate  diftantiae  punfii  P  a 
jquiAd  datb  b  in  ratione  conftanti.    Jun£la  A^  eft  ad 

Ai^  five  radios  ad  cofinum  anguli  MP,  ut  \/^fb  ad 

g^  &  A3  ^  ,^  --T-*    Idem  vero  pundum  b  femper  con* 

venit  eidem  refbe  AP,  qualifcunque  iitangulus  qui 
abfcifia  &  ordinati  continetun 

§  7*  Sit  figura  lectio  conica,  cujus  aequatio  generalis 

fit  yy  ^ax  ^b  X  y  +  cxx^dx  +  i:szo  Ml  fupra ;  U  Kg-  i- 
fi  acquationis  cxx  --  i6r  -|-  #  ::=  o  radices  fiht  imaginarias, 
reda  AP  feAiont  non  occurret.    In  hoc  autem  cafu 
quantitas  44^  femper  fuperat  ipfiun  ddy  unde  cum  (It 

ixx  --^  +  /srx*---—  +  #--.—  (fi  fumatur 
ha  =  •— •  &'.  erigatur  ab  perpendicularis  abfciflie  in  « 

itaut«*  =  i^i^^)  =«^X«P'  +  «**  =  r  X  4P*,  fit- 

que  PM  X  P«  =  cxx  ^dx  +  e^  erit  PM  X  Pmad  AP* 
ut  c  ad  unitatem.  Itai^ue  in  fefHone  quavis  ciMiica 
f\  re£fai  AP  feAicni  non  occurrat,  erit,  dato  angulo 
APM,  refiangulum  contentum  fub  reAis  ad  punAum 
f  confiftcQtibus  &  ad  curvam  terminatis  ad  quadra- 

B  b  4  turn 
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tum  diftjntis  puncli  P  a  punflo  dato  h  in  ratlone  con- 
ftanti,  (ju^  iucirculoefl  ratio  Kqualitatis.  Manifeflum 
autem  cfle^ndcmincthodum  adhibert  pofTc  iineKquatti 
ordinis  quam  abfciHii  fecat  In  duobus  tanium  punclis, 
ve!  lincae  ordinis  cujufcunque  quam  abfciHa  fecat  in 
pun^is  binario  pauciotibus  numero  qui  Bgurx  otdinem 
delignac. 

§  S.  Hifce  prxmiilis,  piogredimur  ad  linesinim  geo* 
meCricarum  proprictates  minus  obrias  exponendas  eo- 
dem  fere  ordine  quo  fc  nobis  obiulerunt.  Utebamur 
autem  lemmate  fequcnti  ex  fluxionum  do^trina  pedto, 
qiiodque  in  traflatus  de  hifce  nuper  cditi  Art.  717. 
demonJlraviinus  i  harum  tamen  aliquas  pei  algebram 
viiigarcm  demonftrari  pofle  poftca  obfervavimus. 

Zemma.  SI  quantitatibus  a-,  y,  z,  u,  ice.  fimul  Au> 
cntibus,  ut  &  quantitatibus  X,  Y,  Z,  V,  &c.  fit  fudtun 
ex  prioribus  ad  faflum  ex  poflerlorlbus  in  ratione  con- 

ftaiiti  quacunque,   erit  —  +  - — h  —  +   —  +  ic. 

=  -^  +  "y  +  "2  +  "v  ■•■  ^"'^'  I*orro,brevitatis  gra- 
tia, quantitates  appellamus  fibi  mutuo  reciprocal^  qua- 
rum  in  fe  mutuo  dui£tarum  factum  eft  unitas,  fie  —  di- 

cimus  recifracam  cflc  ipfius  »-,  &  -^  ipfius  y* 

\  g.  Theor.  I.  Occurrat  riHa  quavis  per  puniJum 
fliitum  duila  Hiuts  geomcfrUa  cujufcunqut  ardinis  in  tot 
pun^is  qu'.t  ipfii  eji  i'lmevfionum  \  rcila  figuram  in  bit 
puiiilii  eantigitiUi  abfttndiint  ab  alia  rtila  pujitiont  data 
pir  idem  puniluin  dutiim  duita  fegmenia  lotidem  hgc 
punSla  Urminata  i  H  borumfegmentorum  reclproca  «(3»- 
dtm 
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dim  fimper  cvnficiint  fummam^  modo  fegmenta  ad  con- 
trariat  fortes  funiti  dati  Jka  contrariis  ftgnis  aj^ci- 
ofitur. 

Sit  P  pundum  datuiHy  PA  ic  Va  re£be  quzvis  dux  Fig.  6. 
ex  P  dudbe  quarum  utraque  curyaqo  fecat  in  tot  pun^is 
Ay  B)  C|  &c.  tf,  bj  Cy  ice.  quot  ip(a  eft  dimenfio^ 
num*  Abfcindant  tangentes  AK,  BL^  CM,  &c«  et 
aJtj  bly  cm^  &c.  a  reSa  £P  per  pun^um  datum  P 
duaa  fegmcuu  PK,  PL,  PM,  &c.  et  Pi,  Ply  P/»,  ice. 

dice  fore  Jj^  +  Jj-  +  pL  +  &c.  =ij+ij+jij 

+  &c.  atque  banc  fummam  manere  Temper  eandem 
manente  punAo  P  &  re^  P£  pofitione  data. 

Supponamus  enim  redbs  ABC,  abc  motibus  fibi  pa- 
rallelis  deferri,  ita  ut  earum  occurfus  P  progrediatur  in 
re£hi  P£  pofitione  data ;  cumque  fit  Temper  AP  X  BP 
X  CP  X  &c.  ad  a?  X  ^P  X  ^P  in  ratione  conftanti  per 

Art.  5.  repnefentet  AP  fliixionem  ipfius  AP,  BP  flu'« 

xionem  red*  BP,  ic  CJP,  EP,  &c.  fluxiones  reda- 
nim  CP,  £P,  &c.  lefpedivas,  ut  vitetur  inutilis  fym- 

AP        BP 
bolorum  multiplicatio,  critque  (per  Art.  8.)  ^  +  gp 

+  jjp  +  «c,  ^  ^  T  jp  -|r  -p  +  occ.  Venim  cum 

re£b  AP  motu  fibi  Temper  parallel©  deTeratur,  notiffi- 

mum  eft  AP  fluxionem  reda  AP  cffc  ad  ^P  fluxio^ 
nem  reflae  £P  ut  AP  ad  Tubtangentem  PK,  adcoque 

AP  _  EP  BP    EP  CP     EP  a^ 

AP  -  PK-  ^*°^*'*^^''  BP  =  PL'  CP  =  ?M'  d? 
_  EP  ^    ^'?    .    c?         E P    J  EP    EP 

-  Pi'  ^p  =  p7>  ^  S  =  FJT'  ""^^  Pic  +  PL 

+ 
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•  t 

.■+»«-«-pE 

+  A  +  piii  +  ^'-  =  B  +  T;  +  K  +  »"• 

Haec  ita  fe  liabent  quoties  punda  K,  L^  M,  &c.  et 
i,  4  "ii  &c.  funt  omnia  ad  feafdem  partes  punAi  P, 
adcoque  fluxiones  j-eftanim  AP,  BP,  CP,  &c.  «P,  ip, 
fjg.  ^,  fP>  &c,  omnes  ejufdem  ligni.  Si  vero^  ca^ris  ma- 
nenlibus,  punda  quzvis  M  et  m  cadanc  ad  cootrarias 
partes  punfii  P,  tum  crefcentibusreliquitordinatif  AP, 
BP,  &c.  neceflario  minuunCur  ordiaatse'CP  &  cPy 
eanimque  fluxiones  pro  fubdititiis  leu  negativia  habenda 

funt  i  adcoque  in  hoc  cafu  m?  +  BT  —  K3  ^-  =s 

57  +  -vw  —  p— ,  ice.  &  generaliter  in  fummis  hifce 
coliigendis,  termini  i'lCSem  \e\  contrariis  (ignis  affici- 
cndi  funt,  prouc  Tegmenta  cadunt  ad  ealidein  vel  ad 
coiKrarias  partes  pui»fli  daci  P, 

f  10.  Si  redla  PE  cccurrat  curvx  in  tot  punftis  D> 
£,  I,  &c.  quot  ipfa  «(V  diinenlionum,  ruoitna  —  + 

pT  "^  Pv[  "^  ^'"*  V^^  conftantem  ftu  invariatam 
maiiere  oflcntJimus,  xqualis  erit  fumma  feu  aggregate 
^  +  fl  +  ^    +   &c.   i.  e.  fummK   redprocarum 

fegmen:is  recta:  PE  pofitionc  data  pun£to  dato  P 
fi  cutva  icrmiis^itis  :  111  qua,  Ii  iegmentum  quodvis  fit 
ad  altcras  partes  puniXl  P,  hujus  rcciproca  fubduccnda 
eft. 
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^11.  Si  figtm  fit  teS&o  conia^  cui  rc^  F£  nul-  Fig.  $• 
Itbi  occurntty  inTcniatur  pundum  A  ut  in  Art,  y.  jun- 
gatur  Fi^  hiiic  ducatur  ad  reflos  angulos  bd  redam 

I  12 

PE  fecans  in  d,  eritque  ^  +  pT  =  pj»    ^^  ^^^"^ 
PA  X  PB  ad  AP*  in  ratione  conftantt,  adeoque  (per 

Art.  0.)  TB  +  5p  —  "TTf  undc  (quoniam  AP  eft 

adEPut  APad  PK^  BP  ad  ifP  ut  BP  ad  PI^  iciP 

adEPut*Paa^)^+^  =  ± 

§  12*  Similiter  fi  reda  EP  occurrat  lineae  tertii  or-  Fig.  9. 
dinis  in  unico  ptin£to  D)  inveniatur  pun£luin  b  ut  ixx 
Art.  6.  refta  bd  perpendicularis  in  jundam  bP  occurrat 
redhe  EP  in  d^  &  quoniam  AP  x  BP  >C  CP  eft  ad 

DP  X  ^P*  in  ratione  conftanti  (ibid.)  erit  57  +  ^ 

1  I  a 

-I-  pr|  ^  fn  "^  pT*    ^^  ftutem  P^  perpendicularls  fit 

in  reAam  EP*  evanefcet  rru 

§  13.  Afyoiptoti  linearuoi  geometricarum  ex  data  pig.  law 
plaga  crurum  infipitorutn  per  hanc  propofitioaecn  dc- 
terminantur ;  ese  enim  coniiderari  pofliint  tanquam  tati- 
gentes  cruris  in  infinitum  produ^li.  ReAa  PA  afym- 
ptoto  paralleta  curvae  occurrat  in  pun£lis  A,  B|  Sec.  reda 
autem  PE  ciirvam  fecet  in  D,  £»  I,  &c.  fiimatur  in  bac 

xt€t3L  PM  ita  ut  ^  fit  aequalis  excefllii  quo  fiimma 

E5  "*"  PE  ^  PI  "**   ^^*    fiiperat  fiimmam  rr^  + 

jST  +   &c«  &  afyaiptotos  tranfibit  per  M,   fi  vero 

aequalcs 
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aequalei  fint  hx  futnins:,  crus  curvx  parabolicum  crit, 
afymptoto  abeuiite  in  inl'mitum. 

§  14.  Ad  curvaturam  lincarum  geomeiricarura  unico 
Pig.  11.  theorematc  generali  definieniiam,  fit  CDR  cJrculus  cui 
occurrant  refla  PR  in  D  &  R,  &  r&fla  PC  in  C  &  N  ; 
lecct  tangens  CM  rc£tam  PD  in  M>  atque  muwnte 
refla  DR,  fupponamus  re^tam  PCN  deferri  motu  iibi 
femper  parallelo  ^onec  coincident  pun&  P,  D,  C,  & 

qineratur  ultimut  valor  differenciz  |ns  ~  Sn'  In  i^> 
PN  fumatur  pun^m  quodvis  f,  occurrat  jv  pArallria 
tangenti  CM  refbc  DR.  in  vi  ducatur  DQ,panlle1a 
ipfi  PN,  &  Oy  (parallelii  re£be  cifculum  contingend 

in  D)  fecet  DR  in  V,  Erit  itaque  p]^  —  55  = 
Pj^P^^(quon,amDMxMR=CM')=pj^^j^^^^ 

=  Pa,"  X  Mii  X  PM  +  p.'  X  MR  X  HD  f^"-"  ^^ 
X   MD,    ftu  CM%    fit  ad  PM*  ut  qv^  ad    Pv^)    = 

yT*  X  PM gv* 

Pi-''  X  MR  X  PM  +  J1.'  X  PM'  ~  Pi-'xMK+fi.'xPM* 
cujjs  ultitnus  valor,  evsncrccnte  PM  &  coiiicidendbus 

yy  &  Pi;  cum  QV  6t  DV,  eft  py-Tv  pR-    Atque  idem 

ell  valor  ultimus  diRereiUiic  t--  —  pyr  fi  D  &  C  fint 

in  arcu  liiiea:  cujufvis  cjufiJem  curvatura;  cum  circulo 
CDR. 

Fig-  II.       ^  '5'  Theor.  II.     £;if  p/mili  quovis  D  //n^^  geamt- 

trica   diiKiniuy   dua  quavh  remits  DPI,    DA,    quantm 

utraque  cam  fad  in  let  imzfiis  D,  I,  E,  b'c.  &  D,  A, 

B,  ff.   qust  rp/a  ej}  ilhiun/ioiuim ;    ahfcindant  tangenles 

AK, 
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«  « 

AK,  BL^  bfc.  a  nSfa  D£  fegmtnta  DK,  DL»  &r. 
Oc€urrat  rtHia  qUmns  QV  Utngenti  DT  paralUla  ipfis 
DA  bf  DEin  QJf  V^/aqm  QV*  jrf  DV*  «/  «  ^i 

i;  fumatur  in  D£  r^^«  DR  ito  ut  ^par  aquaUs  Jk 

ixcejfui  fumma  ^g  "*"  m  "*"  ^^'  V''!?''^  fummam  rgjs 

+  gj-  +   £5f ^;   fi  cir cuius  fupra   cbordam  D  R  A- 

fcripttts  rt^am  DT  cvnfinpns  grit  circulus  qfculatoriusj 
Jhe  ijufdem  curvaturm  cum  tinea  gconutrica  prepcfita^  ad 
pun&um  D. 

Oftendimus  enim  in  Art.  lo.  (Fig.  6.)  generaliter 

1 

+  pj  -f  &c»  &  in  Art,  praecedente  invenimus  valo- 

1  1         ' 

rem  ultimuoi  dl&rentiae  |^  —  5^,  coincidentibus 

QV*  m 

punais  P,  D  &  C,  gflc  nv*x  DR  ~  Sk  '^  ^*'^"'"* 

cjufdem  curvaturae  cum  iihea  geometrica  ad  pun£bim  D 
re£be  D£  occurrat  in  R*    Unde  fequitur  fore  ^^  = 

^  +  51  +  &c.  -  ^  -  ^  -i.  &c.  five  rcci. 

procam  ipfi  —  X  D  R  efle  ^aequalem  ex^efltii  quo  fufn- 

ma  reciprocarum  fegmentis  punAo  D  &  curva  termi- 
nads  fuperat  fummam  reciprocarum  fegmentis  eodem 
punAo  &  tangentibus  AfC,  BL,  &c.  terminatis.  Quo- 
ties  autem  exceiTus  hie  evadit  negativus,  chorda  DR 
fumenda  eft  ad  alteras  partes  puiidi  D,  femperque  ad- 
hibenda  eft  regula  fuperius  defcripta  pro  fignis  termino- 
rum  dignofcendis.    Si  re^  DA  bifecet  angulum  EDT 

rcfta 
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redi  DE  &  tangente  DT  conEentum,  thcorema  fit 

pauIo  Gmplicius.    Hoc  enim  !n  caAi  QV  =  D  V,  m  =  i, 

&  DR  e^ualis  exccffui  quo  dr  '*"  nr  "*■  ^*^*  '"P"' 

§  16.  Ex  eodem  pHncipio  conleqiiitur  tfieorema  ge- 
nenle  quo  determinatur  variatio  cunratune  vd  menfiira 
anguli  conta&is  curva  it  circulo  ofculatorio  contend, 
in  linea  quavit  gcometrica ;  przmittciula  tamen  eft  tXm 
plicatio  brevis  variationis  curvaturae,  cum  hsec  noo  iatU 
dilucidc  apud  am^reftdcfcripta  fit.  Linea  quxvii  curva 
a  tangente  flcflitur  per  Curvaturam  fuam,  cujut  eadcm 
eft  menfura  ac  aoguli  contaflus  curva  &  tangente  con* 
tenti ;  &  fimiliter  curva  a  circulo  ofculatorio  inflc£Htur 
per  variattonem  curvatura;  (ux,  cujus  variationis  eadem 
eft  menfura  ac  anguli  contaftus  curva  &  circulo  ofcula- 
Pig-  13-  torio  comprehciifi.  Occurrat  refla  TE  tangenti  DT 
perpendicularis  curvs  in  E  &  circulo  ofculatorio  in  r, 
&  variatio  curvaluia:  erit  ultimo  ut  Er  fubtenfa  anguli 
ConCaftus  EDr  fi  detur  DT  ;  cumcjue  dato  anguto  con- 
taaus  EDr  fit  Er  ultimo  ut  DT',  ut  ex  Art.  569. 
traiElatusde  fluxionibuscolliglcur,  gcncralitercurvatarz 

Ef 
variatio  crit  ultimo  ut  jyTj*     Utimur  circulo  ad  c«r- 

vaturam  aliarum  figuraruni  definiendam;  vcrum  ad  va- 
riatioiiem  curvatura:  meiifurandam,  (juic  in  circulo  nulla 
eft,  adhiljL-ndfl  eft  parabola  vel  feilio  aliqua  conica.' 
Ql.ierr.a(imodum  autem  ex  circuits  iiumcro  indefinitis 
qui  ciirvam  daCam  in  pi:n£lo  dato  contiiigeri;  poflunt, 
unlcus  cicicui  ofculalorius  qui  curvam  adeo  intimc  tan- 
gle ut  iiultus  alius  ctrculus  inter  hujic  &  curvam  duct 
poflit  i  fimiliter  omnium  parabolarum  qux  eaadem  ha- 
bent  curvaturam  cu;n  iiuca  propofita  ad  pundtum  datum 
(funt 
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(fttiit  aitlem  l»e  qopqiie  numero  infiiiitae)  ea  eandem 
fimul  habet  niminirae  ifariationeni)  iquae,  non  folum 
arcum  cwrvm  taogit  &  ofcutat,  fed  adeo  premit  ut  nuUua 
alhis  aircus  parabolicus  duci  poffit  inter  eas,  reliquis  oin« 
nibus  arcubtts  paraboltcis  Cranfeuntibus  vel  extra  vel  in- 
tra utrafque.  Qua  vero  ratione  bate  parabola  determi-^ 
nari  pofic,  ex  iis  quee  alibi  fufius  explicaviihus  facile 
intelligitur. 

Sit  D£  arcus  curvS)  DT  tangens,  TEK  reda  tan- 
genti  perpendicularity  fitque  re^langulum  £T  x  TK 
femper  aequale  quadrato  tangentis  DT,  &  curva  SKP 
locus  pvLD&i  K)  qui  redae  DS  curvae  normali  occurrat 
in  S,  quemque  tangat  in  S  refb  SV  tangentem  TD  fe- 
cans  in  V.  Re^  OS  erit  diameter  tirculi  ofculatorii, 
ic  bifeAa  DS  in  f^  erit  /  centrum  curvaturae ;  junda 
a<item  VJ^  fi  angulus  SDN  conftituatur  aequalis  angulo 
fVD  ex  altera  parte  rede  DS,  &  refia  DN  circulo 
okvlzJUaio  occurrat  in  N 1  turn  parabola  diametro  & 
parametro  DN  defcripta,  quceque  re£bun  DT  contin- 
git  in  D^  ip(a  erit  cujus  contaflus  cum  linea  propoHta 
in  p  intimus  erit  asque  maxime  perfeclus  feu  proximus, 
Offlnes  autem  parabola  alii  quavis  chorda  circuli  ofcu- 
latorii  tanquam  diametro  &  parametro  defcriptae,  tc 
redam  DT  contingentcs  in  D,  eandem  habent  curva- 
tiiram  cum  linea  propofita  in  pun£lo  D*.  Qualitas  cur^ 
vaturae  a  Nftvtono  in  opere  pofthumo  nuper  edito  expli- 
caca  eft  potius  variatio  radii  curvaturae ;  eft  enim  ut  flq- 
xio  radii  icurvaturae  applicata  ad  fluxionem  curvaeti  vel  ((1 
R  denotet  radium  circuli  ofculatorii  &  S  arcum  curvx) 

•R 
ut  -siir,    Ipfa  siutem  curvatura  eft  inverfe  ut  radius  R^ 

S  ' 

• 
—  R 
&  variatio  curvaturx  ut  -— r»  Q^as  eft  menfura  an- 

gull 
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guli  conta^us  curvi  &  circulo  ofcdatorio  coatentu 
Harum  autem  una  ex  alteri  dati  facile  dcrivaiur.  Vi« 
riatio  radii  curvatura;  in  curva  quavis  DE  eft  ut  tan- 
gens  anguli  DVS  vel  DVf,  &  in  parabola  quavis  eft 
iemper  ut  tangens  anguli  concent!  dtamecro  per  puii- 
dum  conta£lus  tranfeuiite  &  rc^a  ad  curvam  perpen- 
dicular!. Hkc  ex  theoremate  fequcnti  general!  deduct 
pofliint. 

^*S'  »4*  §  I?-  Theor,  III.  S!l  D  pun£lum  in  Utua  quavis 
gcsmetrica  datum,  eccurrat  DS  diameter  circuli  efculo' 
torii  ptr  D  duSla  curva  in  tot  punilii  D,  A,  B,  i^c. 
quot  ip/a  ijl  dimenfisttum  \  dmalur  DT  curvam  ctntin^ 
gens  in  D,  qu»e  curvam  Jieet  in  punifis  I,  t^c,  binaria 
paueioriiu!,  W  eccurrat  tangeniibus  AK,  BL,  i^r.  ni 
K,  L,  ttff.  eritque  variatlo  curvatune,  fiae  menfura  an- 
guli centaSIus  curva  W  circuit  afculaterio  cetnprehenfi,  <//- 
re^e  ut  txcejfus  qua  fumma  rtciprocarum  fegmtntis  tait- 
gentis  DT  punBo  contaSlui  D  t^  tangeniibus  AK,  BT*, 
iaV.  iirminatii  fupcrat  fummam  rtciprocarum  fegmenfis 
eodcm  pun^lo  W  curva  terminalii,   i^  inverfe  ut  radius 

curvatura,  i.  e.  «/  —  X  ^  +  ^  +  f^f.  -  ^  - 

Ducatur  cnim  re£la  D*  curvam  fecans  in  t,  i,  &c. 
circulum  ofcuiatorium  in  R ;  fitquc  angulu?  ^DT  quam 
minimus;  hujus  fuppiemcntum  ad  duos  rcflos  bifecetur 
reiTla  Drti,  qure  linese  geometric^  propofitK  occurrat 
in  punflis  D,  a,  b,  &c.  &  dudia  tangente?,  ak,  hi,  &c. 
fcccnt  re<aain  Xik  in  puuilis  k,  /,  &c.  eritque  per  pro- 


pofitionem  prscedentcm  _  _  _  +  ^.  _  _  _ 
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'  Stc.  Proinde  colncidcntibus  re<£tis 
it  ultimo 
Sit  trT 


DiicDK,(ea  cvaiiefcentc  angulo  iDK,  < 

perpendicuUtIs  tangenu  in  T,  atquc  occurrat  circulo 
ofculatoiio  in  r;  cumque  lit  n  ultimo  ad  Re  ut  /T"  ad 
r*  r.  X  DS 


Dc,  erit  ultimo 
DS 


DR  X  D*'  -  DR  X  iT  "  DRx  DT' 
five  — jrTp — .  Menfura  autem  anguH  eontainus  rD* 
Curva  &  circulo  ofculatorio  content!,  five  variatio  cur- 


v7tur»,cftutjj^adeoqu<:ut^  X  gj  -^  - ^, - 
&c.  ' 

^  iS.  Variatio  autem  radii  curvaturaf^llve  bujus  qua* 
litas  a  NnL-lmo  dcfcrlpia,  ex  priori  fadllime  colligitur. 
Junf^is  enim  SI,  SK,  SL,  &c.  erit  luce  variatio  radii 
ofculatorii  ut  cxcelTus  quo  fummatangentiuin  angulotum. 
DKS,  DLS,  tic.  fujseral  fummam  tangcntium  aiigu- 
lorum  DIS,  &c.  CicfciC  autem  curvatura  a  puniio  D 
verfus  (,  ii  miauitur  radius  ofculatoriua.  quoiics  arcus 
Df  tangit  circulum  ofculatorium  DR  interne,  vel  cuov 

r  +  jrr-  +  &c.  fuperat  ^7  +  ifc.  at  contra  ir 


Dlt  ^  DL 


'DI 


iiur  curvalura  a  D  verfus  e,  li  augctur  rsdius  circuti 
ofculatorii,  quoties  arcus  ctuvx  Dr  tangit  arcum  circu- 
larem  cxtcrne  vel  tranfit  intra  circulum  &  tani;entcin, 
adeoque  cutn  -DR  lit  ultimo  minor  quam  Dt  vcl  cum 

■    +  &c.  f.pcrat  ^  +  ^  +  &c. 
§  rg.  Sumatur  Igi'tur  in  ungentc  DT  refla  DV  ita 

iJv  =  EC  +  5i;  +  '"■  -  ET  -  «■=•  '""S""' 
c  0  /v, 


Cl 
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yV,  conftituatur  angulus  SDN  xqualis  \>Wf,  atque 
occurrat  refla  DN  cirr.ulo  ofculatorio  in  N  j  &  para- 
bola diametro  DN  ddcripta,  cujus  parameter  cfV  DPf, 
qu;cque  rcdlam  DT  contingit  in  D,  eandcm  habebii 
vatiationem  curvaturx  cum  llnca  g€omctrica  propo^ta 
in  pun^o  D,  Ex  iifdem  princjpiis  alia  quoquc  theorc- 
mata  deducunlur,  quibus  varialio  curvatune  in  lineis 
gcoaictrlcis  generaliter  dciinitur. 

^  20.  Ut  hxc  cheOTcmata  ad  formatn  magis  gcotnc- 
tricam  reducantur,  lemmata  qu^dain  funt  pnemiticnda, 
quibus  dD<ilrina  dc  divifionc  rc^rum  harmonica  am- 
j.  plior  &  gcneralior  rcdJatur.  In  refla  quavis  DI,  fum- 
ptis  yqualibus  ft-gmentis  DF  &  FG,  ducantur  a  ptiniflo 
quovis  V  quod  non  cR  in  rcai  DI  trcs  reaa:  VD,  VF, 
VG,  &  <)uarta  VL  ipfi  DI  parallcla,  atque  Iie  qtia- 
tuor  recke,  a  CI.  D.  D{  la  Hirtt  Harmonicales  dicuo^ 
tur.  Re£U  vcro  quxvis,  qu^e  quatuor  harmonicali- 
bus  occurrit,  ab  iildem  liartnonice  fecatur.  Occurrat 
reda  DC  harmonicalibus  VD,  VF,  VG,  &  VL  in 
punais  D,  A,  B,  C ;  eritque  DA  ad  DC  uc  AB  ad  BC. 
Ducatur  enim  per  punAum  A  n£u  MAN  ipfi  Dl  pa- 
lallela,  quz  occurrat  re^tis  VD  &  VG  in  M  &  N ;  St 
ob  xquales  DF  &  FG,  xquales  erunt  MA  it  AN. 
£fl  autcm  DA  ad  DC  ut  AM  (five  AN)  ad  VC, 
adeoque  ut  AB  ad  BC.  Manifenum  eft  redam,  qu'fe 
uni  harmonicalium  parallcla  eft,  dividt  in  sequalia  fcg- 
nicnta  a  trlbus  reHquis.  OccuiTat  re£la  BH  paralleb 
ipfi.VF  teliquis  VG,  VC,  VD  in  B,  K,  &  H  ;  erit- 
que  VK  ad  KB  ut  FG  (vel  DI-)  ad  VF  adeoque  ut 
VK  ad  KH,  &  proindc  BK  =  KH,       " 

§  II.  HInc  fequitur,  fi  re£ta  quxvis  a  qnatuor  re^is 
abeodem  punfto  duftisleceturharmonice^aliamquam- 


vis  recbiin  quae. his  .qua'tuor  redlls  occurrit  harmonicc- 
fecari  ab  iifdeiHi  earn  veroquxparallelaefl:  uni  quatuor 
redairuin  in  (^mteita  aequalia  dividi  a  tribus  rtliquls:  : 
Sit  DA  ad  DC  ut  AB  ad  BC,  jungafltur  VA^  VB^ 
VC,  &  VD  i  occurrant  rcdte  MAN,  DFG  ipfi  VC 
parallel*  PeAii  VD,  VA,  &  VB  in  M,  A,  N,  &  D, 
F,  G  i  ^ritque  MA  ad  VC  ut  DA  ad  DC,  vel  AB  ad 
EC,  adeoque  ut  AN  ad  VC ;  MA  =:  AN,  &  DP 
2=  FG,  &,  ptt  precedentem,  redia  quaevis  quae  ipfts 
VD,  VA,  VB,  VC  occurrit  harmonice  fecabitur  ab 
ilfdem. 

§  21.  Ex  pun^o  D  ducantur  duaft  redae  DAC,  Dae  fig.  16. 
re^as  VA  &  VC  fecantes  in  pun£lis  A,  C  atque  ^ ,  ^      n.  i. 
junAae  Ac  &  iiC  fibi  mutuo  occurrant  in  Q^  &  dudta 
VQ^barmonice  ftcabit  redbun  DAC  vel  aliam  quaiii-* 
vis  re&SLm  ex  pttndo  D  ad  eafdetp  re<ftas  duftam.   Secet. 
cnim  VQ^rcftam  AC  in  B,  &  per  pun£lum  Q^ducatur 
re£la  MQN  parallela  ipQ  DC,   quae  oecurrat  reAis 
Day  VA  &  VC  In  punAis  M,  R,  &  N  ;  cumque  fit 
MR  ad  MCLut  DA  ad  DC,  &  MQ^ad  MN  in  eadcm 
ratione,  erit  quoque  RQ^ad  QN  ut  DA  ad  DC.     Sed 
RQ^cft  ad  Qfl  ut  AB  ad  BC.     Quare  DA  eft  ad  DC 
ut  AB  ad  BC.!  Hsec  eft  Prop,  loma.  Lib.  I.  feflionum 
conicarum  CI.  De  la  Hire. 

%  23.     Sit  DA  ad  t>C  ut  AB  ad  BC,  eritque  ^ 

gequalis  fummae  vel  difFerentiae  ipfarum  g-j  &  jrr, 

pfout  punAa  A  &  C  (unt  ad  eafdem  vel  c^ntrarias  partes 
puniSi  D.  Sint  imprimis  pun£la  A  &  C  ad  eafdem  partes 
pundi  D,  cumque  fit  DAxBC=  DC  X  AB,  i.  e.  DA  x 

be  -  DB  =  DC  X  DJi  -  DA,  vel  DA  x  Db-DC 
zzDC  X  DA-DBjeritiDA  xDC=iDAxDB  + 

Cca  DC 
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DC  X  DB,  adeoquc  HK  =  nl  ■*"  DC'     ^'°'  """"^ 

i.zic  1.  punifla  A  &  C  ad  conccarUs  partes  pundi  D,  cricque 

vcl  DA  X  UB-UC  =  DC  X  DB  +  DA,  vel  DA  x 

UB  +  DC  =  DC  X  DB  -  DA,  adeoquc  -gg  =^ 


D,  vd  ^  =  jj^  -  5^  quoties  punaa  A  &  B  fiiM 

ad  cafdem  partes  pun£)i  D.  Si  igitur,  datis  pundoD 
&:  (eflis  VF  &  VC  pofitionc,  ducatur  ex  punflo  D 
teiia  quavis  illis  occurrcns  in  punflis  A  &  C,  &  ia 

cadem  reHi  fumatur  Temper  DB  ita  ut  jT^  =   :?  ^r— 

■5;  ---T,  ubi  iupponitur  tcrnilnos  p^r  &  =r-;  iifilem 
vel  coiitrariis  fignis  afEci^ndos  eHc  prout  punfla  A  &  C 
iunt  ad  eardcm  vel  conlrarias  partes  pundli  D,  erit  lo- 
cus punili  B  ipfa  harmonicalis  VG  qux  reflam  DFG 
rcda;  VC  parallelam  fccat  in  G  ita  FG  =  DF  i  quw- 
quc  tranrit  per  punflum  Q_ubi  (duSi  Dae  quae  iif- 
dem  rcdtis  VF  &  VC  occurrat  in  a  et  e)  jun^x  Ai; 
et  dC  fe  mutuo  decufTaiit. 


Fie.  17.  §  H-  ^'  '"  ^^^  ^^  fumatur  fempcr  D^  ita  uC 
=n  =  TT^  +  TT-T ;  ducatur  DF  parallel!  rcfle  VC 
qusc  reaa:  VF  occurrat  in  F,  &  DHparallela  rc£hE  VF 
qua:  tcHx  VC  occurrat  in  H,  &  duda  diagonalis  HF 

erit  locus  pun^i  t  j   nam  ex  hypothefi  ^,   =   gg,  Se 

BB  =  iDi  ;  adeoque  cum  VG  fit  locus  punfii  B  erit 

puniflum  t  ad  reflam  HP',  11  puiii^a  A  &  C  fint  ad 

cafdem 
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I 

ca(3em  partes  pun^  D.    Si  autem  fitpponatur  ^  =: 

5a  ^  DC*  ^^^^  cofiftnidio  inlcrviet  pro  detcrmir 

jiando  punflo  b^  Gl  fubftituatur  loco  re£be  VC  alia  vc 
refiae  VC  parallcla  ad  aequalem  difbmtiam  a  pundlo  D 
fed  ad  contrarias  partes* . 

^  25.    Ex  piin^  dato  D  ducatur  re£b  quacvis  DM 
qu2  tribtis  redis  pofitione  datis  occurrat  in  puii£lis  A, 

C)  £  i  &  fumatiir  femper  DM  ita  ut  grr  =  ^j.  -^ 

■         •.         .  i 

^TT  -f  ^  (ubi  termini  funt  contrariis  fignis  afficiendi 
quoiies  re&x  DA,  DC  vel  D£  funt  ad  contrarias  partes 

pundti  D)  i  fupponatur  5^  "*"  DC  ^  dD  ^"^^"^  ^ 
ad  reAam  pofitione  datam  per  prsecedentem  ;  adeoque 

cum  fit  ^^Tz  =;:  gr  +  ^,  crit  punflum  M  ad  po- 
fitione datain,  per  eandem.  Compofitio  autem  proble- 
matis  fincik  ex  diAis  pcrficitur*  Sint  V  A,  VC  &  vE 
tres  #e£be  pofitipne  datae»  &  compleatur  parallelogram- 
mum  DFVH,  ducendo  DF  &  DH  redis  VC  &  VF 
refpedive  parallelas,  (i  occurrat  re£ta  «;£  diagonali  in 
V I  deinde  compleatur  parallelogrammum  Djvh  ducen- 
do fedas  Df  &L  Db  reSis  t;£  &  HF  parallelas  quae 
redis  HE  &  vE  occurrant  in  pun<5lis/&  b ;  &  diago- 
nalis  i^erit  locus  punAi  M«  Occurrat  enim  reAa  DA 
reSis  HF  ic  bfinh&Mi  eritque^  ex  praecedentibus, 

DM  -  DL  ■*■  Dfi  ""  DA  +  DC  '*"  51'  '^"*  ^^"' 
|lru£tio  ex  Art.  I2.  dedticitur. 

*  Cc3  §26. 
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§  lb.  Refla  quxvis  ex  punflo  ilito  D  du£la  occutral 
reiflis  pufitione  datis  In  pun£lis  A,  B,  (^  £,  &c.  ct  in 

taCKla  fumjturr.»,per^  =  Ea  =f  ^  *  K; 
7  Kp-<  ^'^'  "itque  loCus  pun^i  M  fcmper  ad  lei^am 
poficionc  detain.  Dcmonllratur  ad  modum  ptcce* 
deniis. 

pig.  iB.       §  27.  TKeor.  IV.  Grca datum fuaffumV  revihatur 

YtSia  PD  qua  iUUfrat  I'liua  gcomtlrjca  cujafiunjuf  tr- 
4nis  in  1st  puniih  D,  £<  I,  ^c.  ^unt  ipja  ift  dimtn-, 
JioKuiii,  et  Ji  in  cadem  ri£la famaiur  femfer  PM  itaut 

Wi"  Tb^  h.^  ii^  ^'-  C"*'"  Aw '«■■'"■''«« 

reguhm  fap'tui  dffcriptam  ehfirvarf fuppsnimus)  ertl  Ucut 
pvi:^i  M  Jiitea  reila. 

Ducatur  enim  ex  polo  P  reda  quKvU  pofiOone  diU 
Pa,  i\v.x  curvK  oceurrat  in  tot  pun<5)Is  A,  B,  C,  &c. 
(juot  ipfj  eft  ilin^enllonucn.  Ducantur  tt&x  AK,  BL, 
CN  curvam  in  liis  puni£tif  conli  11  rentes,  que  occuiraiil 
iQ&x  ?D  in  totidem  pundUs  K,  L,  N,  tic.  ct  per 

Art.io.   ^+p^=Ffi^&c.  =  ^q:ij,5: 

njj  ^  &c.  U/ide  —  jcqualis  eft  huic  rumms,  cum- 
que  pofuioHu  detur  reif^a  PA,  jl  nRineant  re<£la  AK, 
BL,  CN,  he,  dum  reda  PD  circa  potum  P  revolvi- 
tur,  epii  pun-flum  K^  ad  liiieam  redlarn,  pet  aniculiun 
prxcedeiitem  ;  qus  per  f^periuG  oflenla  ex  datis  tan* 
gcntibus  AK,  3L,  ^'c,  dcterrpinari  poieft. 

§  28.  Sicut  rcifia  P/w  medium  eft  harmonicum  inter 
duas  reflas  PD  6;  PE,  cum   ~  =  =i.  +  ~  ;  R. 


PD- 


qiilitcr 
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9^Uiter  Pw  dicgtur  nuMum  barmooiaim  inter  rc£bs 
quaflibet  PD^^^E,  PI,  &c.   qoaruiri  numerus  eft  n^, 

cum  ^  =  p5^]^=f^n^*^^*  E^^*«^P"n^^ 
dato  P  re£la  quxvis  du£b  lineam  geometricam  fecet  in 
tot  pun£Ks  quot  ipia  eft  dimenfiononi)  in  qua  fumatur 
<bmper  Fm  medium  barinonicum  inter  Tegmenta  omnia 
duAae  ad  pundum  datum  P  &  cuWsLtn  terminata,  erit 

*  f  ft 

pao^m  m  ad  xe^am  lineam*    Erit  enim  stt  =  j^ 

adeoque  Pm  iKi?M  tit  n  ad  unitatem ;  cumque  puiichim 
M  fit  ad  re£bm  Jineami  per  prarcedentem,  erit  m  quo- 
que  ad  reftam  Itneaip.  Atque  hoc  eft  theorema  Cotefii^ 
vel  eidem  afiKne,  * 

§  29.  Sint  ih  h  hA^*  radices  acquationis  ordinis 

9fi  V  uitimus  ejus  terminvs  quem.  ordinata  feu  radix  jp 

non  ingreditur,  P  coefficiens  termini  penultimi,  Mme- 

It         • 
dium  barmonicam  inter  omnci  radices,  feu  Tm  ^  " 

I         I    ■    I 

+  T  +  -  +  5  -►  &c.     Cum  igiturfit  V  fadum  ex 

radicibus  onmibu&.tf«  k  f.  &c.  in  (e'mutuo  du&is,  fit- 

que  P  fumiha  nAorum  cum  radices  omnes  una  dempta 

—V        V        V         V 
^in  ft  mutuo  ducuhtur,  erit  Prr—  +-r  + h  -1 

«V  nV 

4-  &c.  =  ijT)  adeoque  M  =  -^.      Sic,    fi  aequatio 

'fit^qtiadratica,"cujus  radices  duac  (int  ^7  et  ^  erit 
M  s  '  '  '  !i  (aiTumpt^  aequatipne  generali  fediotmm 

2CXX  •*•  zdx  -^  2e 

conicarum  Art.  i.  propofita)  -3;  ■.     »     v .     In 

iequatione  cuBica  cujus^'tres  radices' funt  a^^b^cj  erit 

M     =    ^^J^^    (fi    affiimatur    jequatio    gc- 

C  c  4  ncralis 
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neralis    linearum    tcrtii    ordinls    ibidem  propotiti)    zr 

rxx-  «'*■  +  ' 

Fig.  19.  §  JO.  Occurrant  tcQx  qoa:vis  dux  ?m  &  Pp,  ex 
puudlu  P  du^E,  lines:  geometries  in  puii£Lis  D,  £,  t, 
&e.  et  ^,  <,  f,  &ic.  fitque  I'm  medium  harmonicuiT) 
inter  fegmeiita  prioris  ad  puniflum  P  &c  curvam  termi- 
Tiata,  ^  P(i  medium  harmonicum  inter  fcgcnenta  ftmilia 
pqfierjoiis  refla; ;  junda  cm  occurrat  abfciflie  Af  in  H, 

critque  ?H  =  ~^  vel  PH  ad  P/«  ut  P  ad  -1.      Sccct 

enim  abfcifl'a  curvam  in  tot  punflis  B,  C,  F,  &c.  quot 
iph  eH  dinicnfionum  ;  cumqueultimus  terminus  xqua- 
tionis  (i.  e.V)fitadBP  x  CP  x  FP  x  j&c.  ir.ratione 
conrtanti,  utfupra  ( Art.  5.)  oftendJra^ie,erit  f  per  Art,  8.) 

I  I  V  xVi 

CP   ^   FP    ^  &<:.;=  ^,  &  PH  =   TT-    (fluoniaoi 


¥)  = 


Pm  X  -r .     In  Tci^ionibus  conf- 
V 

cis  cfl  PH  ad  Pm  ut  njr  -r  £  ad  2cx  ~  d;    &   in  )incis 
tertii  (M-dinis  ut  cxx  ~  dx  +  e  zA  3/jfjr  —  2gx  +  h. 

§  ;ji.  Si  dejldcr^tur  propoTuionis  prxcedcRtis  demon- 
ftratio  ex  princt'piis  pure  algcbraicis  petita,  ca  ope  fe- 
t^tienlis  Lemmaiit  petfict  poterit.  SitabrgilTaAP  =  ir, 
ordioata  PD  ^  y^  ultimus  terminus  xquationis  iincam 
geometricam  definientis  V  =  A*"  +  Bx"~'  +  Cx'-'* 
+  ^C.  penul^imi  cocfficiens  P  =  ax""  +  *x~*  + 
<■«"—'  +  &c.  et  fit  Q_  quantitas  quae  formatur  du- 
ctndo  tcrminum  quemque  quantjtatis  V  iii  jiidicem  ip- 
fr^* 
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lius*  in  hflc  tennmo  ti   ilividcndo  per  t,  i.  c.  fy 

V 
■f  &c.  (quae  iplU  eft  quaiuius  quam  —  dkimus.}     Du- 

catur  Drdinata  D^  qux  angulum  quemvis  datum  Afl) 
pum  abfcida  confliluat,  fiiitqye  reite  PD,  ^D  ct  P/  ut 
data;  4  ^  et  -f  ;  dicatur  pD  :^  u,  Ap  ^  z,  &!  tranfmu- 
teiur  xquatio  propofiia  ad  uidiaatam  u  &ablcil|~4iTi  z;  tc 
aequaiionis  novte)  cum  fit  z  :=  A/,  terminus  uhimus 
V  crit  iequali^  ipft  V,  penultimi  autom  coctHciciis  p  erit 

Q*  +  P/ 
tequalis  ±  -^= . 

Cum  ciiim  Ct.PD  (;= /)  ad^D  (:;=  iv)  ut/fdrierit 
In 
J  =  — ;  fit  aurem  P^  ad  ^  (— ")  ut  *  a*  ^  sHt 

P;  =  ^,  &  AP  =  *  =  A/  ±  P^  =  a  ±  ^.  HU 
?utem  valoribus  pro  /ct :(  rubftiluiis  in  xqujtlune  pro- 
pofita  linex  gcometrka-,  prodiliU  a;quaiio  rtlatioiiem 
CO-ordinatarum  z  ct  u  definiens.  Ad  hujus  ulchnuin 
terminum  v  U  psnultimum^w  dctcrminandam,  fuffitit 
.hos  vaiores  fubllituerc  in  ultimo  V,  &  penuliimo  Pj, 
xquationis  propofitae,  atque  lerminos  refuttancet  colli' 
gert;  in  quibus  ordinata  u  vel  non  repcritur,  vcl  uniuB 
tancurn  dtmcnfionisi    horum  enim  fumma  dat^v,  !!• 

■  lonuD  V.  Subftituatur  pro  *  ipfivs  valor  a:  +  —  "in 
qtiantitalc  V  vel  A**   +  B*-"'   +   Cy—V+  ^c.  et 


termint    refultftntcs    Ax' 


+  Car-'  ±  n  - 


Ce-;'i«  . 


>  &c.  foti   ad  rem  faciunt  de  qua  nunc  agitur.    Sub- 

ftititalgr  dgiadt  pro  x  idem  valor,  &.  pro  y  ipfmi 

tJK  valor 
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valor  -,  m  quantitatc  Pj  =  o*"— '  +  ij*^'  +  tiT^ 
-f  &c.  X  y;  Si  termini  refulcitntes  fbli 


ira^'  +  ix-='  +  fz— '  +  &c.  X  -   funt  nobis  re- 
tincndi,     Supponatur  nunc  z  =  jr,  &  rumma  priorum 


UniJe  manifcdum  tQ  ultimum  tcrminum  xquuionis 


novae  V  ^y,  ic  penultlniuai  pu 


.  fl±Qi  , 


§  32.  Sit  nunc  Pm  medium  barmonicum  inter  feg. 
menta  FD,  PE,  PI,  &c.  et  P^  mediuin  harmonicum 
inter  fegmcnta  PJ,  Pi,  Pi,  &c.  ut  in  Art.  30.  junfia 
ftm  fecet  abfciflhm  in  H  ;  &  fupponatnus  Pft  ordinacz 
pO  parallclam  effe.  Ducatur  ^  abiciifx  parallels,  qux 
redae  Pm  occuirat  in  i ;  critquc  Pi  ad  Pf*  ut  PD  ad 
^D  vel  ut  /  ad  r,  ci  ^f  ad  P^  ut  i  ad  r.     Cumquc  fit 

nv  aVr 

.  P*i=  — (per  Articulum  pracedentcm)  =  pTrol*  '"' 

nw  _  w         7vi 

pr    -     P     ~    P/  +  Q^    = 
I  ad  y^ut  PffladPH.  i.e. 


PxP/±Q* 


'  Jgitur  valor  fcflai  PR  nOrt  pendeac  a  quanlitatlbui,  \  k 
«ri  f«t,  hi»  mutstis,  fit  femper  idem,  crit  pun^m 
fi  ad  reflam  politibnc  datam,  ut  In  Theor,  4.  aliter 
oficndtmus.    Quinii  valor  tc&x  PH  is  eft  quem  in 

•  An.  39..  alia,  m^tboik  dcfiiiivimiis ;  it  rccia  Hm  «n- 


1 
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n«8  ^Sas  €^,  P  dudas  fecat  harmonicci  fecucdutn  der 
finition^m  fe^Ictnis  harmonif  ac  io  Art.  28.  gcneraliter 
propofitam. 


-i£=i 


S  E  C  T  I  O    II. 
P^  L/V/^  fecmdi  9rdipis^  Jive  fefiUnibus  (ionicis^ 

I  33.  TT^X  lis  qua  gcncralitcr  de  lineis  geometric^ 
M2j  in  fedione  priiqA  demonftrata  funt,  fponte 
fluunt  proprletatcs  linearum  fecund!,  tertii,  &;  fuperi- 
orum  ord'tnym.  Quae  ad  fe£l!ones  cofiicas  fpeftant 
optime  derivantur  ex  proprietatibus  circuit,  quae  figure 
bafis  eft  coni.  Verum  ift  ufqs  theorematum  praece- 
dencium  clarius  pateat,.  &'figurarum  analogia  illuftre- 
tur,  operae  pretium  erit  bartsm  qucx]ue  affe^iones  ex 
praemiffis  deducere*  Do£lrina  autcm  conica  de  dia- 
metriS)  earumque  ordipatis  (quibus  parallelae  funt  redae 
feAionem  contipgentes  ad  vertices  diametrl)  &  de  pa- 
rallelarum  fegmends  quae  re^is  quibufcunque  occur- 
runt,  &  afymp^otia,  tota  facilljme  flult  ej(  iis  quae 
Artf  4.  ct  5.  oftenfa  funt, 

§  34.     Re^  AB  &  FG  fe<JUoni  conicas  infcriptae  Fig.  2q, 
occurfapt  fibi  mutuo  in  pun£to  P;   dudae  AK,  BL, 
FM,  GN  rp^ionem  contingcntes  occurrant  re<3ae  P£ 
per  P^du&se  in  pun^s.,  K«  X^  Mi  N  ;  eritque  (empec 

PJt  r  PL-  r  PM  T.PSf.^V  ^  rj!.-D«rf«r«Qur. 


I  I 


rat  in  punftis  D  &  E)  =  pg  T  p£*    ScgraeiiJM»au. 

teoi 


398 


DB   tINEARUM   CEOMETRICARUW 


tcm  quse  funt  ad  eafdem  partes  pun^i  P  cadrm  prxpe. 
nuntur  fignai    iifque  qua:  funt   ad   oppofitas  parte* 

fig.  ;!■  punifli  P  (igna  prKponuntur  contraria.  Hinc  fi  bife. 
cetur  DE  in  P,  &  ex  pundlo  P  docatur  rc^a  quaevis 
fe^ionQin  fecansin  punftis  Act  B,  unde  ducamur  rcc- 
ix  AK  et   8L  curvam  contingentcs  quae  rcdam  DE 

Fig.  la.  feccnt  in  K  et  L;    crit  femper  PK  =  PL.     Qiiod  fi 
DE  fcflicni  nonoccurral,   fiique  P  puiiftum  ubi  di, 
ameter  qux  bifecat   rc<ft^s  ipH  DE    paraltelas  ddeofH 
occurrit ;  erit  in  hoc  quoque  cafu  PK  =  PL.  nj^ 

Jig,  jj.  ^  35,  Concurrant  re^x  AB  et  FG  feflioni  conicy  ™ 
iiifcriptx  in  punflo  P ;  ducamur  redla;  fcctionem  con- 
tingentcs in  pun£lis  A  ct  F  quK  fibi  mutuo  occuirant 
in  IC,  &  junfla  PK  Iranfibit  per  occurfum  TC&uum 
qua  feflionem  contingunt  In  punflis  B  et  G.  Si  enim 
redta  PK  non  tranfeat  per  occurfum  rcfljrum  fcflio- 
(lem  tangentium  in  B  et  G,  huic  occurrat  in  N  illi  la 

L  i  cumquc  "pi;  +  -pj;  ==  pi;  ^  pi;j  P=r  pr»ced«i. 
tcm,  erit  PL  =  PN;  &  coincidimt  punfla  L  et  N 
contra  hypothefin.  jfl 

§  36.  Eadem  ratione  patet  reflas  AG  Ct  BF  fib^ 
minuo  oc'curreie  in  nr  purn^o  re<flx  LK ;  adcoque 
puniita  P,  K,  X,  L  effc  in.cadem  rcifta  linca.  Hinc 
dfltis  iribus  puiictis  contaflus  A,  B,  ct  F,  cum  duabus 
tangentibus  AK  et  FK,  feflio  conica  facile  dcfcribinir. 
Rcvdlvaiur  enim  refla  KiP  circa  tangcntium  occur- 
fum K  ut  poium,  qu:p  cccurrat  rcflls  AB   et  FB  in 


puii 


lais 


&  ju 


dflfcribent  icAioaem 

punfla  data  A,  B,  ¥, 


iAk  At,  FP  oc-curfu  fuo  G 
IX  tranfibit  per  tria 
reflas  AKctFKio 
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-§  37*  Caeteris  maoentibus,  pccurrimt  refiae  AF  ct  BG  Fig.  14. 
fibiimutuo  in  punfio/t  tangentes  AKetfiL  iii  Rt 
atque  tangentea  FK  et  GL  in  Q^;  &  pun^  R,  «»  Q|^ 
ct^cnmt  in  eadcm  tcStsL  linea ;  fimiliter  oocumnt 
tangentes  AK  et  GQ^in  m  i  ungentes  BR  et  FK  in  » 1 
&  pun£bi  ^jffij  fiy  p  enint  in  eadeoi  re<^  linea.  De« 
monftratur  ad  modum  Art.  35*  *  1 

§38.  Hinc  datis  quatuor  pun&s  conta^us^  A,  B«  F^ 
G  cum  unica  tangente  AK,  occurfus  rp£buiim  AB  e€ 
FG,  AF  et  BG,  atque  AG  ec  BF,  dabunt  punda  P» 
^,  et  «;  juafbe  autem  P^,  Pv,  et  pw  fecjibunt  tan- 
gentem  datam  AK  in  tribus  pun&is  m,  K'et  R,  unde 
dudae  mG,  FK,  RB  feAidnem  conicam  contingent 
in  pundis  dati$  G>  F  et  B.  , 

§  39.  Datis  quatuor  tangentibus  Rit,  KCJ^  QL,  LR 
et  unico  pun£lo  contadus  A,  occurfus  tangentium  RK 
et  LQ.9  LR  ^t  Q{C  dabunt  punAa  m  et  n*  Jungantur 
LK  et  irm ;  &  occurfus  redatum  LK  et  RCL,  LK  et 
nntj  RQ^et  nm^  dabunt  punAa  v,  P  et  j^;  jun'^be  vero 
PA,  irA  et^A  fecabunt  Ungentes  RL,  Q^  et  QI^  in 
pun£tis  contafius  B,  G  et  F« 

§  46.  Datit  quinque  pun^iis  conta£lus  A,  B,  F,  G> 
tt/y  jundbf  GF  et  Gf  rcAae  AB  occurrant  in  punfiis 
P  et  X  s  jundae  AF  et  A/*  occurrant  redas  BG  in  p 
et  j^i  icjunStx  Pp^  Xx  occurfu  fiio  dabunt  pun^Eun 
my  unde  du£lae  mA  et  j!oG  fedionem  conicam  tangent 
in  A  et  G  >  &  fimiliter  determinantur  refibe  qux  cur-^ 
vam  contingent  In  punftis  reliquis  B,  F  et/. 

§  41*  Dentur  quinque  reflae  fedionem  conicam  con- 
.  tingcntes,  VK,  KQ^,  QL,  Lir,et  uV  i  occurfus  tangen- 
tium VK  et  LQ^dabit  pundhim  m ;  occurfus  tangentium 
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**  '  KQ_  ct  Lk  dabit  puniflum  n  j  jungantur  nm,  LKj  Vt, 
et  nJi/ i  redVa  LK  fecahit  rciaam  mn  in  P ;  &  rcfla  LV 
'fecabit  ipfam  mu  in  X;  junda  autcm  PX  Tccabit  tan* 
gcntes  VK.  et  wL  in  punSis  coniadlus  A  et  B.  Similitcf 
Fclit^ua  punfta  contaflus  detenninantur. 

'fig.  as-  S  42.  Datis  tribus  langertibus  AK,  BK,  tt  RL,  cuti 
duubus  puntStis  contat^lus  A  et  B,  facillime  determine tur 
tertium,  per  Art.  35.  Occurrat  enim  tangem  ftt*  re- 
liqULS  tangentibus  in  R  cc  L,  atquc  jaiiiax  AL  cl  BR 
fe  mutuodeculTcnt  in  t,  junfli  K*  fccabit  langentcoi 
RL  in  tcrtio  pundo  contadlus  F  j  &  rcftin  conica  tic 
fcribi  potcft  ut  in  Art,  36. 

Wg.  26.  §  43.  Dentur  quatuor  taiigentes  KQ^,  QL,  t.R,  el 
RK  cum  unico  pun£to  D  re<^Lonis  conicx  quod  noc  lit 
in  aliqua  quatuor  tangentium.  Inveiiianlur  pun^  ?y 
pctvui  in  Art.  39.  Jungantur  FD,  pD,  et  o-D ;  & 
du£la  PZ  i^&x  pD  parallela  occurrat  rc^fa;  RQ^in  Z  j 
&bJfariam  fecetur  PZ  in  S  ;  &  dufla/Sfecabit  naam 
PD  in  E  pun£to  curvae ;  vel  occurrat  PD  retfla:  RQ_In 
%,  et  (per  Art.  23.)  Tecclur  PD  harmonicc  In  z  et  E. 
Dufta  autem  D»  fecabit  junaam /lE  in  e,  et  Ex  (c- 
cabit  ipfam  pD-  in  1/,  tta  ut  ha^c  quotjuc  pun^  4,  e 
lint  ad  curvam. 

Fig.  27.  §  44-  f^t  pun£to  K  ducantur  dux  tangcntcs  ad  fcc- 
n.  I.  tioiiem  conicam  in  A  et  B  ;  ex  pun£to  A  ilucantur 
reflse  duic  AF  et  AG  feclioni  occurrentcs  in  F  et  G  j 
juiifEa  BG  fecet  AF  in  P,  et  junfla  BF  fecet  reaam 
AGin^;  eruntque  ponai  P,  K>  »  in  eadcm  rc^j 
linca,  per  Ait,  36. 

Verum   propofilio  hxc  gcneralior   e(T;     Si   enim   a 
n,  3.    'pun£to  quovis  K  ducantu:  dux  rcflx  ¥iha,  KB*  ftc- 
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tionem  fccantes  in  pun^is  A,  a  ctB,  6  ;  et  ex  puni^is 
A  ci  a  (Jucantur  le&x  ad  feflicnem  AF  et  nG  i  junfta 
autem  BF  fccet  itG  in  P^  &  dufta  hG  fccet  AF  in  *« . 
eruiit  [iun£U  Pj  K,  v  in  eadem  reita  linea  ;  quod  vz- 
riis  modis  alias  demonftravrmus,  unde  cspedilam  mc- 
thodum  olim  deduxinius  re£tioncm  conicam  derciibcndi 
per  data  quxvis  quinque  puni^.  Sint  A,  a,  B,  i,  ct  F 
punfla  quinque  data  ;  concurrant  reifhe  Aaet  Bi  in  fCfi 
jungantur  AFetBF;  rcvolvaturreda  PKccircapolunffl 
K,  quic  occurrat  his  redit  in  «  et  F  ;  ct  duiSbe  «?»  ^' 
concurfu  fuo  G  leilioncm  defcribent. 

)  45.  Sit  P  puDi^um  datum  extra  re^ionem  coni-   Fig-  : 
cam,  unde  du£U  quxvis  fedioni  occurrat  tn  D  et  £  ; 


qucCeiftionioccunit  in  puniftis  A  ctB,  itaut duflKPAi. 
«  PB  crunt  contingeiites  fedtionis.  Si  vero  pundum^Tl 
lit  in  medio  punillo  teQx  AB  intra  fedlioncm,  fitque 

—  =  —  T  ~»  locus  pun^i  m  erit  refla  ab  per  P 
du<fla  ipli  AB  parallela.  Tangentcs  ad  pun£la  D  et  £ 
femper  concurrunt  in  re^  AB,  et  tangentcs  ad  pun£U 
del  t  in  YcHiab. 


§  46.  Contiiigat  refla  DT  feflionem  in  D,  unde  du-  pjg.  2a, 
cantur  dua  quivis  reibc  D£  et  DA,  qux  fc-£lioiii  oc- 
currant  in  E  «  A.  Occurrat  DE  rcdts  AK  feitionem 
contingenti,  in  K  ;  ct  dufl.-e  EN,  KM  langenti  DT  pa- 
rallels fccent  DA  in  N  et  M,  fumatur  in  refta  DE,' 
DRad  EN  ut  KM  ad  KE,  tc  circulus  ejufdem  cur-' 
vaturx'  cum  fcflionc  in  D  tranfibit  per  R.     Nam  per 

.  „        QV' i_  I     _      KE 

^'^'^•"  DV"-xDR  r  DflJS-DExDK.^' 
DR. 
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RDHj   &  coincidcniibus  rcAis  DR  ct  DH  variatio 
cvjnefcii. 


S  E  C  T  I  O     III. 


De  Lineis  terlit   Ordimj. 


5.J)K 


^E  lineJs  tertii  ordinis  five  curvis  ftcui 
generis,  uberius  nobis  agendum  eft.  Doc- 
trinam  conicam,  variis  modis  ufquc  ad  faftidium  fere, 
traiflarunt  permulti.  Haiic  autcm  geometriae  univer- 
falis  partem,  pauci  adtigeiuni ;  cam  tamen  nee  fterl- 
Icm  efTc  ncc  injucundam  ex  fequentibus  ut  fpero, 
patcbit,  cum  prreter  proprietates  harum  6guranim  a 
Niwtone  olim  tradiias,  altz  funt  plures  geometraniTn 
altentione  non  indignse.  Oftendimus  Tupra,  reAam  fe- 
care  poHe  tiiieam  tertii  ordinis  in  tribus  punflis,  quo* 
niam  xqcaatlonis  cubicse  tres  funt  radices,  quae  omnes 
rcalcs  elTe  polTunt.  Rc^a  autcm  qus  lineam  tertii 
ordinis  m  duubus  pundis  Tecat,  eidem  in  tettio  aliquo 
punflo  neceflario  occurrit,  vel  paralkla  eft  afyroptoto 
curvx,  quo  in  cafu  dicitur  ei  occuirere  ad  diftantiam 
inAnitam:  xquationis  enim  cubicx  fi  dux  radices  lint 
reales,  tectia  iiecefTario  realis  erit.  Hinc  lefla  qux  li- 
neam teiiii  ordinis  contingit,  earn  in  aliquo  puiido 
fentper  fecat ;  cum  contaflus  pro  duabus  intctfcflioni- 
bus  coincidemibus  habAidus  fit.  Rc6ta  auteai  quse 
curiam  in  pun^o  flcxus  contrarii  contingit,  fimul  pro 
fccante  habenda  eft,  Ubi  duoarcus  curvE  ftbi  muiuo 
occuiTcnt,  pun^liim  duplex  formatur,  &  rc^  qtiz  ^- 
teriim  arcum  ibi  contingit  in  eodem  piutfio  alterum 
fccat. 


li 
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fcMt.  Reifta  autrm  alia  qusvts  ex  punfto  duplicC 
duAa  in  uno  alio  pun>£ta  curvam  fecat,  fed  non  in  plu- 
ribui. 

§  52.  Prop.  I.  Sint  du3C  parallela:,  quanim 
utraque  fcccc  lineam  Krcii  ordinis  in  tribus 
punf^iij  rcSa  qus  utramque  parallelam  ita  fe- 
cat ut  fumma  duaruin  parcium  paraltcije  ex  uno 
fecantis  latere  ad  curvam  rcrminatarum  a:quali3 
fit  terciic  parti  cjufdem  ex  altcro  fecantis  latere  ad 
curvam  terminataE  fimilitcr  fccabit  omnes  rcttas 
his  parallelas  qua;  curv^  in  tribus  pun^is  oc- 
curnint,  per  Arc.  4. 

%  5j.  Prop.  II.  Occurrac  reclapofuionedata 
Hnea;  tcrtii  ordinis  in  tribus  punilis  -,  ducantur 
duE  quivis  parallelae  quarum  ucraque  curvam 
fecct  in  totideni  pundis  ;  &  foHda  contenta  fub 
fegitientis  parallelarum  ad  curvam  Sc  r&Sam  po- 
fitione  datam  terminatis  erunt  in  cadem  ratione 
ac  folida  fub  fcgmeniis  hujus  reftte  ad'curvam  & 
parallelas  terminatis,  per  Art.  5. 

Hfc  due  proprietates  a  Niwtenii  olini  eXpoHix  fu- 
erunt. 

%  54.     Prop.  III.     CfEteris  manentibusut  in  F'g-  33- 
propofiiionc  prxcedente,  occurrac  rcfla  pofitionc 
data  tinex  tertii  ordinis  in  unico  pun^o  A,  &:  I 

folidum  fub  ftgmentis  PM,  P»»,  P^  unius  paral-  \ 

Iche  contentum  crit  fctnper  a4  foiidum  fub  feg- 
menii.s/N,/'»,  ff  alteriiis  parallcii:  ut  folidum 
AP  X  ^P'  contentum  fub  fegmcnto  AP  &  qua- 
D  d  3  drato 


I 


J 


4o6         nt  iiNEAitUM  ceombtriCaiium 
arato  diftami:E  ^P  punfli  P  a  punfto  quodam  h 
'  ad  folidum  Ap  y.  hp^  contcntum  fub  fegmemo 
A;"  ct  quadrato  diflanda:  puniti  f  ab  codcm 
^      pun«5lo  b,  per  Art.  6. 

Fig.  34.      §  55-  Prop.  IV.    Ex  dato  quovU  punflo  P 

"•  *•      ducatur  refta  PD  qus  linea:  terlii  ordinis  oc- 

currat  in  tribus  pun^is  D,  E,  F,  &  alia  qusevls 

refta  PA  quje  eandem  fece:  in  tiibus  punftis  A, 

'       B,  C,     Ducanturtangentcs  AK,  BL,CM,  qua: 

refts  PD  occurrant  in  Kj  L,  et  M  j  ct  medium 

harmonicum  inter  tres  reftas  PK,  PL,  PM,  co- 

incidec  cum  medio  harmonlco  inter  tres  reftas 

n.  2.     PD,  PE,  ct  PF,  per  Art.  10.  &  18.     Si  autem 

refta  PD  curvae  occurrat  in  unico  punfto  D,  in- 

veniatur  puniSum  d  ut  in  Art.  6.  &  medium 

harmonicum  inter  tres  reftas  PK,  PL,  PM,  erit 

ad  medium  harmonicum  inter  duas  rc£tas  PD  ct 

k'?d  in  ratione  3  ad  2,  per  Arr.  12. 

§  56.  Prop.  V.  Rcvolvatur  refta  PD  circa 
polum  P,  fumatur  Temper  PM  in  redta  PD 
xqMalis  medio  harmonico  inter  tres  reftas  PD, 
PE,  et  PF,  critque  locus  pundi  M  linea  refta, 
per  Art.  aS. 

Atquc  hxc  eft  proprietas  harum  linearum  a  Cait^ 
inventa. 

F'S-  35'      §  57'  Pb^op.  VI.    SInt  tria  punflalineas  ter- 

tii  ordinis  in  eadem  xtStn  linca ;  ducantur  re£ls 

curvam  in  his  pun£tis  contingentes,  qus  eandem 

fecenc 
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fccent  in  aliis  cribus  pundtJs ;  atque  hxc  iria 
pun£ta  crunt  etlam  in  reifta  linca. 

Occurrat  re^a  FGH  Hnex  tenii  orJinis  in  tribus 
punflis  F,  G,  et  H.  RedtK  FA,  GB,  HC,  ciri-am  in 
his  pun^is  coiUingcDtes  eandem  fccent  in  puniftis  A,  B, 
C  i  &  hxc  pur.^  erunt  in  ret^a  linea.  Jungaiur  cnim 
AB,  &  haec  oanfibit  per  C  ;  fi  enim  fieri  potcl*,  oc- 
currat curvac  in  alio  punclo  M,  langenti  HC  in  N  eC 

reflae  FGH  in  P;    cumque  *""  jT^  +  |^  +  ^  = 

p^  +  ^  +  f^,  per  Prop.  IV.  crit  PN  =  PM  ; 
quod  fieri  nequic  nifi  coincidant  pun^a  N,  M,  CE  C> 
K.e^  igitur  AB  tranfit  per  C. 

558.  CeraL  Mine  fi  A,  B,  C,  Hnt  tria  punL^a  lintK 
terdi  ordinis  in  cadem  rcifJa  linca,  A\iiXx  autem  AF  eC 
BG  curvamcontingant  in  FctGt&Jun<£^FGcurvam 
denuo  fecet  in  H,  jun^  CH  curvam  continget  in  H, 
Si  cnim  rcda  curvam  contingi.-rct  in  H  qua;  eandem  fe- 
caret  non  in  C  fed  in  alio  quovis  punSo,  foret  hoc  punc- 
tual cum  tribus  aliis  A,  B,  C,  in  cadcm  re^a  qua; 
Iigiiur  fecaret  tineam  tercii  ordinis  in  quacuor  puni^is. 
Hoc  autem  fieri  non  potefl.  Incidi  autcm  primu  in 
banc  propcliiionem  via  divetfa  fed  minus  expedita,  ean- 
dem  deducenJo  exProp,  II-  Similiter fi  rtil*  A/cur- 
Ivam  qucique  coniingat  \nf.  Si  dufta  G/turvse  occurrat 
in  16,  juni^a  Ch  erii  tangens  ad  puniflum  h.     £t  fi  a  _ 

puni£ti(  A,  B,  C,  lines  tertii  ordinis  in  cddem  rt^a  ficis,  H 

I       ducanturtot  rcfia;  curvam  corltngcntes  quot  duel  pof-  ^M 

'       funt,  etum  femper  ires  contaiRus  in  cadum  reila.  ^ 

i         S  59*  Prop-  VIl.    Ex  punfto  quovis  lincE    P'g-  j^- 
[     tercii  ordinis  ducancur  dux  re^x  curvam  con-  _ 

D  d  3  lingentcs,  ■ 
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tingentes,  &  rcfta  contaftus  conjungcns  dcnuo 
fccet  curvam  in  alio  purnflo,  rcft^  curvani  in 
hoc  punifto  &  in  priino  punifto  contingenics  fc 
mutuo  fecabunc  in  punfto  ajiquo  curvx. 

Ex  punilo  A  ducanCur  refli  curvam  contingentes  in 
F  ct  G,  juni^a  KG  curvam  fecet  in  H,  eanJemquc 
concingat  in  H  re£ta  HC  qus  curvx  occurrat  in  C,  & 
d[i&a  AC  crit  curva;  tangens  a<  I  pundum  A.  S^quilur 
ex  Cereilario  prKcedente.  ■"■■"  ideniibus  enim  A  et  B 
redla  CA  fit  tangons  ad  m  A, 

§  60.  Coral.  I.  Si  ex  punflo  curvse  C  duc^ntor  doK 
reiitjc  eandem  contingentes  in  A  ct  H,  &  ex  punQo 
altcrutro  A  contingentes  AF  cl  AG  ad  curvam,  ic&a. 
per  cania£lus  F  et  G  du^  tr;  ijfibit  per  altcrum  puiic- 
tum  H. 

f '£■  37'  §  6i-  Carol,  z:  Contiogat  refla  AC  curvam  in  A, 
eamquc  fecet  in  C,  d\i&x  autem  AF  el  CH  curvam 
contingant  in  F  «  H,  rcfta  per  contaftus  dufta  earn 
denuo  fecet  in  G,  &  jun^a  AG  curvam  continget  in 
G.  Quod  fi  alia  re^a  Ch  ex  punfto  C  ducatur  ad 
curvam  earn  conlingens  in  A  ;  &  junfla:  iF,  iG,  cur- 
\x  occurrant  in/ct  £,  ductx  A/ct  Ag  erunt  tamgen- 
tes  ad  punftayct^. 

Fig.  3S.  §  62.  Core!,  3.  Sit  A  puni5Vum  flexus  contrarii  undc 
duitx  AF  ct  AG  curvam  contingant  mFetGjjunfla 
FG  fecet  curvam  in  H,  &du^a  AH  curvam  continget 
in  H.  Si  enim  tangens  ad  pun^um  H  curve  in  alio 
quovi$  pun<£lo  ab  A  ciiverfo  occurreret,  re^  ex  hoc  oc- 
curfu  ad  puniflum  fli^xus  conttarii  A  dufta  curvam  in  A 
contirgerct,  quod  fieri  nequit.  Manifctlum  autcm  eft 
tret  tantum  duci  polTc  re^as  ex  pun^o  ilexus  coptraHi 
'  curvam 
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curvam  contingent^s  psseter  earn  quse  in  hoc  ipfopuhflo 
fimul  tangit  &  fccat,  atque  trcs  conta<£^us  cadere  in  can«» 
dem  re£tain  lineam.  £x  folo  pundto  flexus  contrarii 
tres  refbe  du&sc  curvam  ita  contingunt  ut  tres  contadus 
fint  in  eadem  reda.  Sint  enim  F,  G,  H,  in  cadcm 
re&a,  undc  tangentes  duAae  co.nveniant  in  eodem  pun&Q 
curvx  (7,  quod  non  fit  pun^um  flexus  contrarii ;  duca- 
tur  ae  curvam  cootingens  in  a^  quaeque  ci  occurrat  in 
/,  &  junita  ^H  curvam  tanget  in  H,  per  hanc  propofi- 
tionem  i  adeoque  re£tae  ^H  &  <?H  curvam  contingerent 
in  eodem  pun^o  H.    ^.  E.  A. 

%  (>^.  Prop..  VIII.  Ex  punfto  quovis  lineae 
tertii  ordinis  ducantur  tres  reftae  curvam  con- 
tingentes  in  tribus  pun6lis;  reda  duos  quofvis 
contaftus  conjungens  occurrat  denuo  curva?,  & 
ex  occurfu  ad  tertium  contaftum  du6ba  curvam 
denuo  fecabic  in  punAo  ubi  re£ta  ad  primum 
pundtum  dufta  curvam  contingct. 

Ex  punfto  A  lineae  tertii  ordinis  ducantur  trcs  rcflae  Fig.  37, 
AF,  AG,  &  A/^  curvam  contingentes  in  tribus  punAis 
F,  G,  &/;  re6b  G/quae  horum  duo  quaevis  con- 
jungit  fecet  curvam  denuo  in  N,  &  rc<5ta  ex  hoc  punAo 
ad  tertium  contaAum  F  duda  curvam  fecet  inf,  turn 
junfta  hg  curiam  continget  in  g.  Ducatur  enim  refta 
AC  curvam  contingens  in  A  quae  eandcm  fecet  in  C ; 
cumquc  pundla  G,  N,  & /,  fint  in  eadem  rcfla,  & 
tangentes  ad  pun^a  G  &  /  tranfeant  per  A,  fequitur 
(per  Prop.  VII.)  tansentem  ad  pun£tum  N  tranfire  perC. 
Cumque  pun£b  F,  N,^,  fint  in  ^adem  re£t^  tangentes 
autem  FA  &  NC  curvae  occurrant  in  A  &  C,  fitque 
AC  tangens  ad  punftum  A,  tangcns  ad  ^>unaum '^ 
tranfibit  per  A* 

D  d  4  §  64. 
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^  64.  Cari>l,  Hinc  11  curva  dcfcribatur  ex  datis  lii- 
bus  pun<Etis  coiiCafltis  ubi  trcs  refVa:  ex  eo<Jem  puiii3o 
curvx  duflse  cam  coiitlngunt,  iiivenicur  quartutn  ptin- 
fttim  contaflus  ubi  re£la  ex  eodem  pun£to  curvae  du<fla 
cam  contingit.  Aique  hinc  colligitur  ex  codem  rurva? 
puiiflo  quucuur  tantum  rc3as  duci  potle  lincam  teitii 
oidinis  contingentcs  prtcter  reifiam  qu:e  in  hoc  ipfo 
pun»!}o  curvam  coiuingit.  Si  cnim  rcflx  ex  eodcm 
curva  punflo  duci  pofltnt  cam  in  qiiinque  pundlis  con- 
tingentes,  plurca  reftre  numcro  indefiniiEc  curvam  con- 
lingentes  ex  eodem  pur.fto  duci  poflent ;  ut  ex  pr.-cir.if- 
fis  facile  colli;)itur.  Hue  aute:n  Corollarium  poUca 
facilius  demontlrabitur.     ViJc  infra,  Art.  77. 

%■  38.  §  6^.  Prop.  IX.  Ex  pimfto  fiexus  contrarii 
ducantiir  tres  tangentes  ad  curvam,  &  refla 
contaftus  conjongens  harmonice  fecibit  rci5tam 
quamvis  ex  punfto  flexus  contrarii  duflam  &  ad 

curvam  terminatatn. 

Sit  A  pun^um  fiexus  contrarii,  AF,  AG,  ct  AH, 
iciXx  curvam  contingentes  in  pi^nflis  F,  G,  ct  H.  Ex 
pun<5lu  A  ducacur  te&a  quxvis  curvam  fecans  in  B  li  C, 
&  reflam  FH  in.  P ;  critque  PB  ad  PC  ut  B  A  ad  AC. 
Cum  eniin  tres  tangentes  ad  pun^  F,  G,  ct  H,  in  eo- 
dcm punflo  A  conveniant,  erit  per  Prop.  IV.  gp  +  ■pT 

-  re  =  it- "''°'i"=  IT  - -R;  =  i^' '■ '■  •"* 

ell  medium  harmonicum  inter  duas  re£las  Pfi  ct  PC  ad 
curvam  terminate.  Qujb  linearum  tertii  ordinis  pro- 
prieta&  ell  Timplicitatis  uifiguis. 

$66. 
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§  66.  Chrel,  I.  RcAa  qux  duas  quafvis  nStat  uc 
pundo  flexus  contrarii  Juiflas  ad  cuntm  fecat  haimo* 
nice,  iecabit  ciuoquc  alias  qunrvii  re^as  exeodem  pur.A<3 
cduSiis  &  ad  curvam  terminaias. 

§67  CoroL  2.  Si  icfla  afymptotopafaUela  perpun- 
ilum  flcxus  contrarii  dudla  occurrat  rcdia;  FH  in  R  & 

curvjc  ill  O,  crit  —  =  ^-r,  adeoque  RA  =  aRO. 

§  68.  Paop.  X.  Retta  duo  puniSa  flcxus  con-  Fig.  ^^ 
trarii  conjungens  vel  tranfic  per  j""  puaftum 
flcxus  conrrarii  vel  dirigitur  in  candcm  plagam 
cum  crure  infinito  curva;. 

Sint  Act  a  pundla  (lexus  contrarii,  jun^a  An  curvx 
occurratina,  eritqucaquoque  pun£lum  (lexus  contrarii. 
Si  cniui  tangcns  figurx  in  pun£to  a  curvx  occurrercl  in 
alio  quovis  punito  <•,  forent  A,  a,  r,  in  eadem  rcfla. 
Vcrum  ex  hypocht-ri  funt  A,  a,  ct  a  in  eaJem  refla,  quae 
igitur  lincx  teriii  ordinis  occurrerct  in  puii£ti&  quatuor. 
Sit  A  punflum  flexos  contrarii,  &  rciEla  AO  aiymptoto 
parallcta cur\ie occurrnt  in  O, ducatur OQcurwm  eon- 
lingcns  in  O,  &  fccans  in  Q_,  jundta  AQ_tranribit 
per  D  ubi  cucva  aTymptoton  fecal. 

%  6g.  Prop.  XI.    Duftis  ex  punfto  flexus  Fig 
conirarii  A  tangentibus  ad  curvam  AF,  AG, 
AH;  &  duabiis  I'ecantibus  quibufcunque  ABC» 
A^O  junftje  Bi&  et  Cc  vel  Bf  ec  iC  fe  mutuo  fe- 
cabunt  in  rcifta  FH  quie  contadus  conjungit. 

Occurrat  enim  rc^a  Di  tpfi  FH  in  Q,,  et  BC  ciciem 
in  P;  junganiur  QA  ct  QC;  cumque  (it  AB  ad  AC  ut 
Pn  ad  PC,  per  Prop.  IX.  crunt  QA,  QB,  QP  ct  QC, 

harmo< 
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barmonicaley,  adeoquc  AA  ftcabit  reflam  QC  in  c  « 
tpfam  FH  in  p,  ita  ut  Ai  fit  ad  Ac  ut  ph  aA  pc  ;  &  pro- 
itidc  erit  e  punflum  cuivs,  per  Prop.  IX.  undc  fcquinir 
converfe  retSas  Bi  ct  Cr  convcnirc  in  pundo  Q^  rcflB 
TH  i  &  fimiiitcr  oftendilur  redas  Br  et  iC  fibi  mutuo 
occurrei¥  in  punflo  f  cjufdem  reihe. 

§  70.  C^rt/.  I.  Ex  pundto  quovis  Q^re^s  FH  du- 
cantur  ad  curvam  refl.-e  QB,  QC,  cam  fecantcs  in 
punflis  B,  6,  M  et  C,  r,  N  i  turn  juiifl*  CB,  ft,  MN, 
convenient  in  puncto  flexus  contrarii  Aj  junfla:  Br  ct 
£C,  Mf  et  Ni,  Bi  ct  C<,  NB  et  MC,  convenient  I'n 
refla  FH. 

§71.  GtrtL-x.  Tangentes  ad  punfta  B  et  C  coBve- 
niiinC  in  pun^o  aliquo  T  re£tx  FH  i  &  fi  a  pundo 
quoiis  T  ill  refl.i  FH  fito  ducantur  tangcntes  ad  cur- 
vam, reflas  conta^lus  conjungentcs  vel  tranfibunt  per 
puni^ucn  flexus  contrarii,  vel  convenient  in  ledla  FH. 

§  72.  CoibL  3.  Dato  puniSlo  Alkus  contrarii  A,  et 
puntSis  B,  C,  b,  f,'ubi  duae  rcflae  ex  eo  duiW  curvam 
fecant,  datur  rcdta  FH  pofitlone  ;  junt^  eiiim  Bi  et  Cc 
occurfu  fuodabunt  punflum  Q.,  &jun£larum  B<:ec  &<Z 
occurfus  dabit  y,  dudlaquc  Q_j  ea  eft  qui  contaflus  F, 
G,  e(  H,  conjungir.  His  autem  quinque  punflisdatis 
cum  aliU  duobus  M  et  ni,  determinatur  liiiea  tcrlii  or- 
dinis  qux  per  hsc  feptem  "piinfta  A,  B,  C,  i,  r,  M,  m, 
Iranfic  ct  in  punflo  A  habct  flexism  contrarium.  Ex 
punftis  enim  M  ct  m  daniur  N  ei  n,  ubi  du^je  AM  et 
Am  curvam  Tecant,  et  his  novem  conditionibus  linca 
determinatur.  Si  autcm  demur  iria  punifla  M,  in,  et  S  i 
hxc  dabunt  tria  alia  N,  n,  et  ij  undc  darcntur  undecim 
conditioncs  ad  figuram  ^ctcrminandam,  qute  nimix 
fuiit. 


I 
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funt.  Similiter  dato  pun£to  flexus  contrarii  A  cum 
punflisF;  G,  (adooqiictaiiucntibus  AFc;  AG]  etpun- 
^U  M  ei  m  quibulcunquc,  iJatur  re^a  FG,  adeoquc 
puiufta  N  et  n,  fc  deCermlnatur  curva. 

§73.  CoreU^.  ContingantrcflasHB,  HC,  curvam  Fig.  4,c(. 
in  B  &  C,  &  junCla  CB  trarifibit  per  A,  juncbe  CG  Si 
FS  concurrent  in  puniSo  curva;  V,  &  duiita  VH  curvam 
contingct  in  V,  Tangens  autcm  ad  punSum  flexu^ 
contnirji  A  delcrminatur  ducendo  A  V,  cur  occurrat  in  L 
reaa  PL  ipfi  AH  parallcU &  bifrcanda  PL  In  Xi  junfla 
enim  AX  erit  tangens  ad  punctum  A.    Occurrat  cnira 

tangens  ad  A  reflz  FH  in  S;  erltque  ps  +  pTJ  = 

pH  +  ^  "  it'  "^*=°^"'=  B  +  i^  =  PG  ~  pF  ■ 

(quoniam  A  C  fecatur  harmonice  in  P  &  B,  adeoque 
VA,  VF,  VP,  ct  VG.  harmonicalcs)  =  ^.  Eft 
igitur  PK  medium  harroonicum  inter  PS  et  PH;  undc 
fi  PL  paraltcla  xr&.x  AH  occurrat  reOls  AV  ct  AS  in 
X  cl  L,  erit  PX  =  XL. 

§74.  pROf.  XII.  Ex  punfto  linex  tertii  Fig.  4t* 
ordinis  A  ducantur  duK  rc£t:e  curvam  contin- 
gemes  in  F  &  G,  junfta  FG  curv:E  occurrat  iti 
H,  &  langens  ad  pundum  A  fecet  curvam  in 
M  J  jungatur  HM,  cui  occurrat  FLK  ipfi  AH 
parallela  in  L,  &  fumatur  FK  =  aFLj  tum 
junda  H  K,  reifla  qiixvis  A  B  ex  A  duifta  har- 
monice fccabicur  a  reftis  HK  et  HF  in  N,  P,  et 
a  curva  in  B,  C ;  ita  ut  NB  erit  ad  NC  ut  BP 
ad  PC. 

Occurrat 
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Occurrat  cnim  refla  AB  tangenti  HM  in  T,  eritqua 

fa-*-  h^k^A'^'h'  *''''^"'  H  '  PC 

=  p7   +  Yy    (p"  conftrudtionem,    ic   harmanut) 

=  PN"  Unde  fcquitur  reftam  NC  (ecari  harmortico 
m  punais  B  &  P,  vel  NC  cffc  ad  NC  ut  BP  ad  PC. 

§  75-  drcL  I.  Hlnc  G  dus  qusevis  k&x  ex  A  dud« 
iecentur  ia  N  harmonice  iu  ut  PC  fit  ad  PB  ut  CH  ad 
BN,  omnes  refla;  ex  A  e&a&x  a  leais  HF  &  HK  fi^ 

miliier  harmonice  Cccabuntur. 

^  76..  Csra!.  2.  Si  curva  punclum  duplex  non  habcat, 

ramquc  fecct  refla  HK  in  duobus  pun£lis/&  ^,  dudbe 

A/&  A^  erunt  reflas  cuivam  contingentcs  in  bis  pun- 

.  &\s.      Coincidat   enJm   pun^um   B  cum  pun£to  N, 

quando  N  pervenit  ad  /  occurfum  rcfia  HK  cum 

cun-aj  adeoque  f"""  ^  +  ^  =  j^.  cf'C  ^  = 
T7^,  &  coincidlt  C  cum  B,  &  rcfla  ex  A  dufta  cur- 
vam  tunc  contingit.  Ex  altera  pan?,  (>  rc^  A/cur- 
vam  contingat  tranfibit  re.^a  HK  per  _/";  ob  xquales 
enim  PB,  PCj  in  hoc  cafu,  toincidunt  punfta  B  & 
C  cum  N. 

j  77.  Cirsl.  3.  Si  rcfla  HK  in  folo  punifh>  H  curvx 
fKCurrar,  dux  tantum  tangeiitcs  duci  poterunta  puixflo 
A  ad  curvam,  viz.  AF  &  AG.  Quatuor  tantum  ad 
fummum  tangcntes  duci  podUnt  a  pun£toquQvii  linex 
tertli  ordinis  ad  curvam  ut  AFj  AG,  A/,  Ag.  Si  cnim 
alia  quxvis  tangens  duci  poffet  a  pun£to  A  ad  curvam 
ut  Afy  reda  HK  tranftret  per  pun<^um  9,  &  quatuor 
punfla 
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pun£la  Uacx  tertii  ordiiiis  foretit  in  eadem  re£la,  vib 

§  78.  Prop.  Xllt.  Si  ex  pun6to  Ilnex  terrii 
ordinis  duci  poffunt  quatuor  tcQx  curvam  con- 
tingentes,  refhe  contadus  conjungemcs  conve- 
nient fcmper  in  punfto  aliquo  curva;,  &  rc^ 
quxvis  a  prlmo  piinfto  ducta  Iiarmonice  fccabi- 
tur  a  curva  &  reiftis  binos  contadus  conjungen- 
tibus. 


Sit  A  punAum  curvic,  AF,  AG,  Af,  St  Ag,  rtflje 
curvam  comiiig«ntcs  in  puniflis  F,  G, /,  i'f.  Jun- 
gancur  F  G  £(  //,  quibus  occurrat  rcdta  quxvk  ABC 
(ex  A  da£ti  curvattique  fecans  inB  &C)  ti)P&N;& 
rc^  NC  harmonice  fecabitur  in  B  &  P,  tta  ut  fcmper 
fit  NC  ad  NB  ut  CPad  PB:  fcquitur  en  Corol.  2. 
ptaeccdeniis.  Reifis  autem  F  G  A;  /j  concurrunt  ia 
puniflo  curvz  H ;  (i  fimilitcr  rcibe  F/  &  G^  coin-e- 
niunt  in  E,  atque  F^&  G/in  R  ;  &  E,  R  cruiit  punifla 
curvsc,  per  idem  coroHariutn.  Arque  hxc  eft  poflctiur 
duarum  proprictatum  linearum  teriii  orJinis  quas  de- 
Icripfimus  in  traiSlatu  dc  (luxionibus,  Art.  402-  QuoJ 
fi  reiFla  AM  curvam  conlingat  in  A,  et  feed  in  Mi 
jum^  ME,  MR,  A1H,  curvam  tangent  in  piintSi!^  t\ 
R,  H;  &  r.-a^rum  AE  &  HR,  AR&  HE,  AH  &  RE 
occurfus  eiunl  quotjue  in  curva*. 


§  79.  arcl.  Cum  igitur  flnt  rcaz  HK,  HB,  HP,  et 
HC,  harmonicales ;  fi  rtfla;  HB  &  HC  curvx  occur- 
rant  in  ^  &  <r ;  crunt  putiita  A,  i,  ic  <-,  in  eadtm  ri-fU 
tinea.     Occunat  cairn  junfta  Ai  turvjc  in  i  $c  t  ai- 

f  Sapple  ^us  df  (use  ia  Scbraiate. 
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aliquo  punflo  contaflus  i  &  quatuor  hujufmodi  t£&e 
per  idem  pun£ium  contai^us  (empcr  trantibunC. 

Jrig.  «.  §  84.  Prop.  XVI.  Slnt  F  &  G  punda  duo 
linese  tcrtii  ordinls,  ita  fiimpta  ui  redx  FA  & 
GA  curvam  in  his  punftis  contingenies  conve- 
nianc  in  punfto  aliquo  curvE  A.  Sumatur  in 
curva  aliud  quodvis  punftum  P,  undc  ducanftir 
ad  punifta  F  &  G  redtae  PF  &  PG  qu^  cunrre 
occurrunc  in  K  ct  L;  jungantur  FL  &  GK, 
acque  harum  occurfus  Q^erit  m  curva.  Tan- 
gentes  autem  sd  punfia  K  &  L  fibi  mutuo  & 
curvx  occurrent  in  pun£to  aliquo  curvi  B,  ac- 
que langentcs  ad  punfta  P  &  Q_conveiiiem  in 
puoifto  curvje  C,  ita  ut  tria  punda  A,  B,  C,  fint 
in  eadetn  reda, 

Ducatur  enim  tangcns  aJ  pumflum  P  qux  curv»  oc- 
currat  in  C,  &  dufta  AC  fccet  candcm  in  B  j  &  tlua.c 
BK,  HL,  erunt  langcnces  ad  punifta  K  ct  L,  per  prsc- 
ccdcntcm.  Occurrat  re^iaLF  curve  in  Qj  icGre^ 
GK  non  Uanfeat  per  Q_,  occurrat  curvaein  f.  Qao- 
niam  igitur  tiia  pun£ta  L>  F,  Q_,  lint  in  eadem  reSa, 
tangentcs  veto  ad  L  &  F  curvam  fecent  in  B  2c  A*  fe- 
quitur  (per  Prop.  VII.}  tangcnCcm  ad  pun£tum Qtrabf- 
irc  per  pun^um  C.  Similiter,  cum  fiat  punda  G,  K^ 
«t  g,  in  cadem  rcifta,  tangentes  autem  ad  punfla  G  &  K 
tranfcant  per  A  et  B,  tangens  ad  punAum  ;  tranfibit  quo- 
quc  per  pumftum  C.  Utraque  igitur  reda  CQ^,  C^ 
curvam  contingit  prior  in  Q;,  ponetiorinj.  CoinciduDt 
igitur  pun<£ta  Q_ct  y,  fi  enim  diverfa  efle  ponamus,  fe- 
quitur  prr  Prop.  VIII.  plures  quam  quatuor  tangentes 
duci  poflc  ad  curvam  ex  mdem  pun£io  C.  Sinl  cniiii 
A/ 
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A/et  A;  fcfl*  qu«  curvam  coiitingant  fn  fti  g,  & 
•iutilx  L/,  Lg,  curvam  feceiit  in  >n  &  n  i  &  re.5ia;  Cn^ 
Cn,  erunt  tangentcs  ad  punfta  mci  ».     Quare  habere- _ 
mus  quinque  langentes  ex  C  ad  curvam  du£tas,  C  Pj 
CQ_,  Cm,  Cn,  ct  Cj ;  quod  repugnat  Corol.  3.  Prop. 

§  85.  Card/.  I.  Dato  punflo  P,  ubicunque  rumantur 
puni^a  F  &  G,  modo  tangences  ad  hxc  pun£ta  in  curvm 
conveniant,  daiur  punflum  Q_,  ubi  jun^ta?  FL  &  GC 
occurrunt  fibi  mutuo  &  curvic.  £t  0  a  pun^o  P  du- 
catur  rei3a  quEvis  PNM  qua;  curvK  occurrat  in  N  ct 
M,  Si  junfla:  Q^1,  QN,  cam  feccnt  in  m  et  n  i  e(uiil 
puni5ia  P,  n,  ct  m,  in  cadcm  leiEta  linea.  Ofiendimus 
enim  tangcnles  ad  puxifta  P  &  Q^fe  mutuo  decufliire 
in  pun^o  curvx*. 

§  86.  Core!.  2.  Si  fumantur  quatiior  punfla  F,  G,  p;o.  ««,  J 
K,  L,  in  linea  teiiii  ordinit,  ica  ul  tangcnlcs  ;d  punfta 
F  &  G  conveniant  in  aliquo  pun^o  curvje,  &  caiigen- 
tes,  ad  pun^ta  K  ct  L*  conveni^int  quoque  in  aliquo 
pundo  curvK,  du&x  FK  ct  GL  concurrent  in  puniSo 
curvEc,  Si  dudbe  FL  U  GK.  Tibi  muiuo  occurrcnt  in 
pun^to  cuTvz. 

§87.  Prop.  XVII.  Sint  F  ec  G  duo  qufevis 
punfta  lines  certii  ordinis,  ubi  fi  reflie  ducan- 
rur  curvam  concingenres,  hx  fe  mutuo  fecabunt 
in  pundo  aliquo  curvse.  Sumantur  alia  quatuor 
punifta  curvx  L,  K,/,  g,  ita  ue  duflje  LF  ct  GK 
conveniant  m  curva,  atque  rcifla:  F/  cc  Gg  in 
ei  quoquc  conveniant;  tunc  duftie  L/ct^K  fc 
muiuo  fecabunt  in  curva,  ut*&  dudas  L-g  «  Kf. 


*  Supple  quod  tleetl  in  Schenate. 
£  c 


Tan- 


_^ 


l_  ''e«- 
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Tangcntcs  cnim  ad  puniia/et^  fe  mutuo  decufl^nt 
in  cuiva,  per  Prop.  XIV.  ot  ct  tangcntcs  ad  puni3a  K 
et  L,  per  candem.  Adcoquc  per  Corel.  2.  prKcedcnin, 
junftae  /L  et  Kg  ebnvcniunc  in  curva,  ut  ct  /K  « 
gL. 

§  88.  Linlrtm.  Dentur  trcs  reSK  IC,  IH,  et  CH, 
pofidone ;  et  tria  punf^.a  F,  G,  S,  quae  Tint  in  eadcm 
re£ta  tinea.  Sumatur  puniftum  (juodvls  Q_\a  re^  ICj 
jmidU  Oy  occurrat  reflrB  IH  in  L,  etjumlia  QG  nOx 
HC  in  P ;  jungatur  FP,  dufla  SL  occurrat  recWs  FPet 
QP  in  iet  N;  aique  punda  ^  ct  N  ciunFad  teStispo- 
fiiionc  data^.  Jungalur  cnim  IN,  quse  occurrat  re&x 
OS  in  m,  ct  ducatur  per  N  parallela  leAx  FS  quEoc- 
ciirrat  reikis  IC,  1 H,  ec  LQ_,  in  puntiJis  jr,  k,  ct  r  j  oc- 
currat rc.^A  FG  rc^is  IC,  III,  et  HC,  in  a,  b,  et  h. 
Quoniam  Nr  eft  ad  Nr  ut  Ga  ad  GF,  «  Nr  ad  Na  ut 
SF  ad  Si,  erit  Na-  ad  N«  (adeoquc  ma  ad  wi)  ut  G« 
X  SF  ad  GF  X  SA,  i.  c  in  data  ratione.  Datur  igitur 
pun<51um  m,  odcoque  refla  INm  poGtionci  &  fimiliter 
efl  pun£tum  k  ad  poUtione  datam. 

§89.  CsreU  Coincidentibuspun<^s  SetG,  coinctdit 
quoque  punftum  m  cum  puiifto  G.  Jungatur  igitur 
JG  qux  tcStx  HC  occuri.t[  in  D,  &  ducla  CF  occurrat 
xt&x  HI  in  £,  turn  jun£ta  DE  erit  locus  pundi  K  ubi 
Aaiix  GL  ct  FP  k  muiuo  decuflant. 

§  90.  Prop.  XVIII.  Sit  PGLFQX  quadri- 
laterum  inlcriptum  figurx,  cujus  fex  anguti  can- 
gant  lineam  tertii  ordinis  ut  in  Prop.  XVI. 
Ducaatur  reifts  ciirvam  contingcntcs  IC,  CH, 
HI,  in  tribus  punftis  Q^,  P,  E,  quse  non  fint  in 
eadem  rcdaj  jungatur  IG  qua:  tangcnii  CH 
occurrat 
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occurrat  in  D,  et  HF  qux  tangenti  CI  occur- 
rat  in  £ }  erunc  punfta  Dj  K,  E|  in  eadcm 
reda  tinea,  quse  quidcm  curvam  in  pun£to  K 
comingit. 

Supponamut  enim  reflas  QFL  et  FKP  mover!  circa 
polum  F,  &  reaas  LGP  et  QKG  circa  poluni  G, 
punfia  auteni  Q.,  L,  et  P,  deferri  in  angentibuf  QI, 
LI  ct  PC  i  turn  pundum  K  movebitur  in  rcAa  D  £> 
per  Corol.  praecedeni.  Unde  fi  pun^  Q_,  L,  P,  fe- 
rantur  in  curva  quEc  has  redas  QI,  LI,  et  PC,  in  his 
punAis  contingit,  movebitur  quoque  in  curva  quam 
re^  D£  contingit.  Sed  per  Prt^-XV.  fi  pun&  Q^ 
L,  P,  Terantur  in  )inei  tertii  ordinis  propofita,  punc- 
turn  K  movebitur  in  eadem,  quam  igitur  re<^  DE 
contingit  in  IC. 

f  ^i.  Cenl.  I.  Similiter  fi  refbe  AF  et  AG  (qua: 
curvam  contingunt  in  F  et  G)  occurrant  tc&x  I  H 
(que  curvam  contingit  hi  L)  in  puntflis  M  et  N; 
junda  MP  fecet  tangentem  AG  in  d,  &  jun£U  Qj^ 
tangentcm  AF  in  e ;  redta  dt  tranllbit  per  K,  &  curvam 
in  hoc  pundo  continget ;  atque  quatuor  pun«5la  Dy  iy  r, 
£,  erunt  in  eadem  reda  linea, 

(92.  ConL^.  Ex  duobus  pun£lis curvx quibufcun- 
que  C  et  B  ducantur  ad  curvam  quatuor  contingentes 
bine  ex  fingulis  CQ.et  CP  ex  ponflo  C,  BL  ct  BK  ex 
punflo  B,  lintque  harum  tangentium  occurfus  I,  H,  E, 
•t  D ;  turn  Am&x.  LQ,et  EH  fe  mutuo  fecabunt  in  pun- 
do  curvx  F ;  atque  juni5tarum  L?  et  ID  occurTus  erit 
in  puniSo  curvz  G  ;  tangentcs  autem  ad  punda  F  et  G 
fe  mutuo  fecabunt  in  pundlo  curvz  A  quod  eft  in  eadem 
re^ta  cum  punSis  C  et  B. 

%  93.   CbtbU  3.   Daiis  tribus  punfiis  linex  tertii  or- 
dinis qux  lint  in  eadem  Tefiy;  &  duabus  tangentibus  ex 
,    E  e  2      '  horum 
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ngulis  dudlis  ad  curvam  pofitione  dati?,    fej^ 
)ntactus  Jctcrmiuaniur  per  hinc  propoCdoncm. 
J,  C, Cria  cutva: pun^a  data  in  cadem  ie£ta>  AM 
ingcntes  ex  A,  BMI,  et  BDE,  tangemes  ex  B 
^u*  prioribus  occurranf  in  M    N,  /,  ct  d;  finttjuc  CD 
tt  CE  tangcntcs  ex  ti        "'■■    to  C  Ju3icj  atque  oc- 
eurrat  CD  ipfis  BM,  tiU,  ,  et  AN,  in  H,  D,  A,  et 

tf  Sc  CE  iirJem  in  ],  E,  n  ^  His  pofltis,  junAa  N# 

fccabit  tangentcm  C[  in  pui  contailoi  Q_,  M<^feca. 
bit  tangcncem  CD  in  pui  i  ronta^us  P,  ID  Eccabil 
tangehtem  AN  in  puiJiflo  coi  flus  G,  EH  tangencem 
AM  in  contaflu  F,  mh  fecabi  taugenlcm  BH  in  L,  ct 
(Jenique  nc  rangcntem  BE  in  H..  Quamvis  autctn  pro- 
blema  in  hoc  cafu  detetminaium  fir,  foiutiones  tamen 
i>Iurcs  admittic.  Diverfe  enim  linc<e  terrii  ordinis,  fed 
nuniero  definiia-,  per  tria  pun^la  A,  B^  et  C,  duci  pof- 
lunt  contitigentcs  fex  reiSas  pofitionc  datas  fi.M,  AN, 
BM,  BD,  CD,  ct  CE.  Occurrat  enim  Nf  tangenti 
CD  in^  refla M^ tan^enti  CE  in  q,  ID  tangcnti  AM 
inj^  EH  tangcnti  AN  in^,  nc  tangenti  BM  in  4  et  JoA 
tangent!  BD  in  i ;  atque  linea  tcrtii  ordinis  quz  con- 
ditionibus-proporuis  faiisfacit  cominget  redas  CD  ct 
CE  vel  inP  et  Q_,  ve]  in  p  et  q.  Ea  continget  re&s 
AM  ct  AN  vel  in  punflis  F  et  G  vcl  infttg;  refla 
autem  BM  et  BD  vcl  in  L  et  K,  vel  in  /  ct  i.  Conftat' 
igitur  plures  lineas  t^nii  ordinis  ptroblcmatis  condition!- 
bus  fatisfaccrc  poiTc,  led  numerudeierniiiiatas,  adeoque 
problema  cfle  deiGTininatum*. 

§  q4.  Cere!.  4.     Datis  duobus  punAis  linre  tertii    " 
ordinis  A  ct  JJ,  tangeniibus  quoque  AM,  AN,  BM, 
*^  ED  pofitionc  datis  cum  tribus  punftis  conia£lus  F,  G, 
et  L,  ddtur  pundtum  K  ubi  se£ii  BD  curvam  contingit. 

-      '•  Supple  quje  defuat  ifl  Sclwinaie. 
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Si  enim  ducantur  icfla;  N*  ct  LF,  harutn  occurGi  d.i- 
bitur  puni^um  Q,  &  dofla  QG  fi-cabit  coniiiigeiiiem 
BD  in  pun^lo  conu^ius  K.  Datur  qiiaquc  punclum  P 
occurfus  reilarum  LG  ct  Mrf,  vel  redlarom  Mi/ct  FK  ; 
ires  enim  ve&x  LG-,  Mrf,  ct  FK,  neceflarioccnveuiunt 
in  pun^o  P.  Sic  Medti  quaJriUterum  quodvis,  fuma- 
tur  punflum  quodvis  Q_ii>  diagonali  N<^  ei  P  in  diago- 
nal! Md,  reSa  qua;vis  QFL  ex  Cj^dufla  fecct  la;cra 
Me  ct  MN  in  F  ct  L,  duila  PL  fecct  laius  NJ  in  G, 
jungalur  QG  quse  latus  dt  fecet  in  K.;  aique  pun£la 
F,  K,  P,  cruiH  femper  in  cadem  ve£ti  liiiea,  per  fupe- 
rius  oUciifa.  Unde  conftat  problema  non  idco  fieri  iiti- 
pulEbile,  quod  oporteat  tres  rc^as  LG,  M:/,  &  FK,  in 
eodem  pun  do  eon  venire. 

§  95.  Prop.  XIX.  SInt  D,  E,  F,  punflia  Fig. . 
linex  rcrtii  ordinis  in  eadem  reila.  fincque  tres 
rc6tx  curvam  in  his  puniSis  contingenies  fibi 
mutuo  parallelic.  I  n  rcda  DF  fumatiir  punJlum 
P  ita  ut  aPF  fit  mediuin  harmonicum  inter  PD 
et  PE ;  &  fi  alia  qusvis  rcifla  per  P  duifta  curva; 
occurrat  in/,  J,  &  e,  erit  femper  aP/  medium 
harmonicum  inter  Pi/ Si  P^.  Supponimus  aiitem 
pundU  d  Sc  e  cffe  ad  eafdcm  partes  pundi  P, 
punftum  auiem /dTe  ad  contra  rias. 

Occurranl  enim  tangentes  DK,  EL^  FM,  reQ«  Jf 
in  pundis  K,  L,  et  M ;  critque  per  Art.  9*  "pT  ~  -^^ 

~'p7~PM'~Fk~*fE^''  ""^^  ^?  'angpDti- 

bus  parallel!  harmonice  fccci  rcflam  PD  ira  ut  PE  fit 

ad  Jiti_iit  PD  ad  DQ,  &  Qf  occurrat  ttHs:  fj  in  ?) 

£^3  - 


PM 
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-   ^  (quoniam  ?q  eft  ad  PM  ut  PQ_ad  PF, 


/=  iVr;  cumque  (it 
F/"  paralldam  cflc  har- 


&  ex  hypothefi  sPF  =  PQ^  adeoquc  aPM  =  Pj)  = 

2^ eft  mediuih  harmonicum  inter  Pi/ei  Pc, 

§  96.  C)r»/.  I.  Junganiuf  D^  &  E^  qu^  conveniant 
'  ,  ..in  punflo  V,  junda;  VQ_ct  \f  erunt  parailclic  ;  & 
produita  VQ_donec  occurrat  r  flse/i^in  r,  cril  P/ = 
-■  iPr.  Rcfla  enimPDfeca  harmonice  in  E  ct  Q., 
ex  bypothcH^  adeoque  etiam  a  Pi/fccarur  harmonice 
in  *  ct  r,  per  Art.  21. 
PF  =  fPQ,i  fequilur  1 
monicali  VQr. 

'/'  §  75.  £««/.  2.  Similiter  fi  fumatur  in  re^aDF  pun- 

_    ,     ■  flum  p  ita  ut  2^D  fit  icqualis  medio  harmonico  inter 

.  ^E  et/>F,  &  rc6ta  quKvis  ex  (r  dufla  curvx  occurrat  in 
iribus  punftis,  erit  fegmentum  hujus  refbe  ex  una  pane 
pur.fli  p  ad  curvuni  ttrniinatum  xqualc  dimidio  mcdii 
liarihoiiici  inter  duo  fegmenta  eodem  pun£to^  et  cur?i 
ad  alteras  partes  terniinata. 

Fig.  48.        §  98*  I-t"""",  Ex  centro  gravitatis  trisnguli  ducatnr 
rc£bi  quxvis  qux  tribus  lateribus  trianguti  occurra^  £c 
regmentum  hujus  rcfbc  centro  gtiVitatis  &  uno  triaoguli 
latere  terminatum  erit  dimidium  medii  harmonici  inter 
*  fegmenta  ejufdem  refbe  centro  gravitatis  &  duobus  ajiis 

Uianguli  latrrtbus  terminata.  Sit  P  centrum  gravitattt 
trianguli  VTZ,  occurrat  reda  FDE  per  P  duAa  late- 
ribus in  F,  D»  E }  lintque  pun£b  D  et  £  ad  eafdem 

partes  puniSi  Pj  critque  p^  ~  Fd  "*"  PE'    ^''"'"'' 

enim  per  punflum  P  re£U  MPL  Uteri  VZ  panlleta, 

qux 


\ 
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^use  lateribus  VT,  ZT,  occurrat  in  L  et  M  et  le&x 
VN  parallel*  Uteri  ZT  in  N ;  cumquc  fit  MP  =  PL, 
et  TL  =  aVL,  ob  fimilia  triangula  TLM,  VLN,  erit 
LM  «  2LN,  unde  LN  =  LP,  ec  PN  =  aPM,  pro- 
ilivle  fi  PD  occurrac  recta;  VN  in  K,  eric  (pit  An.  2i< 

«  23-;  PD  "•■  PE  "  PK  ~  PF' 

5  99.  Prop.  XX.  Contingant  trcs  refta;  VT,  pjg,  49. 
VZ,  TZ,  lineam  tertii  ordinJs  cranfeatque  ea- 
dem  refta  linea  per  tres  contaftus  &  per  P  cen- 
trum gravicatis  irianguli  VTZ ;  rcfta  quxvia 
per  hoc  centrum  duda  curvx  occurrat  in  punfto 
c  ex  una  pai«e  &  in  punftis  a  et  3  ex  altera  ejuf- 
dem  centri  gravitatis  parte,  eriique  2Pc  medium 
harmonicum  inter  fegmenu  Fa  &  P*. 

Occurrat  enim  ttOz  Pe  latertbus  trianguli  VTZ  in 
/,d,ettt  &  n&x  VN  lateri  TZ  parallelae  in  i;  erit- 

q«  aP/=  Pi,  adcoquc  ^=  ^  =  ^  + -i;  =  ^ 

+  -^  -  i  +  ^  "^''^'"  IT  =  17  +  -i'  ""^^ 
P(  eft  dimidium  mcdii  harmonici  inter  rcdas  Pd  et  P^. 

^  too.  Prop.  XXI.  Sit  V  punftum  duplex  Fig.^ 
in  linea  tertii  ordinis,  VT  et  VZ  rcQx  curvam 
in  hoc  punfto  contingetltes,  quibus  in  T  et  Z 
occurrat  refta  TZ  curvam  contingens  in  F  ita  ut 
FT  =  FZ  ;  jungitur  FV,  in  qua  fumatur  FP  = 
■i-FV;  &  fi  refta  qujevis  per  P  dufta  ctirvie  oc- 
currat intribus  punftis  tf,  *,  c,  quorum.  <i  &  if 
fint  ad  eafdcm  partes  punfti  P^  i  cd  partes  con- 
E  e  4  trarias, 
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trari3s>  erit  femper  aPf  medium  harmontcum- 
inter  fcgmenta  Pa  et  P^,  (cu  p-  =  5-  +  nr* 

Cum  cnim  bifecctur  T  Z  in  F,  fitque  FP  =:  4FV, 
maniftfliim  eft  puin£lum  P  efle  centrum  gravitatb  tri- 
aiiguli  VTZj  cumque  fit  punflum  P  in  icdi  FV 
qux  per  conta^us  tranli^  Cequitur  propofitio  ex  pcK- 
cedente. 

§  101.  dro/.  I.  Si  jungantur  rcfla:  V.T,  VA,  &  Ft, 
erit  P  quoque  centrum  gravitaiis  irtanguli  hifcc  rc^Hs 
contciKr,  ut  e;  trianguli  iribu^  re£lis  curvam  in  a,  i, 
f,  coniingcniiljus  comprehcnfi;  Sc  ft  Jui5!lz  V<r  «  VA 
occurrant  rciltc  Fc  in  m  et  n,  erit  Temper  Fm  xqualii 
Ffl. 


§  loz.  C>rel.  2.  Refla  per  punflum  duplex  duda 
parallela  reiftx  F<  hacmonice  fccabit  ipfam  Pa  in  i  ita 
ut  Pa  erit  aJ  oi  ut  Pi  ad  P^;  quw  vero  ducitur  a  puii- 
&o  t  id  X  occurfum  re£t;iru[n  curvam  in  a  ct  A  contin- 
gentium  parallela  eft  re£bc  cy  figuram  contingeiitt  in  c, 

^  1 03.  Csrel.  3.  Datis  duobus  pun£lis  a  et  f  ubi  nOz 
quxvis  ex  P  du£ta  curvx  occurrit,  datur  lertium  6 ;  jun- 
gantur enim  Vd  et  Fc  qux  fibi  mutuo  occurrant  in  n  j 
(umatur  F«  ex  altera  parte  punfti  F  xqualis  ipfi  Fm,  et 
juncU  Vn  lecabit  re£Lim  Fn  in  b. 

'•8'5**  §  104.  Prop.  XXII.  Ducatur  per  piinaum 
quodvis  P  refta  quas  dirigatur  in  plagam  cruruiti 
infinitorum  &  occurrat  curvx  in  puniftis  a  et  Ci 
ducatur  per  idem  pundum  refta  qua:vis  curvam 
fecans  in  punAis  D,  E,  F,  quEcqiie  rciftis  curvam 
in  d  ct  £  contingentibus  occurrat  in  k  et »/,  aique 
afyiiiptoto 
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afympioto  cruris  infiniti  ml;  &  fi  punfta  D,  E, 
i.  If  w,  fini  ad  cafdem  partes  pundi  P,  punftum 

_    ,  ,1  I  I 

voo  F  ad  contrarias,  eric  fi  ~  FD  "^  ?£  "" 

■p—  —  TTT  —  ": — 1  ubi  termini  cujufvis  rignutn 
cll  mutandum  quOties  fegmcntum  ad  oppoficas 
paries  pun£ti  P  protcndicur. 

Sequiiur  ex  Theor.  I.  Art.  9.  eft  enlm  per  hoc  ttiao- 
I.I  .  1.1  I 

rema  -^t-  +  - 


*Pi 


P/ 


i>iC 


§  105.  Oirel.  I.  Si  rcfla  PD  ducaturperconcurfum 
taiigentium  oi  ct  cm  i  &  fumaiur  PM  zqudis  medio 
harmoiiicD  inter  rcdas  PD,  P£,  PF,  fecundum  Art,  a8. 

trityj  —  —.—  -pj-,  adcoque  ^PM erit  medium  har- 
monicum  inter  PI  et  i  Pi.  Quod  fi  tangentes  oi  et  fm 
CDQCurram  in  ipfo  pun£to  M,  afymptotos  quoque  per 
M  tranCbit. 

^  lot. .Coral.  2.  IncafuProp.  XIX.  ubitrcscontac-  Fig.  47. 
Cus  funt  in  cadcm  rcfla  tinea  &  ires  tangentes  parallelse, 
(uisatiir  punflum  P  ut  in  Propofitione  XIX.  liique  aPr 
afympioto  parallela,  occurram  akex.  <m  tangentes  rc&.x 

PD  in  *  ec  m,  eritque  -^^  =  — .  +  _    five  P/  squalis 

dimidio  medii  harmonici  inter  Pk  ct  Vm.  Quod  fi  tan- 
gentes ai  et  cm  concurrant  in  eodem  pundo  je&x  PD, ' 

erit  P/  =  ^P*  1  quoniam  vcro  in  Prop.  XIX.  py  =  57 

+   y^,  erit  P<i  =  Pr. 

$  107. 
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''g-  49-  $  107-  Corol,^.  Idemdicendumcftdccafu  Prop.  XX. 
ubi  trcs  coiitadius  D,  E,  F,  funt  in  eadcm  rc^  quz 
tranlit  per  P  centrum  gravitatis  trianguli  VTZ  Ungco- 
tiluis  content!.  Si  auiem  altera  reSarum  curvam  in  a 
vcl  (  contingentiiKn  (pofiia  aPc  afymptoto  paralldi)  fit 
kQx  dp  parallels,  abibit  afyinptotos  in  iolioituin,  crit- 
que  cms  parabolicum* 

§  iq8.  Orel.  4,  lifJcm  poHth  ac  in  Prop.  XXI.    Sit 
ePa  afymptoto  parallel.i,  occurrant  tangentcs  atj  cm^ 

reflxVFinietm, 


curva  diametrum  habet,  cum  hxc  neceflario  tranfeat  per 
ji-  punclum  duplex  V,  &  per  puritum  curvse  F  ubi  bifc- 
catur  tangens  TFZ,  fumatur  ab  F  verfus  V,  FP  =  fF  V, 
ducatur  c?a  arymptnto  parallels,  &  t^iDgcns  ak  qux  dia- 
meiro  occurrat  in  if,  &  ex  altera  parte  punfli  P  fuma- 
tur, fuper  reftam  PV,  P/  =  f  Pi,  &  reSa  per  /  dufla 
ordinatlm  applicatls  paralteta  erit  afymptotos  curve  Si 
vera  tangens  ak  fit  diametro  parallela,  eric  cms  curvx 
generis  parabolici,  Propofitio  Newteni  de  fegmentis 
refla  ciijufvis  uibusafymptoiis  &  curva  terminat is  facile 
Tequitur  ex  Art.  4.  ut  ab  aliis  olim  oflenfum  t&. 

^'S-  53'  §  109-  Fkop.  XXIII.  Ex  piinflo-quovis  D 
lines  tertii  ordinls  ducantur  dux  quxvis  reds- 
DEI,DAB,qu^curva:occurrantinpunftis,E,  I, 
ft  A,  B ;  ducantur  tangentes  AK,  EL,  qux  refla 
DE  occurrant  in  K  ct  L.  Sit  DG  medium  har- 
monicum  inter  fegmcnta  DE,  DI,  ad  curvam  tcr- 
tnlnata,  aique  DH  medium  harmonicum  inter 
fegmcnta  DK,  DL,  cjufdeth  rcdae  tangcntibu* 
abfcifla.  Sit  DV  medium  geometricum  inter 
I  DQ 
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DG  ct  DH,  ducatur.  VQ^parallela  tangenti  DT» 

quxoccurratre^DAinQj  &ncirculusejuf- 

dem  curvaturSB  cum  linea  tertil  ordinis  propo- 

Gta  in  putido  D  occurrat  tcQx  DE  in  K^  erunc 

HG,  Oy,  et  aDR  continue  proponionales. 

QV* 
Nam  per  Theor.  II.   (Art.  15.)  eft  pyT^mt  = 

j_  ,    1    ■       1         J 3_       j__  zDH-tPn 

Dfi"^Di     dK     dl-d.;~dh~  DGxDH 

»HG 

'  DV* 
aHG  X  DR,  adeoque  HG  ad  QV  ut  QV  ad  iDR. 

§110.  Conhu  SumaturigiturDrin  re&DEtcrtia 
proportionalis  rc£lis  HG  et  fOV,-  &  perpendicuhris 
re^he  D£  ad  pun£tuiD  r  fccabit  normalem  tangcnti 
DT  ad  puoAum  D  in  centro  circuli  olculatorii  live 
circuti  ejufdem  curvaturse  cum  linea  propofita,  in  punito 
O*  Si  punifH  £,  I,  K,  L,  lint  ad  eafdim  partes  ejuf- 
dem punfli  praut  DH  major  eft  vel  minor  quam  OG, 
i.  e.  prout  medium  harmonicum  inter  regmenta  OK, 
DL  tangentibus  abfcifla  majus  eft  vel  minus  me- 
dio harmonico  inter  fegmcnca  DE,  DI,  ad  curvam  ter- 
minata. 

$  1 1 1.  Canl.  1.  Si  angulus  EDT  bifecetur  rcGz  DA, 
erit  QV  =  DV,  et  2HG  X  DR  =-.  QV*  ^  DG  X  DH, 
adeoque  HG  ad  DG  ut  DH  ad  2DR. 

§  112.  Card.  3.  ReToIvaturrcfla  DA  circa  polum  D, 
manente  re£ta  DE,  ct  HG,  difFerentia  mediorum  bar- 
monicorum  DH  ct  DG,  augcbitur  vel  minuetur  in 
duplicata  ratione  tc&x  VQ.  Qi.iippe  ob  (iacam  chordam 

circuli  ofculatorii  DR,  manct  quantitas  uq~ Iu^ xqua- 

lis  eft  2DR. 


I 
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[  tig.  54.      §  113.  Cffcl-  4.    Si  tangentium  AK  &  BL  alwra, 

ut  UL,  f»  it^j;  1)E  paraltela,  ducaniur  GX   et  KZ 

psr/llclz  tcdVx  DT  curvdcn  in  D  comingcnli,  tjuz  ip£ 

■     V    T      '■              GXxKZ 
Ad  occurrant  in  X,  Z  j  eritque  ■=- =-;t — tttt  = 

ULi  X  Uiv   *  UK 

_i_        J L-_? 1     _  zDK— DG 

Da.  "*"  DI        Uii  -  DU       DK  ~   JDG  X  DK '       *^ 

que — jr- =  2DK  —   DG,  &  proinde  erit  nc 

3DK-DG  sdKZ  itaGXadDR.  Si  tangens  AK 
evadat  qU'  que  par.illelaircdtae  0£  (quod  in  bis  figuris 
contingere  poteft)  eric  DG  ad  GX  uc  GX  ad  aDRj 

nam  in  hoc  cafu  ■■-—,-■  -r-  =  y— r,  adeoquc  GX'  = 
DG  X  2DR. 

^114.  Cirel,  5-  Si  re^aDE  Ut  afymptoto  parallela, 
adeuque  curvx  occurrat  in  uno  pimifto  £  prxter  ipfuoi 
D,  (iiqui;  fliiiul  laiij^i-ns  I5L  afymptolo  parallcla,  ducj- 
turEY  parallcla  tangenti  DT  qua:  occurrat  ttOx  DA 
in  Y,  eritque  KE  ad  KZ  ut  E  Y  ad  DR.* 

§  115.  Qref.  6.  Si  fit  D  pun^m  flexus  contrarii, 
coincidet  pun^um  H  cum  G,  evancfcente  Ilhea  HG, 
adeoquc  evadit  DR  infinite  magna,  i.  e.  curvatura  mi- 
nor tR  ad  punftum  flexus  contrarii  quam  in  circulo 
quantuitivis  magno;  ut  alibi  quoquc  oftcndimiu,  trao> 
tatus  de  fiuxioiiibus,  Art.  378. 

f''£-  55*      ^  ^^^'  ^'^'^-  7'    ^"  ^  pundum  duplex,  DA  aljrm.- 
ptoto  parallela,  ft  occurrant  re&x  VQ_,  KZ,  Ungenti 
DT  parallcla;  reflz  DA  in  Q.et  Z,  atque  occurrat  D V 
afymptoto  in  L,  Titque  DH  medium  haimonicum  inter    ' 
DK  ct  DL,  eritque  2DH— DG  ad  KZ  ut  DL  ad  DK, 

■  Supple  figuram. 

atque 
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at<jue  VH  :  HN  : :  VQ.:  DR.  Si  reSa  DA  bifccet 
angulum  TDV,  ent  DR  :  DV  : :  DH  :  2VH. 

^  117.  Prop.  XXIV.  Sit  D  punftum  quod-  Fig. . 
vis  lincJE  tcrtii  ordinis,  occiirrat  tangens  ad  D 
cmvx  ia  I,  fitque  DS  diameter  circuli  ofcula- 
torii,  qns;  curva  occurrac  in  A  et  B  i  unJe  rtrfls 
duflxcurvam  contingentes  fecent  Dl  in  Ket  L; 
Ct  DH  medium  harmonicum  inter  DK  ct  DL, 
&  fumatur  DV  ad  Dl  uc  DH  ad  diftl-rnuidin 
reflarum  2DI  et  DH  ;  eritque  vaKuiio  curva- 
tiira;  invcrfc  m  reftangulum  SD  x  D V ;  &  juniflS. 
VS,  variatio  radii  curvature  ut  tangens  anguli 
DVS. 

Nam  per  Thcor.  HI.  (Art.  17.)  variatio  curvarrira; 

'''"'us''i3K"''BL~BI~Ds'"i5H~i3i 

=  55"    DHXDI   =  DsTdV-  V»aMau>«m  ra- 

DS 
dii  ofculatorii  eft  ut  jr^,  adeoque  ut  tangens  anguli 

DVS,  per  Art,  i8.  parabola autem  qux caiidcm  habebit 
curvaturam  &  eandem  VAriationem  curvatura:  cutn  linea 
proporita,  dcicrminatur  ut  in  Art.  19, 

I  Dpn- 


■£'  S7j 


§  118.  Cirsl.   Si  tangens  BL  fit  tangenti 
rallela,  erit  DV  ad  Dl  ut  DK  ad  IK  ;  &  fi  u 
langentium  AK,  BL,  fiat  parallela  ipfi  DT,  ciit  uV 
=  Dl,  adeoque  variatio  curvature  iiiverfe  ui  DS  x  Dl. 
Quod  fi  in  hoc  cafu  lit  DT  parailela  arymptotu  curvK,  p;™.  rM 
evanefcct  variatio  curvature.     Qucmadmoduin  igitur 
evanefcit  variatio  curvatutas  in  verticibus  axium  ftiliio- 
num  conicarumj   ea  finiilhcr  cvaiicfcit  ia  vcnicibus 
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diamctrorum  llnrarLim  tertii  ordinis  qux  ad  rcclos  an- 
gulos  ordinatink  appIic^Us  bifecant. 

^>&-  S9*  Sfhel.  Sunt  autcm  alia  plurima  theorcmata  de  tangcn- 
libus  &  curvalura  linearum  tertii  or<linN.  Sint,  er.  gr. 
F  &  G  duo  puntSa  linca  leriii  ordinis  unde  tangentes 
dutHx  concurruiit  in  curva  in  A.  Prodocatur  FG  donee 
c  11  rvse  occur  rat  in  H.  Sit  TAC  tangens  ad  pundum  A, 
&  confliiuatur  angulus  FAN  =  GAT  ad  contranas 
partcsrfifbrumFA.GA.fccetqueANreaamFGinN. 
Et  fi  circuii  ofcuhloiii  occurruni  refla  FG  in  B  &  A, 
erit  GB  ad  Fi  ut  rcaangulum  NFH  ad  NGH.  Sit 
ciiimpun£iumiiipri  A  (luamproximum,  Sipiin£ii/,£,h^ 
ipfisFjG,  H,  qusniproKiina,  efiiquc  AF(J  :  f"(;/;;GF 
:  FB.  FG/{=H(ii}  :HFA::  FH:GH.  HFt  {= 
.  GF:-J  :AGa::hG  :  GF  ;  unde  AFa  :  AG«  : :  FHx 
JG  :FB  xGH::GN:FNiundeFB:Gi.-;NFH 
:NGH.     Sid(Uhisfatii. 
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GEOMETRICAL    LINES. 


CONCERNING  the  lines  of  the  fecond  order,  or  the 
conic  fe^Hons,  the  ancient  and  modern  geometers 
have  written  very  fully ;  concerning  the  figures  which 
are  referred  to  the  fuperior  orders  of  lines,  little  has 
been  delivered  before  NiwTON.  That  moft  illuftri- 
ous  man,  in  his  trad  concerning  the  BnumenaiM  of 
Lines  ofibt  Third  Order^  has  revived  this  fubje£l,  which 
had  long  lain  negleded,  and  has  (hewn  it  to  be  worthy 
of  the  geometer's  notice.  For  the  general  properties  of 
thefe  lines,  which  he  has  laid  down,  are  fo  coiidbnant  to 
the  known  properties  of  the  conic  fedions,  that  they 
feem  to  be  confonnable  to  the  fame  law,  and  from  his 
example  many  others  have  been  fince  induced  to  make 
this  fubjed  their  ftudy,  and  have  clearly  comprehended 
and  explained  the  analogy  which  there  is  between  fi- 
gures of  fuch  very  different  kinds.  The  pains  which 
they  have  been  at  in  the  illuftration  and  further  invefti* 
gation  of  thefe  matters,  haVe  defervedly  met  with  ap- 
plaufe,  fince  there  is  nothing  in  pure  mathematics 
which  can  be  called  more  beautiful,  or  that  is  more 

F  f  2  apt 
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apt  to  Jelighc  a  mind  defiruus  of  inveftigaiing  tfuthf 
than  ihe  agreement  and  harmony  of  diftcrem  tli>ng«| 
and  the  admimble  conneflJon  of  the  Aiccec^ing  with 
the  preceding,  where  the  more  fimp'c  always  open  the 
way  to  thofe  which  arc  more  di£cult. 

Mod  of  the  general  properties  of  lines  of  the  third 
order,  delivered  hy  NiWlen,  relalc  to  fegmems  of  pa- 
rallels and  arymptoles.  Some  other  of  their  afiir^liotis, 
of  a  different  kind,  I  have  briefly  pointed  out  in  my 
Tiealile  cf  Fluxions,  lately  publiflicd.  Ait.  314,  anJ 
401.  The  famous  Cotes  formerly  difcovercd  a  moft 
beautiful  property  of  geometrical  lines,  hitherto  un- 
publifhed,  which  has  been  communicated  to  mc  by  the 
Rev.  Dr.  Rok-ti  Smith,  mafter  of  Trinity  College, 
Cambridge^  a  gentleman  not  Icfs  remarkable  for  bis 
learning  and  work?,  than  for  bis  fidelity  and  regard 
for  his  friends.  Whilft  I  had  thefc  under  eonlidera- 
lion,  fome  other  general  theorems  offered  themrdves ; 
which,  as  they  feem  to  conduce  to  the  augmcHUtton 
and  illuftratlon  of  thisdifGcult  part  of  geometry,  I  have 
thought  iit  to  throw  together,  and  briefly  to  expound  in 
order,  and  demonflrate. 


SECTION    I. 

0/  Geometrical  Lines  in  general, 

§  I.  T    INES  of  the  fecond  order  are  defined  bjr  the 

JL-^  fci5Uon  of  a  geometrical  foliJ,  viz.  a  conci 

whence  their  properties   are  beft  derived  by  common 

g«dmetry.     But  the  nature  of  the  figures  which  are 

2  rcfcrtcd 
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referred  to  the  fuperior  orders  of  lines  is  different.  To 
define  and  draw  out  their  properties,  general  equations 
muft  be  applied,  exprelEng  the  relation  of  the  co- 
ordinates. Let  X  reprefcnt  the  abfcifla  AP,  y  the  or-  Fig. 
dinate  PM  of  the  figure  FMH,  and  let  <i,  ^  c,  d,  f,  &c. 
denote  any  invariable  coefficients  ;  and  having  the 
angle  APM  given,  if  the  relation  of  the  c!>ordinates  x 
and  J  be  defined  by  an  equation  which,  befiJes  the  co- 
ordinates tbemfclves,  involves  only  invariable  coeffi- 
cients, the  line  FMH  is  called  a  geometrical  one ; 
which  indeed  by  fome  authors  is  called  an  algebraical 
line,  by  others  a  rational  line.  But  the  order  of  the 
line  depends  upon  the  higheft  index  ofjrory  in  the 
terms  of  the  equation  freed  from  fractions  and  furds, 
or  upon  the  fum  of  the  indices  of  both  jn  a  term  where 
that  fum  is  the  greatell.  For  the  terms  x\  xj^y*  arc 
equally  referred  to  the  fecond  order ;  the  terms  x',  x% 
xj\  y'  to  the  third.  Therefore  the  equation  j  =  ax  +1/^ 
or  y  ~  ax  —h  =:  0,  is  of  the  firft  order  and  denotes  a 
line  or*  the  locus  of  the  fiift  order,  which  indeed  is  always 
2  right  line.  For  let  there  be  taken  in  the  ordinate  ^'S-  ' 
PM  the  rightlinc  PN,  fo  that  PN  be  to  AP  as  +  » to 
unity  I  let  AD,  parallel  to  PM,  be  made  equal  to  +  iy 
and  DM,  drawn  parallel  Co  AN,  will  be  the  locus  10 
which  the  propofed  equation  will  anfwer.  For  PM=PN 
+  NM  z=  (a  X  AP  +  AD)  ox  +  b.  But  if  the  equa- 
tion  be  of  the  form  j  ^  ax  —  b,0!  y  —  —  ax  +  i,  the 
right  line  AD,  or  ?N,  is  to  be  taken  on  the  other  fiJe 
of  theabfcifla  AP}  for  the  contrary  licuacion  of  right 
lines  anfwers  to  the  contrary  figns  of  the  coefficients. 
If  the  affirmative  values  of  x  denote  right  tines  drawn 
from  A,  the  beginning  of  the  abfcifla,  to  the  right  hand, 
the  negative  values  will  denote  right  lines  drawn  from 
the  fame  beginping  to  the  left ;  and  in  like  j 


4)8  oiiriitAi.  niwmnutflr 

tbe  affirandve  f aliiet  of  jp  wpnfeaUfc^-wttatet  coii-  ■  - 
ftibited  ibcM  dw  aUtifi,  ^JlipAt  tarn  i«U  ^   . 
Bote  the  ofdjiuiet  bdow  ibe  «bC^  diiWB  Ae  (^ 
pofitkw^.'" 

The  general  equation  fer  i  Bi»;a^ltw  ket/Bd  arte  it 
oftUsfonos    . 

j"^—  «v+'««^— ft 

■    +  ' 

and  the  general  equation  for  lines  of  the  third  order  ii- 
f  -  *»  +  *  x/  +  cxx  -axVt  xy~f>c^  +  «** 
^  Av  4-  Jt  =  0>  And  by  fimilar  equations  ^comeUt-' 
«1  Untt  of  luj^rior  orders  are  defined. 

f  S.  A  geometrical  line  may  meet  a  right  line  ui 
ai  mu^  poiotl  as  dwre  arc  units  in  the  number  whicti 
denotes  Ae  orderof  tke  equation  or  line,  and  never  in  ' 
more.  Themmber  of  times  that  any  curve  will  meet'  . 
itt  abfiifi  AP  ta  i}etcrmincd  by  pudtng  y  =  p,  in 
which  cafe  there  remains  only  the  hit  term  of  thcequa- 
tlon  into  «4)ich  y  does  not  enter.  For  example,  a  line 
of  the  third  order  meets  ihc  abfciHa  AP  whcn/r*  — 
ix*  +  hx  —  i  —  Ot  of  which  equation  if  there  be 
three  real  roots,  in  three  points.  In  like  manner  in 
the  general  equation  of  any  order  the  higheft  index 
of  the  abfcilTa  x  'is  equal  to  the  number  which  denotes 
the  order  of  the  line,  but  never  greater,  and  of  courfe 
cxpreiles  the  number  of  times  that  the  curve  will  meet 
the  abfcifla  or  any  other  right  line.  But  fincc  one  root 
of  a  cubic  equation  is  always  real,  and  that  the  fiunc 
is  true  of  an  equation  of  the  fifth  or  any  odd  order 
[becaufe  every  imaginary  root  bai  neceiTarily  its  fel- 
low], it  follows  that  ■  line  of  the  third  or  any  other 
odd  order  cuts  any  right  line,  not  parallel  to  the 
afymptote 
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■fjnnptote  drawa  In  die  &me  plane,  in  one  point  at 
leafl.  But  if  rhe  right  line  be  parallel  to  the  afymptotr, 
in  this  cafe  it  ia  commonly  fuid  to  meet  the  curve  at 
■A  iafiniie  diftance.  A  line  therefore  of  any  odd  order 
hat  neceflaiily  two  branches  which  may  be  produced  ' 
In  infinitum^  But  of  a  quadratic,  or  any  other  equa' 
tion  of  an  even  number  of  roots,  all  the  number  of 
roots  may  be  fonictimes  imaginary,  therefore  it  may  be 
that  a  right  line  drawn  in  the  plane  of  a  curve  of  an 
even  order  may  never  meet  it. 

§  3.  An  equation  of  the  fecond,  or  of  any  higher 
order  is  fometimes  compounded  of  fo  many  iimple  ones, 
freed  from  furds  and  fractions,  miritiplied  into  each 
other  as  oftca  as  the  propolcd  dimcnfions  of  that  equa- 
tion fcxprefs  i  in  which  cafe  the  figure  FMH  is  not  cur^ 
vilinear,  but  ii  made  up  offo  many  right  lines  as  aredc- 
fcribed  by  the  Umple  equations  thMs  determined,  as  in 
^  I.  In  like  manner  if  a  cubic  equation  be  compound- 
ed of  two  equations  muhiplicd  into  each  other,  one  of 
which  it  a  quadratic  and  the  other  a  Ample  one,  the 
locus  will  not  be  a  line  of  the  third  order,  properly 
,  (o  called,  but  a  cmic  feAion  joined  with  a  right  line. 
Now  the  properties  which  are  generally  demonflraced 
of  geometrical  lines  of  higher  orders  are  to  be  alBrmed 
alio  of  lines  of  inferior  orders,  if  the  numbers  denoting 
their  orders,  taken  together,  make  up  the  number 
which  denotes  the  order  of  the  laid  fuperior  line, 
Thofe  which,  for  example,  are  generally  demonflrared 
•f  lines  of  the  third  order,  arc  alfo  to  be  affirmed  of 
three  right  lines  drawn  in  the  faine  plane,  orofa  conic 
fedion  together  with  one  right  line  defcribed  in  the 
fame  plane.  On  the  other  hand,  there  can  fcarce  any 
f  ropert}'  of  a  line  of  an  inferior  order  be  affigned  fuffi- 
F  f  4  ciently 
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eiently  general  to  which  fomc  aiFc^lion  oriioes  offti- 
pcrior  orders  docs  not  corrcfpond.  But  to  derive  theCe 
from  thofe,  iris  not  every  one  that  can  take  the  pains. 
This  doiflriiie  in  a  great  meafure  depends  upon  the 
properties  of  general  equations,  which  it  is  here  only 
proper  to  mention. 


§  4.  I:)  every  equation  the  coefficient  of  the  Iccond 
term  is  equ^l  to  (he  cxcefs  of  (he  fum  of  the  affirmative 
roots  above  (he  fum  of  th6  negative  ones  i  and  if  that 
term  be  wanting,  it  is  an  indication  that  the  fums  of 
the  affirmative  and  negative  roots,  or  the  Turns  of  the 
oidlnatesconltituted  on  different  fides  of  the  abfcifia, 
are  equal.     Let  the  general  equation  be  for  a  line  of 

the  order  »,  /  - 


x>— * 


•  Sec,  s  0,  fiippofe  u  =  >  - 


xx  —  dx  -i- 


let  be  fubftituted  its  value  u  -f 


«  +  * 


for  J 

and  in  the 


transformed  equation  the  fecond  term   ti*~'  will  b» 

wanting ;  as  appears  from  the  calculation,  or  from  the 

rfoArine  of  equations,  every  where  delivered:  and  from 

henqe  it  alfo  appears,  that  by  hypothefis  every  value  of 

ax  +  t 
a  is  left  than  the  correfponding  value  of  ^  by  '■  •; 

from  whence  it  follows  that  the  fum  of  the  values  of  m 
(whofe  number  is  »)  falls  Ihort  of  the  fum  of  the  values 

of  7  (wbofe  fum  is  ax  +  h)  by  the  difference 

X  It  ~  ax  +  i,[o  that  the  firfl  fum  vanifhes,  and  the 
fecond  term  is  wanting  tn  the  equation  by  which  »  a 
determined,  or  that  the  affirmative  and  negative  values 
of  a  make  equal  ftims.    If  therefore  FQ,  be  uken 
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=  y  — ,  fo  that  Q\l  may  =  u,  right  lines  on  both 
fide*  the  point  Q^  terminated  at  the  curve,  will  make  fig.  3. 
the  iame  fum.  Now  the  locus  of  the  point  Q_  is  tiie 
right  line  BD  which  Cuts  the  abfcifia,  produced  beyond 
its  beginning  A,  in  B,  fo  that  AB  =;  — ,  and  the  or- 
dinate AD,' parallel  to  PM,  in  D,  fo  that  AD  =:  —  x  i ; 
for  if  thit  right  line  meets  the  ordinate  PM  in  the  point 
Q,  PQ_will  be  to  PB  (or—  +  *)  z.t  AD  to  AB,  or 


from  hence  it  appears,  that  a  right  line  may  always  be 
drawn  which  Ihall  fo  cut  any  number  of  parallels,  meet- 
ing a  geometrical  line  in  as  many  points  as  the  dimen- 
fibns  of  the  figure  exprels,  that  the  fum  of  the  fegments 
of  every  parallel,  terminated  at  (he  curve  on  one  lide  of 
the  cutting  line,  may  always  be  equal  to  the  fum  of  the 
fegments  of  the  lame  on  the  other  fide  the  cutting  line. 
Now  it  is  manifeft  that  a  right  tine  which  cuts  any  two 
parallels  in  this  manner  is  neceflarily  that  which  will 
cut  all  other  parallels  in  the  fame  manner.  And  from 
hence  appears\he  truth  of  the  Ntwtsniaa  theorem,  in 
which  is  contained  the  general  property  of  geometrical 
lines,  analogous  to  that  well  known  property  of  the 
conic  fedions.  For  in  thefe  a  right  line  which  bife^s 
any  two  parallels,  terminated  at  the  feiftlon,  is  a  diame- 
ter, and  bifc^  all  others  parallel  to  thefe,  and  termi- 
nated at  the  fedion.  And,  in  like  manner  a  light  line, 
which  cuts  any  two  parallels,  meeting  a  geometrical 
line  in  as  many  points  as  it  has  dimenfions.  To  that  the 
fum  of  the  parts  Aandiiig  on  one  fjde  of  the  cutting  line 
and 
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and  lerminated  at  the  curve  may  be  equal  to  the  Aim 

of  [he  parts  of  the  fame  parallel  Aanding  on  the  other 

Tide  or  the  cutting  line  terminated  at  the  curre,  will 

ill  the  fame  manner  cut  all  other  right  lines  paralld  ta 

ihcfc. 

§  S-  In  every  equation  the  laft  term,  or  that  into 
which  the  root  y  does  not  enter,  is  equal  to  the  prt^ 
dud  of  all  the  roots  multiplied  into  each  other ;  from 
whence  wc  arc  led  lo  another  property  of  geometiical 
lines,  not  Itfs  general  th.in  tl  above.  Let  the  right 
.  line  PM  meet  a  line  uf  the  .ird  order  in  M,  m  and 
^  and  it  will  be  PM  X  P-vi  X  Pft  ■=.  fx*  —  gx*  -^^bm 

—  *.  Let  the  abfcifia  A  P  cut  the  curve  in  the  three 
points  T,  K,  L  i  and  AT,  AK,  AL  will  be  die  values 
of  the  abfcifla  *■,  the  ordinite  being  put  =  o,  in  which 
cafe  the  general  equation  givT';  fx^  —  j*'  +  /jx  —  k 
=:  0  for  determining  thefe  values,  as  we  explained  ia 

Art.  2.     Therefore  of  the  equation  '^  ~f^  +  -7"  — 

—  =:  o  the  three  roots  are  AI,  AK,  AL-,  and  To  this 
equatioD  is  compounded  of  the  three  x  - 

X  —  AL  multiplied  ii 


-TZ  X  AP  -  AL  i_  ..   ^  „.   „  „.  _    - 

X  PM  X  Pm  X  Pfi.  Therefore  the  produft  of  the 
ordinates  PM,  Pin,  P^,  terminated  by  the  point  P  and 
Ihe  curve,  is  to  the  piodudi  of  the  fegments  IP,  KP, 
LP,  of  the  right  line  AP,  terminated  by  the  fame  pcMnt 
and  the  curve,  in  the  invariable  ratio  of  the  coelBcienC 
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f  to  iinity<  In  ]ike  manner  it  is  dcmonflratedj  that 
having  given  the  angle  APM,  if  the  Tii;ht  lines  AP, 
PM,  cut  a  geometrical  line  of  any  order  in  as  many 
pwnti  as  it  has  dimenfionst  that  the  product  of  the  feg- 
ments  of  the  fiTft,  termiiutcd  by  P  and  the  curve,  will 
always  be  to  the  produA  of  the  fegments  of  the  latter^ 
terminated  by  the  fame  point  and  the  curve,  in  an  inva- 
riable ratio. 

§  i.  In  the  preceding  article  we  have  fuppofed, 
with  Nemtan^  that  the  right  line  AP  cms  a  line  of  the 
third  order  in  three  points,  I,  K,  L  ;  but  that  this  fa- 
mous theorem  may  be  rendered  more  general,  let  us 
fuppofe  that  the  abfcifra  AP  cuts  the  curve  in  only 
one  point;  and  lei  that  be  A.  Therefore  becaufc  y  Fig-  4> 
vaniQies  let  x  vanilb  alio,  the  laft  term  of  the  equa- 
tion, in  thU  cafe,  will  be  fx^  —  gx^  +  bx  zzfx  X 

"  „_e  +  i=/^x*-%*  +  ^-^,(ifA^be 

taken  towards  P  equal  ~r,  and  at  the  point  a  be  ercA- 

ed  a  perpendicular  ab  =  ^t^M.)  =/  x  AP  x 

flP'  +  ab*=f  •<  AP  X  iP'j  from  whence,  when 
PM  X  Pfli  X  Pf*  is  equHl  to  the  laft  term  /*■'  —  gx^ 
+  hxy  as  in  the  preceding  article,  PM  X  Pm  X  P,.. 
will  be  to  AP  X  iP*  in  the  conltant  ratio  of  the  coefii. 
cient/to  unity.  Now  the  value  of  the  right  line  per- 
pendicular to  a&  is  always  real,  as  often  as  the  right 
line  APcuis  the  cucve  in  one  point  only  y  for  In  this 
cafe  the  roots  of  the  quadratic  equation />*  —  gx  ■\-  b 
are  neceflfarily  imaginary.  To  that  ^fb  is  greater  than 
ggi  and  die  quantity  y/i^jh  —  g^  rc«I.  When  there- 
fore 


GENERAL  PROPERTIES   OF 

fore  any  right  line  cuts  a  line  of  the  third  order  in  OM 
poict  A  only,  the  folid  under  the  ordinates  PM,  Vm^ 
Pf.  will  be  to  the  folid  under  the  abfciila  AP  and  die 
fqiiarc  of  the  diftance  of  the  point  P  from  a  given  point 
V  ill  a  conllant  ratio.  Ai,  being  joined,  is  to  Ad,  as 
radius  to  the  cofine  of  the  angle  iAP,  as  y/4/Vj  to  g, 

and  Ah  =:/--,    But  the  lamo  point  b  always  agrees 

to  the  fame  right  line  AP,  whatever  be  the  angle  wbick 
ii  cuntaincd  by  the  abfcilTa  and  ordinate. 


be  a  conic  fcflioo,  whofe  getieral 


§  7.  Let  the  figi 
;.  equation  is  jj  —  ax 
above;  and  if  the  roots  of  the  equation  f;i:*  —  tfx  +  *=io 
be  imaginary,  the  right  line  AP  will  not  meet  the  fcc- 
tion.  Now,  in  this  cafe  the  quantity  ^^ec  always  ex- 
ceeds eld;  whenc^  when  exx  —  Jx  +  e  =  t  X  x 

2C 

dd  d 

+  /  —  — •  (if  Afl  be  taken  =  — ,  and  ah  be  crefled 

perpendicular  to   the   abfcifla   at  d,  lb   that   eb   sz. 
i:^;*;^^:^  =  r  X  ^F+^  =  £  X  *P\  and  PM  X  Par 

=  cxx  —  dx  +  *,  theiiPM  x  Pm  is  to  iP*  as  (to  unity. 
Therefore  in  any  conic  fedion,  if  the  right  line  AP  docs  ■ 
iiirt  meet  the  fedion,  the  angle  APM  being  given,  the 
re£lang1e  contained  under  right  lines  Handing  at  the 
point  P  and  terminated  at  the  curve  is  to  the  fquare  <£ 
the  diflance  of  the  point  P  from  the  given  point  £  In  a 
conftant  ratio,  tthich  in  a  circle  is  that  of  equality. 
Now  it  is  manifeft  that  the  far.*::  method  may  be  ap- 
plied to  a  line  of  the  fourth  order  which  the  abfcifla 
cuts  io  two  points  only,  or  to  a  line  of  any  order  which 
the 
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the  abfcifla  cut*  in  points  IcTi  by  two  than  the  number 
which  denotes  the  order  of  the  figure. 

f  8.  This  being  premifed,  I  proceed  to  explain  the 
leTs  obvious  properties  of  geoinetrical  lines  almoll  in  the 
fame  order  in  which  they  occurred  to  me.  Now  I 
ufed  the  following  lemma,  derived  from  the  do^inc  of 
flnxtons,  and  which  I  have  dcmonfirated  in  my  treatife 
on  that  fubjedt,  lately  publifhed.  Art.  717.  yet  I  hare 
fince  obferved  that  fome  <ii  them  may  be  demonfirated 
by  common  algebra. 

Lemma.  If  ihe  quantities  jr,  y,  «,  k,  &c.  flowing  to- 
gether, and  alfo  the  quandtiet  X,  Y,  Z,  V^  Sec.  the 
product  of  the  former  be  to  the  produd  of  the  latter  ia 

any  conftant  ratio,  then  -  +  -  +  -4-+  &c. 

'  ■  K     '     J  K  V 

X       Y       Z      V 
=:tr+«  +  =+r^+  &c.    Moreover,  for  brevity's 

fake  I  c^l  thoTe  quantities  mutually  reeipretaly  when, 
being  multiplied  into  each  other,  the  produd  is  unity, 

fo  —  I  call  the  reaprxal  of  Xy  and  —  of  y, 

§  9,  Theor.  I.  Ltt  atiy  right  Sue,  drawn  tbrtu^h  a 
given  pnnty  nuel  a  gtamitrUal  Uiu  tf  anj  orJtr  in  ai  many 
ptitttt  at  it  bat  dimtnfions  \  and  l*t  right  liiuij  touehing  the 
figure  in  thtfe  paints,  cut  tff'/rim  another  right  line  given 
in  pofititn  and  drawn  thrtugb  the  fame  given  point,  aj  many 
/egmenti  terminated  by  this  point ;  the  reciprocals  of  ibefe 
feginents  will  akuajs  make  the  fimt  fum,  if  the  ftgmenit 
lying  on  the  contrary  fide  of  the  ^ivtn  fiint  be  effeSledviiitb 
the  ctntrary  fis,ns. 

Lec 
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fig,  6.  Let  P  be  the  given  point,  PA  and  Pa  any  two  tight 
lines  drawn  from  P,  of  which  both  meet  the  curve  in 
a;  many  points  A,  B,  C,  and  a,  b,  e,  &c.  as  it  hss 
dJmeiifions.  Let  the  langenK  AK,  BL,  CM,  &c.  and 
eiibli  cni,$tz.  cut  off  from  the  right  line  EP,  drawn 
tluough  the  point  P,  the  fegoients  PK,  PL,  PM,  &c* 

.ndPi.  P/,  P«  +&c.Ifaythat^+^  +  pij  + 

&c.  =  pi  +  p>  +  ^  +  ^c.  and  that  this  fum  al- 
ways remains  the  fame,  the  point  P  remaining,  and  the 
right  line  P£  being  given  jn  pofition. 

For  let  us  fuppofe  the  right  lines  ABC,  ak  to  be 
carried  by  moiions  parallel  to  themfclves,  fo  that  their 
coDcourfe  P  procesds  in  the  right  Hnc  P£  given  in  po- 
fition i  fincc  AP  X  PB  X  CP  X  &c.  is  always  to  aP  )< 
h?  X  fP  in  a  conllant  ratio  by  Art.  5.  let  AP  repre- 
fem  the  fluxion  of  AP,  BP  the  fluxion  of  BP,  and 
c5p,  E'P  &c.  fbe  fluxions  of  the  right  lines  CP,  £P>  itc. 
re(pc£lively,  that  an  ufelefs  multiplication  of  fymbols 

A*P        BP        CP 
may  be  avoided,  then  {by  Art.  8.)  ^  +  fp  +  ^p+ 

&c.  =  j^  +  jp  +  ^  +  &c.  But  when  the  rigjit 
line  AP  is  carried  by  a  motion  parallel  to  itfclf,  it  is 
well  Icnown  that  AP,  the  fluxion  of  the  right  line  AP, 
is  to  £p,  the  fluxion  of  the  right  line  EP,  as  AP  "» 

the  fubungent  PK,  and  **>  ^p  =  pg-     I"  ^^^*  ' 

Bt        EP    CP    _   EP     fP   _  i?    ^  . 
If  —  PL'   CP    ~  ?M'    «P 
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A"        E^       .  EP   .   EP    .    E"P   j^  ,  E>      , 

rf  =  K>  "'«»'' pE  +  Pi +  PM +  *"=•  =  Pi   + 

I  *    J.  Jt,     _  ' 


-+( 


^p7- 

Things  are  fo  whcnfver  the  points  K,  L,  M,  ice. 
and  iy  I,  My  Sec.  are  all  on  the  fame  fide  of  the  point  P, 
and  To  die  fluxions  of  the  right  )incs  AP,  .Bt*,  CP,  &c. 
«P,  bPy  fP,  &c.  have  all  the  fame  fign.  But  if,  other 
things  remaining  the  fame,  Tome  points  M  and  m  fall  Fig.  7. 
on  the  contrary  fide  of  P,  then  while  the  reft  of  the 
ordinates  AP,  BP,  &c.<incrcare,  the  ordinates  CP  and 
fP  are  neceflatily  diminiflied,  and  their  fluxioni  arc  to 
be  accounted  fubtra£Ure,  or  negative ;   and  (o  is  this 

"^w+k-m^'"-  -fi  +  fi-  h  *«• '"'''" 

general,  in  collet^ng  tbefe  fums,  the  tenns  are  to 
be  afFc^d  with  the  fame  or  contrary  figns,  as  the 
fcgments  ^11  on  the  fame  or  contrary  tide  of  the  given 
point  P. 

§  lOi  If  a  right  line  PE  meets  a  curve  in  as  man; 
points  D,  E,  I,  &c.  as  its  dimenlions  exprefs,  the  fum 

KI7  +  57  +  srj  +  &c.  which  we  have  fhewn  to  be 

conftam  or  invariable,  will  be  equal  to  die  fum  or 

aggregate  ^  +  ^  +  pj  +  &c,  i.  e.  to  the  fum  of 

the  reciprocals  to  the  fegmcnts  of  the  right  line  P£, 
given  in  pofition,  and  determined  by  the  given  point 
P  and  the  curve ;  in  which,  if  any  fegment  be  on  the 
other  fide  of  the  point  P,  its  reciprocal  is  to  be  fub- 
Ua^d. 
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ftg.8.  $  III  ^f  >he  figure  be  a  conic  fciSion,  which  the 
right  line  PE  no  where  meets,  let  the  point  i  b« 
found  as  in  Art.  7.  and  P£  joined,  and  at  right  angles 
to  this  let  hd  be  drawn,  cutting  the  right  line  PE  in  «^ 

then  will  ^  f  ^  =  ^^.    For  PA  x  PB  is  to  *P» 

n  ,  r     ,1.      A         o  X  AP         B"P         lip 

in  a  ronllant  ratio,  and  fo  (by  Art.  "•)  ^  +  gp  =  ^ 

whence   (becaufe  a'P  is  to  E'p  as  AP  to  PK,  BP  to 

'  tP  as  BP   to  PL,  and   tP  to  EP  as  iP   to  dP) 

PK  ^  PL  —  Prf" 


■  J»g'  9*  §  '  *•  ^"  li'tc  manner  if  the  right  line  EP  meets  % 
line  of  the  third  order  in  only  one  point  D,  let  the 
point  i  be  found  as  in  Art.  6.  and  let  the  right  line 
kJ,  perpendicular  to  £P,  meet  (he  right  line  EP  in  d, 
and  becaufe  AP  X  BP  X  CP  is  to  DP  X  iP*  in  a  con- 

ftant  ratio  f.W.;^  +±.    +   ^=^+^. 

But  if  Pij  be  perpendicular  to  the  right  line  £P,  s-. 
will  vanifli. 


).  §  'i'  The  afymptotes  of  geometrical  lines  are  deter- 
mined from  the  given  direction  of  their  infinite  braochci 
or  legs  by  this  propofition  j  for  they  may  be  confidere«l 
as  tangents  to  the  legs  produced  in  infiniium.  Let  die 
right  line  PA,  parallel  to  the  afymptote,  meet  the 
curve  in  the  points  A,  B,  &c.  but  the  right  line  PE 
cut  the  curve  in  D,  E,  I,  &c.     Let  PM  be  taken 
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which  the  fum  ^  +  pe  ■*"  PI  "*"   ^'  exceeds  the 

fuBi  ^  +  ^  +   &c.  and  the  afymptote  will  pafs 

through  M ;  but  if  tbefe  fums  be  equal,  the  curve  w!li 
be  a  parabola,  the  afymptote  going  oiF  in  infinitum. 


§  14.  To  determine  the  curvature  of  geometrical 
lines  by  one  general  theorem,  let  CDR  be  a  circle  Fig.  ii« 
which  the  right  line  PR  meets  in  D  and  R,  and  the  right 
line  PC  in  C  and  N  ;  let  the  tangent  CM  cut  the  right 
line  PD  in  M,  and  the  right  line  DR  remaining 
fixed,  let  us  fuppofe  the  right  line  PCN  t6  be  carried 
by  a  motion  alvirays  parallel  to  itfelf  till  the  points  P, 
D,  C,  coincide,  and  let  the  laft  value  of  the  difference 

^  "^  PD  ^^  required.    In  the  right  line  PN  take 

any  point  ;,  let  qvy  parallel  to  the  tangent  CM,  meet 
the  right' line  DR  in  v;  let  DQ^be  drawn  parallel 
to  PN,  and  let  QV  (parallel  to  a  line  touching  the 

circle  in  D)  cut  DR  in  V.    Therefore  ^fl  ""  pn  ^ 

gg^^^(becaufeDMxMR:nCM-)  =  p^^^pp^^R 
_  ^ y't^^  k  PM 

■"  Pa;*  X  MR  X  PM  +  Pv*  X  MR  X  MD  l'*"^^^^ 
X    MD,  or  CM%  is  to  PM*  as  ^v*  to  Pv*)    = 

fv*  X  PM fv* 

Pv*  X  MR  X  PM  +  fv»  xPM*  ""  Pv*xMR+fa;»xPM* 
whofe  laft  value,  PM  vanilhing,  and  qv  and  Pt;  co- 

QV* 
inciding  with  QV  and  D  V,  is  pyT^pp'     And  this 

16  alfo  the  laft  value  of  the  difference  ^7?  «*  ^^r-  if  D 

PM       PD 

Gg  and 
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and  C  are  in  the  arc  of  any  line  of  (he  Eiine  curvature 

with  tiie  circle  CDR. 


pig.  II.  §  15,  Theor.  II.  From  atrf  point  D  »f  a gHmflrtuJ 
lint  tit  then  ht  drawn  any  two  right  iiaes  DE,  DA,  and 
hotk  of  Ihttn  tut  it  in  as  many  painis  D,  I,  E,  ist,  en4 
D,  A,  B,  SsV,  as  it  has  dinunfsons;  ht  the  tangcnti  AK, 
BL,  i^c.  cut  effrom  the  right  Urn  DE  thtftgm^li  OK, 
DL,  iic,  let  any  right  line  QV,  parallel  tf  the  tangmt 
DT,  meet  DA  atid  DE  in  Q^and  V,  and  let  QV'  It 
ts  DV  as  mtsi;  moreover  let  there  be  laitn  in  DE  the 


right  lint  DR  Jmh  ''i'l'-nR  "wy  ''  'ff^  '*  *^^  f"/'  ^f 

Etfi",  and  a  circle  dtjcrih/i  upon  the  chord  DR,  touching  the 
right  lint  DT  will  be  the   efculatory  eirete,   or  of  tb* 

fame  curvature  with  the  geametrical  lint  propefed^  at  tit 

ftini  D, 


general.  Art.  10.  (Fig.  6.^ 
1 


For  we  hare  (hewA 
•  Ihat  ihefumpg  +  R;  +  pjj  +  «":■  =  -pij  + 
-I-  ^  -{-  Sic,  and  in  the  preceding  Art.  we  have  found 
the  Jaft  value  of  the  diiferencc  nr?  —  rsi  whendtt 


VM 


■  PD' 


icide,tobe  ^vTdR.  = 


DR 


points  P,  D  and  C  c 

if  a  circle  of  the  fame  curvature  with  the  geooietfical 
Ikie  at  the  point  D   meets  the  right  line  0£  in  R. 

From  whenee  it  follows  that  =^7  will  be  —  f^T:  +  -|-, 

UK,  IJIl  Ut 

-^  ^^-  ~  DK  **  DL  *■  ^^'   *"  ^**  '''*  reciprocal 
•f 
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of  —    X  DR  is  equal  to  the.  cxccfs  by  which  the  fum 

of  the  reciprocals  of  the  frgments  terminated  by  the 
point  D  and  the  curve,  futpafles  the  fum  of  the  reci- 
procals t^  the  fcgmenrs  terminated  by  the  fame  point 
xnd  the  tangents  AE,  BL,  &c.  But  as  often  as  this 
excefs  cooies  out  negative,  the  chord  DR  is  to  be  taken 
OB  the  other  fide  of  the  point  D,  and  the  rule  above  de- 
fAibcd  is  always  to  be  applied  for  dijlinguifhing  the 
ftgRS  of  the  terms.  If  the  right  line  DA  bifcfts  the 
angle  EDT,  made  by  the  right  line  DE  and  the  tan- 
gent DT,  the  theorem  becomes  a  little  more  fimple. 

For  in  this  cafe  QV  =  DV,  m  =:  i,  and  ^jj  =  the 

excefs  by  wWch  ^  +  gj  +  &c.  exceeds ^^  ^ 
+  &c. 

§  l6.  From  the  fame  pnnoipic  foliows  a  general 
theorem  by  which  the  variation'  of  curvature  is  dercr- 
mined,  or  the  meafureof  the  angle  of  contatl  contained 
by  the  curve  and  the  ofculatory  circle,  in  any  geome- 
trical line ;  yet  a  brief  explication  of  the  variation  of 
curvature  mud  be  premifed,  fmce  this  is  not  clearly 
defciibcd  by  authoisj  Every  curve  is  bent  from  its 
tangent  by  its  curvature,  of  which  the  meafure  is  the 
fame  as  of  the  angle  of  contact  contained  by  the  curve 
and  tangent;  and  in  like  manner  a  curve  is  bcr.t  from 
its  ofculatory  circle  by  the  variation  of  its  curvature, 
of  which  variation  the  meature  is  the  fame  as  of  the 
aagle  of  contaA  contained  by  the  curve  and  ofculatory 
circle.  Let  the  right  line  TE  perpendicular  to  the  Fig.  13. 
tangent  DT  meet  the  curve  in  £  and  the  ofculatory 
circle  in  r,  and  the  variation  of  curvature  will  be 
G  g  2  ultimately 


r 
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ultimately  as  Er  the  fubtenfe  of  the  angle  of  contafl 
KDr,  ifUTbe  given;  and  fince,  when  the  angle  of 
coniafl  EDr  is  f^iven,  Er  is  ultimately  as  DT',  as 
maybe  collciited  from  Art.  369.  of  the  Treatifc  of 
Fluxions  ;  in  general  the  variation  of  curvature  will  be 

ultimately  as  fyTi-  ^^^  "^^  ^  circle  for  determining 
the  curvature  of  other  figures  ;  but  to  meafuie  the  v^ 
Tiation  of  curvature,  which  is  nothing  in  a  circle,  a^ara- 
bola  or  fome  conic  Tedion  is  to  be  applied.  Now  as  of 
'  the  circles  iudtfinite  in  number  which  may  touch  a 
given  Curve  in  a  given  point,  one  only  is  callcil  ofcu- 
lalory,  which  fo  clofely  todches  the  curve  that  no 
other  can  be  drawn  between  this  and  the  curve  ;  in  like 
manner  of  all  parabolas  which  have  the  fame  curvature 
with  the  line  propofcd  at  a  given  point  (for  thefe  are 
alfo-infinite  in  number)  that  only  has  the  fame  raria- 
tion  of  curvature,  which  not,only  touches  the  arc  of 
the  curve  and  kiHes  tt,  but  prefles  fo  clofe  that  no 
other  parabolic  arc  can  be  drawn  between  them,  all 
other  parabolic  arcs  pafTing  either  without  or  widiin 
both.  Bywhat  method  this  parabola  is  to  be  deter-, 
mined  may  be  eafily  underflood  from  what  I  have  elfi^ 
where  more  fully  explained. 

Let  DE  be  (he  arc  oFa  curve,  DT  a  Ungent,  TEK 
aright  line  perpendicular  to  the  tangent,  and  let  the 
rcflangle"ET  x  TK  be  always  equal  to  the  fquare  of 
the  tangent  DT,  and  the  curve  SKF  the  locus  of  the 
point  K,  which  meets  the  line  DS  perpendicular  to 
the  curve  in  S,  and  which  touches  the  right  line  SV 
ill  S  cutting  the  tangent  TD  in  V.  Theright  line  DS 
will  be  the  diameter  of  the  ofculaEory  circle,  and  DS  be- 
ing biititcd  in  /,  /  will  be  the  centre  of  curvature  { 
now 
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now  Vy being  joined,  if  the  angle  SDN  be' made  equal 
to  the  angle /VD  on  the  other  (ide  of  the  right  line 
DS,  and  the  right  line  DN  meet  the  ofculatory  circle  « 
in  N  ;  then  the  parabola  defcrlbed  with  the  diameter 
and  parameter  DN,  and  which  touches  the  right  line 
DT'inD,  will  be  that  whofe  contact  with  the  line 
propofed  in  D  will  be  the  clofeft  ^nd  mod  perfci5l  or 
neareft  that  can  be  defcribed.  But  all  other  parabolas, 
deTcribcd  with  any  other  chord  of  the  ofculatory  circle 
although  described  with  the  diameter  and  parameter, 
and  touching  the  right  line  in  D,  have  the  fame  curva- 
ture in  D  with  the  line  propofed.  The  quality  of 
curvature  explained  by  Nttvlan  in  a  poflhumous  work 
lately  publiQicdi  is  rather  a  variation  of  the  radius  of 
curvature;  f<>ritis-as  the  fluxion  of  the  radius  of  cur> 
vature  divided  by  the  fldxjon  of  the  curve,  or  (if  R  de- 
notes the  radius  of  itii  ofculatory  circle  and  0  the  arc 

of  the  curve)  as  — .     Now  the  curvature  is  invericlv 

S 
as  the  radius  R,  and  the  variation  of  curvature  as 


contained  between  the  curve  and  the  ofculatory  circle. 
Now  ofthefe  the  one  is  eafiiy  derived  from  the  other. 
The  variation  of  the  radius  of  curvature  in'  any  curve 
DE  is  as  the  Ungent  of  the  angle  DVS  or  D\/,  and 
iltany  parabola  it  is  always  as  the  tangent  of  the  angle 
contained  by  a  diameter  pafling  through  the  point  of* 
contact  and  a  right  line  perpendicular  to  the  curve. 
Theft  things  may  be  deduced  from  the  following  gene- 
ral theorem. 

Ge3  <>.-■ 
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Fig.  14.  %  '7*  Tlieor*  lil«  /■'■■'  '^Jf'  i'  a  /«'«'  D  glvtn  m 
any  gwnftficti  Jiitei  and'Ul  DSj  tht  dian^ur  of  the  ffitdo' 
tiry  cireL;  drawn  thtaiigb  D,  rutt  tht  eurv*  f«  as  maiq 
palnti  D,  A,  B,  ^c.  91  'l  I""  tHinttifimt  \  Ut  VT  bi 
drawn  Icackixg  tht  curve  in  D,  and  Ut  it  cut  tie  curve  w 
ike  peintiijtfc.  fewer  iy  tv.'o,  and  imet  tht  taagtntt  AK» 
BL,  i^C.  in  K,  L,  CSV.  and  the  variatien  ef  curva- 
ture, or  tht  mtafiire  cf  the  angU  ofcmtcit  modi  by  lie  cmrvc 
and  the  aftulatary  circle^  ■mill  be  direilly  ai  the  exufi  if 
ivhiih  thefumoflht  rcciprecah  to  thefegmcnisoftht  ttnitni 
DT,  terminated iiy  theptint  of  caiitaii  D  and  the  lasgtnlt 
AK,  HL,  Wf.  exceeds  the  jfum  of  lb*  rtcifracah  H  tke 
fegineiits  tiruliaati^d  by  the  fame  point  and  tie  larve,  and 


)erfeiy   as  tht  radius  cf  curvature^ 


US 


5k"*"  uL 


+  Wf.   - 


Dl 


-  (iff. 


For  let  there  be  dran  n  Di  cutting  the  ciuve  in  t,  ^ 
ice.  and  the  ofculatory  circle  in  R  ;  and  let  the  angle 
jJDT  be  very  fmalt,  let  the  fupplcinent  of  this  xo  two 
right  angles  be  bifefled  by  the  right  Jina  Doi,  which 
let  meet  the  propofcd  gccmetrical  line  in  the  points  D, 
a,  b,  &c.  and  let  the  langcjits  ai,  bl,  Sic.  when  drawn, 
cut  the  right  line  Di  in  the  points  i,  I,  &c.  then  by 

the  preceding  propofition  pR  =  d**  +  K  "  Di  "* 

^^.&c.    From  whence  Jj^  „   ^  (or  5^^)   =: 

-  &c.      Therefore  the   ri'ht   lines 


■  U 


\}k  anci  Die  coiiitiJinj,  or  the  angle  kiyVi  vanifbing. 


UKxE. 


PI  ' 
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f-  Ue.  Let  irT  he  perpendicubt  to  ihc  tangent  at 
T,  and  meet  the  ofcublory  circle  in  r ;  and  fince^r*- 
is  ultimately  to  R<  as  iV  to  D*-,  ultimately  jjj^"^^ 
_  rr  _      r^XDS  r#xD8 

~  DKxtT  ~  DRxDT^'"^    DT'  * 
fiiEc  of  the  angle  of  contaifl  rDt   contained  by   the 
curve  and  ofculatory  circle,  or  rfic  variation  of  curvature. 


Now  the  mea- 


BT» 


and  therefoie  as 


DS  ■ 


DI  ■ 


JJtC       Dl' 


■&c. 


^  t8.  Now  the  variation  of  the  radius  of  curvature, 
or  the  (juality  of  it  defcribeil  by  NcwUn,  is  moft  calily 
colleiled  from  the  former.  ForSI,  SK,  SL,  5ic.  being 
joined,  (his  variation  of  the  ofculatory  radius  will  be  as 
the  excefs  by  whith  the  fum  of  the  tangents  of  the 
angles  DKS,  DLS,  &c.  exceeds  the  fum  of  ihejun- 
gen:s  of  the  angles  DIS,  &c.  Now  the  curvature  in- 
creafes  from  the  point  D  towards  /,  and  the  ofculatory 
radius  is  diminlQieJ,  es  often  as  the  arc  D^  touches  the 
when  -i-  +  -1. 


,    efculatofy  circle  DP.  internally, 


DK 


DL 


+  &c.  exceeds  j-^    +  &c.    and  on  the  contrary  the 
:  from  D  tpwards  e  is  diminifhed,  and  the  rv 
ofcui:;tory  circle  is  incrcafcd,  as  often  as 


curvatuf 
dius  of  the 

the  arc  X)e  of  the  curve  touches  the  circular  arc  ex- 
ternally or  palles  between  the  circle  and  tangent,  there- 
fore when  DR  is  ultimately  lels  than  D^,  or  when 

+  &c. 


u  +  ^^-  '^*^«^*  -^  + 


DL^ 


Gg4 


$'9- 
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§  19.  Let  thercforethe  ]inc  D  V  betaken  in  the  Ungcot 
DTfothatj5^  =  ^  +  ^  +  &c.  -^-&c. 

Ict/V  be  joined,  let  the  angle  SDN  be  made  equal 
DVfj  and  the  line  DN  meet  the  olculatory  circle  in 
Ni  and  ^  parabola  dcfctibed  with  the  diameter  DN 
vrhofe  parameter  is  DN,  and  which  touches  the  right 
line  DT  in  D,  will  have  the  fame  variation  of  curva- 
ture with  the  propofed  geometrical  line  in  the  point  D. 
From  the  fame  principles  other  theorems  are  alfo  de- 
duced, by  which  the  variation  of  curvature  in  geome- 
-  trical  lines  is  in  general  determined, 

N  §  20,  That  thefe  theorems  may  be  reduced  into  2 
more  geometrical  form,  fomc  lemmas  arc  to  be  pre- 
mifed,  by  which  the  do<9rine  o£  the  harmonical  di- 
1^,  ^  viliun  oF  right  lines  is  made  more  full  and  gcncriH.  In 
*'  any  right  DI  having  uken  equal  fegmcnts  DF  and 
FG,  let  there  be  drawn  from  any  point  V,  which  is  not 
in  the  light  line  DI,  three  right  lines  VD,  VF,  VG, 
and  a  fourth  VL  parallel  ro  DI,  and  thefe  four  right 
lines  are,  by  Dc  la  Hin,  caJled  Harmonicals.  But 
any  right  line  which  meets  four  harmonicals  is  cut  by 
the  fanle  harmonically.  Let  the 'right  line.  DC  icect 
the  harmonicals  VD,  VF,  VG,  and  VL  in  the  points 
D,  A,  B,  Ci  and  it  will  be  DA  to  DC  as  AB  to 
BC. '  For  through  the  point  A  let  there  be  drawn  the 
line  MAN  parallel  to  DI,  which  meets  the  lines  VD 
and.  VG  in  M  and  N  i  and  becaufc  of  the  ftjuals  DF 
'  and  FG,  MA  and  AN  will  be  equal.  Now  DA  is  to 
DCuAM  (ot  AN)  toVC,  and  therefore  as'ABto 
BC.  It  is  manifefl:  that  a  right  line,  which  is  parallel  to 
one  of  the  harmonicals,  is  divided  into  equaf  feg- 
meats 
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ments  by  the  remaining  three.  Let  the  line  BH  paral- 
lel to  VF  meet  the  remaining  lines  VG,  VC,  VD  in 
B,  K,  and  Hi  and  it  wiU  be  as  VK  to  KB,  fo  FG 
(or  DF)  to  VF,  and  therefore  as  VK  to  KH,  and 
oonrequently  BK  =  KH. 

4 II.  Hence  tt  follows,  if  any  right  line  be  cut  har- 
nMhically  by  four  right  linc^  drawn  from  the  fanic 
point,  that  any  right  line  which  meets  thefe  four  lines 
will  alfo  be  cut  harmonically  by  the  Ctme;  but  that 
that  which  is  parallel  to  one  of  the  four  is  divided  into 
equal  fcgments  by  the  remaining  three.  Liet  DA  be 
to  DC  as  AB'to  BC,  let  VA,  VB,  VC,  and  VD  be 
joined  i  let  the  right  lines  MAN,'  DFG  parallel  to  VC 
meet  the  line*  VD,  VA,  and  VB  in  M,  A,  N,  and  ' 
D>  F,  G  t  and  it  will  be  MA  (o  VC  as  DA  to  DC  or 
AB  to  BC,  and  therefor*  as  AN  to  VC ;  hence  MA 
~  AN,  and  DF  z:  FG ;  and,  by  the  preceding,  any 
right  line  which  meets  VD,  VA,  VB,  VC  will  be  . 
harmonically  cut  by  the  fame* 

^  22.  From  the  point  D  let  there  be  drawn  two  right  p- 
lines  DAC,  Dae  cutting  the  lines  VA  and  VC  in  the  n'.  | 
points  A,  C  and  >i,  t ;  let  Ac  and  oC  joined  meet  each  ' 
in  Q,  and  VQ^drawn  will  cut  the  line  DAC  harmoni- 
cally, or  any  other  right  line  drawn  from  the  point  D 
to  the  fame  right  lines.  For  let  VQ^cut.the  line  AC 
in  B,  and  through  the  point  Q_let  there  be  drawn  the 
-  line  MQN  parallel  to  DC,  which  meets  the  lines t)ff, 
VA  and  VC  In  the  points  M,  R,  and  N;  and  fince 
MR  is  to  MQ.as  DA  to  DC,  and  MQ,to  MN  In  the 
fame  ratio,  RQ.  will^  be  to  QN  as  DA  to  DC.  But 
JlQ.is  to  QN  as  AB  to  BC.  Wherefore  DA  is  to 
DC 
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DC  as  AB  to  BC.    This  is  ihe  20ih  Prop,  of  Z>c  U 
ifirt'i  iftit  Book  of  conic  fci^ljons. 


§  23.  Let  DA  te  to  DC  as  AB  to  BC,  and  ^ 
will  be  the  fum  or  the  difference  of  ttt-  and  ir^,  ac- 
cording as  the  pcunts  A  anJ  C  are  on  the  fime  or  con- 
trary fides  of  the  point  D.  Firft  let  the  pointi  A  and 
C  be  on  the  fame  /ide  of  the  point  D,  and  Gncc  DA 
X  BC  ^  DC  X  AB,  i.  e.  DA  x  DC  -  mi  =  DC 
xUB-DA,orDA  x  UBtTfjC  =DC  X  DA-DB. 
it  will  be  2DA  X  DC  =:  DA  X  DB  +  DC  x  DB,  and 

%  1  &  ]•  Ihcreforc  ■=?=  =  tt-t  +  ?rr;.    Let  now  the  Mints  A  sTid 

ua      UA      ui. 

C  be  on  the  cornrary  (IJe^  of  (he  point  D,  and  it  will 
be  either  DA  x  DB  -  DC  =  DC  x  DB  +  UA,  or 
DA  X  DB  +  DC  =  DC  X  Dli  -  DA,  and  there- 
fore Y^o  —  JTc  "  iiA  '^^^^  '^*  points  B  and  C  arc 
on  the  Eune  fide  of  D,  or  j^s  =  rrr  —  qT  ^^^^  the 
-points  A  and  B  are  on  the  fame  fide  of  the  point  D.  If 
therefore,  having  given  the  point  D  and  the  right  lines 
VF  and  VC  in  pofition,  any  light  line  be  drawn 
through  the  point  D  meeting  (hem  in  the  points  A  and 
C,  and  in  iJie  fume  right  line  DB  b6  always  taken  fo 


that  ITS  =  -t-  T 


,  where  the  terms  7 


randy 


DA  "  DC  "*""■  "••  "•"■"  DA  ""^  W. 
are  fuppoftd  to  be  afteited  with  the  far.e  or  contrary 
figns  as  the  points  A  a"d  C  are  on  thc.fatr.c  or  con- 
trary (ides  of  the  point  D,  the  locus  of  the  point  B  will 
be  th'c  hatnjonical  VG  which  cuts  the  line  DFG  pa- 
rallel 
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vallel  to  VC  in  G  lb  that  FG  =  DF;  and  which 
KufTas  through  ths  point  Q^ where  {Dat  being  drawn 
^•which  arwcts  the  &me  right  lines  VF  and  VC  in  a  and 
•^)  At  and  aC  b^ing  joined,  crofs  each  other. 

^14.  If  in  s' right  line  D/\,  D^be  always  taken  to  Fig-'i 
**•**  BJ  ~  TjA  ^  5c '  '**  DF  be  drawn  parallel  to 
the  line  VC  which  meets  VF  in  F,  and  DH  parallel 
to  the  tine  VF  which  meett  the  line  VC  in  H,  and  the 
diagonal  HF  being  drawn  will  be  the  locus  of  the 

point  i;   for  by  hypothecs  ^  =  ^,  and  DB  = 

%Dbi  therefore  fmce  VG  it  the  locus  of  the  poiiA  B, 
the  point  b  will  be  in  the  right  line  HF,  if  the  points 
A  and  C  are  on  the  lame  fide  of  the  point  D.     But  if 

it  be  fuppofed  that  t^  =  tr^  —  =— ,  the  fame  con- 
flruSion  will  ftrve  for  determining  the  point  by  if  in- 
ftead  of  the  right  line  VC  be  fubilltuted  artother  ve 
parallel  to  VC  at  an  equal  diftance  from  the  point  D, 
but  on  the  contrary  fide. 

§  2$.  If  from  a  given  point  D  be  drawn  any  right 
line  DM  which  meets  three  lines  given  in  pofttion  in 
the  points  A,  C,  £ ;  and  DM  be  always  taken  fo  that 

jib  =  5a  +  ^  ''■  M  t*''"*  """  *^""*  ^"  "  •"= 
affected  with  the  contrary  (igni  as  often  as  the  lines 
DA,  DC,  or  DE  are  on  the  contrary  fide  of  the  point 

D]  i  let  it  be  fuppofed  that  ^  +  ^  =  JH?  "'"'  ^ 
will  be  in  a  line  given  in  pofition  by  the  preceding;  and 
thwefor^  when  0^  =  gr-  +-r;£»   1*"=  Point  M  will 
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m  will  alio  be  in  a  right  line.    AivJ  tbU  is  Otii'i  th;o- 
rcoi,  or  ncaily  rcUicd  to  it. 

§  99.  het  iiy  ^  (,  d,  &r.  be  the  roots  of  an  e(ini< 
tioaof  the  order  »,  V  its  hft  Wrm  into  which  the 
ordinaic  or  loot  y  does  not  enter,  P  the  cocScient  of 
the  lid  term  but  one,  M  the  harmoniral  mean  be- 
tween ill  the  roots,  '*''m  =  ~  +  "1  +  ":  +5  +  ^- 
Thercforff  fincc  V  is  the  proJuft  of  ail  the  roots  «,  K 
f,  lie.  tiiuUi|)Ucd  into  each  other,  and  P  is  the  Cum  sf 
the  prudu^  whca  all  the  root;,   one  excejited,  arc 

multiplied  into  each  other,  P  will  = '"  T  "'' 

V  nV  itV 

+  —  +  5;c.  x:  — ,  anJ  therefore  M  =  -p-.     So,  if 

the  equation  be  a  quadratic,  wbofe  two  roots  ^n  a  and 

h,  M  will  c:  -     ^  (having  aflinned  the  general  equ' 


In  a  cubic  equation,  whole  three  roots  are  a,  h,  c,  M  will 

r:  —7 — ~ T-   (if  there  be  aOumed  the  general 

»6  +  ac  +  be 

equation  for  lines  of  the  third  order  there  givcD)  s 

.      €XX  —  dx    -i-    I 

Fig,  IS.  §  30.  Let  any  two  liites  Vm  and  P^  dnnn  from 
the  point  P,  meet  s  geometrical  line  In  the  points  D, 
£,  I,  &c.  and  d,  e,  i,  &c.  and  let  Pm  be  an  harmo* 
nical  mean  between  the  fcgments  of  the  Former  termi- 
nated by  the  point  P  and  the  curve,  and  Pn  an  harmo- 
nical  vean  between  the  like  fegments  of  the  latter 
line  1 
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lioe ;  let  f,my  being  jointi],  meet  the  Abfcifla  AP  in  H 

then  win  PH  =  ~  or  PH  is  to  Pm  as  P  to  ^    For 

V  * 

let  the  abfcifla  cut  the  curve  in  as  many  poinCs  B,  C, 
F,  &c.  3S  it  has  dimenfions  1  and  fince  ihc  laS  term 
cf  the  equation  (j.r.  V)  is  to  Bl*  x  CP  x  FP  x  &c. 
in  a  conftant  laiio,  as  we  have  Ihcwn  above  (Art..  5.), 

it  will  be  (by  Ati.8.)  ^  =  ^  +  ^p  +  ^^:te. 

and  therefore  p^  =  bT  ^  LP  ^  Ff  "*"  *"'■  =  W 
and  PH  =  V-^  (becaufc  the  line  PM  =  ~  1  =  Pm 

X  -T~.     In  conic  rcdioofi  it  is  PH  to  Pm  as  ax—i 

V 
to  i(x—d;  and   in  lines  of  the  third  order  as  cxxr- 
die  +  tto  l/xor  —  a^Jf  +  *• 


5  31.  If  a  dcmonftralion  of  the  preceding  propofi- 
tton  be  delired  from  principles  purely  algebraical,  it 
piay  be  had  by  help  of  the  following  Lemma.  Let  the 
abfcilTa  AP  =  x,  the  ordinate  PD  =  >■,  V  the  laft  term 
of  the  equation  defining  the  gcomcttical  line  =:  A  V 
+  B*""'  +  Cx""'  +  &c.  P  the  coefficient  of  the 
laft  term  but  one  =  cx"~'  +  ijr""*  +  cV~J  +&c. 
and  !tt  Q_be  the  quantity  which  arifcs  from  multiply- 
ing every  term  of  the  quantity  V  inio  the  index  of  * 
in  this  term,  and  dividing  by  x,  i.  c.  let  Q.=  «A-v"~' 
■  +  n  —  1    X  B*'**  +  n-2  X  0""'+&c.  (which 

u  ttie  quantity  whl(b  wc  call  — ^.  Let  there  be  draws 
«  the 


» 
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theordinateD^  which  makes  any  given  angle  A/iD  with 
the  abfcifTa,  and  let  the  right  lines  PD,  pDy  and  Pf  , 
be  as  the  given  ones  /,  r  and  ^ ;  let  /-D  =  u,  Aj>  =  z; 
and  let  the  propofed  equation  be  transformed  into  an- 
other expreSing  the  relation  between  the  ordinate  » 
ajid  abfcifla  a  ;  and  fincc  x=  Ap,  the  laft  term  v  of 
the  new  etjuation  will  be  equal  V,  but  p  the  co- 
efficient of  the  laft  term  but  one,    will  be  equal  to 


For  fincePD  (=  v)is  topD  [=  a)    as  /tor,  j=: 


=  — .  and  AP  =  *  =  A^  ±  P^  =  K  +  — .    Now 

thefc  values  being  fubflitutcd  for^  and  x  in  the  pro- 
pofed equation  of  the  geometrical  line,  iliere  will  come 
cut  an  equation  determining  the  relation  of  the  co- 
ordinates X  and  u.  To  determine  the  laft  term  of  this 
V  and  the  laft  but  one  /u,  it  is  fufficiem  to  fubftitutc 
thefe  values  in  the  laft  V,  and  in  the  laft  but  one  Pjf, 
of  the  propofed  equation,  and  to  colie£l  the  refulting 
terms  in  which  the  ordinate  u  is  either  not  found,  or 
of  one  dimenfion  only;  for  the  fum  of  thefe  gives 
pu,  and  of  thofe  v.    Let  for  x  be  fubftitutcd  its  value 

2  ±  —  in  the  quantity  V  or  Aa'  +  B*"~'  +  C*"""* 
+   ice.  and  the  refulting  terms  Ax"  + 


a +  &c.  will  alone  ferve  for  the  putpole 
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«e  uc  about.    Then  let  be  fubftibitei  for  x  the  lame 

U 
value,   and  for  y  its  value  — ,  in  the  quantity  P;  =: 

(w"~'  +  *V~**  +  fr"~'  +  &c.  xj\  and  the  refult- 
Injg  terms  alone  (ja""'  +  fc*"*  +  «"""*  +  &c.  X 
—  are  to  be  retained.  -  Let  it  be  fuppofed  now  that 

K  ^  jr,  and  the  fum  of  the  .firft  be  equal  to  V  ±  — > 

p/a 
and  of  the  latter  the  fum  = .     Froih  v^ence  it   is 

jnantfeft  tbat.the  laft  term  of  the  new  equation  v  =:  V» 

and  the  laft  but  one  pu  =  f^-*^-    x  u. 


§  32.  Let  now  Pm  be  an  harmonical  mean  between 
the-fegments  PD,  P£,  Fl,  &c.  and  P^i  an  harmonical 
mean  between  the  fegments  P^  P?,  Pi,  &c.  as  in 
Art;  30.  let  r<m,  beigg  joined,  cut  the  abfcilTa  in  H  ; 
and  let  us  fuppofe  F^  to  be  parallel  to  the  ordinate /D. 
Let  ^  be  drawn  parallel  to  the  abfciRi,  which  let  meet 
the  right  line  Pm  in  f ;  and  Pi  will  be  to  Pf  as  PD  to 
^  D  or  as  /  to  r,  and  ^u  to  Pft  as  i  to  r.    And  fince 

P(«  =  —(by  the  preceding  Arlicle)=' ■     ■-,  mr  will 

_  Ph.  ±  1".   -   -f   ±  —  _  ^  ±  FTT^  - 

"VQJ 
— ^ Now  ms  is  to  i^  as  Pm  to  PH,  i.  e. 

nWQt  «Vi 


PxP/±Qi       P'±Q1 
F  H  Pn  to  PH,  or  PH  =  Pm  X 
Hb 


as  Pffl  to  PH  i  and  (o  Q_is  to 
P         iV        .. 


V^- 


therefore  the  value  of  the  right  line  PH  docs  not  de- 
pend upon  the  quantities  /,  k  and  r ;  but,  thefc  being 
changed,  ts  always  the  faiiie,  the  point  j4.  will  be  at  a 
right  line  given  in  poficion,  as  we  have  otherwife  (hewn 
in  Theor.  4.  Moreover  alfo  the  vaiuc  of  the  line  PH 
is  th.u  which  In  Arc.  2q.  we  have  determined  by  an- 
other method ;  and  the  right  line  Hm  cuts  all  right 
lines  drawn  through  P  harmonically,  according  to  the 
definition  of  barmonical  fedion  given  in  general  in 
Art.  s8.  ■ 


SECTION     n. 

Of  Lines  of  the  fecond  Order ^  or  the  Conic 
SeSiions. 


ml  concerning  geometrical  lines  in  the  firft 
feellon,  the  properiJes  of  lines  of  fecond,  third,  and 
fuperior  orders  naturally  flow.  What  relate  to  the 
'  conic  feftions  arc  bell  derived  from  the  properties  of 
the  circle,  which  iigure  is  the  bafe  of  the  cone.  But 
that  the  ufe  of  the  preceding  theorems  may  more  clearly 
appear,  and  the  analogy  of  the  figures  be  illuftrated,  it 
wiil  be  worth  while  10  deduce  the  properties  of  thefe 
alfo  from  what  has  been  premifed.  Now  the  whole 
conic  doiflrine  about  diameters,  and  their  ordinates  (to 
which  right  lines  touching  the  fc6tion  at  the  vertices 
of  the  diameters  arc  parallel)  and  about  the  fegmenls 
el  pari;'*.rs  which  meet  any  right  lines,  and  about 
afymp- 
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afymptotes,  flows  very  ufily  from  what  has  been  fbewn 
in  Art.  4.  and  5.  ' 

$  3f.  lyct  tbe  right  lines  AB  and  FG  infcrlbed  in  a  Pig.  20. 
conic  feflion  meet  each  other  in  the  point  P ;  let  AK, 
BL,  FM,  GN  drawn  touching  the  l2£lion  meet  P£, 
drawn  through  P  in  the  points  K,  L,  M,  N ;  and  it 

line  P£  meets  tbe  curve  in  points  D  and  £)  =  ^ 

±  pn.    But  to  the  fegments  which  are  on  the  fame 

flde  of  the  point  P  rhe  fame  figns  are  to  be  prefixed, 

and  to  thofe  which  are  on  the  oppoltte  fides  of  P  contrary 

jigns  are  to  be  prefixed.     Hence  if  DE  be  bifeaed  in  P,  ^>S-  'U 

and  from  the  point  P  be  drawn  any  right  line  cutting 

the  feAion  in  the  pdnts  A  and  fi,  from  whence  let 

be  drawn  the  right  lines  AK  and  BL  touching  the 

^rve  which  cut  D£  in  K  and  L;  PK.  will  always  = 

PL.     But  if  D£  does  not  meet  tt)e  fedion,  and  P  be  F>g-  z'* 

tbe  point  where  the  diameter  which  bife£ts  right  lines 

parallel  to  D£  meets  tbe  (ame  j  in  this  cafe  alfo  PK 

will  =  PL. 

§  35.  Let  the  right  lines  AB  and  FG  infcribed  in  Fig.  at; 
a  conic  fedion  meet  in  the  point  Pi  let  right  lines 
touching  the  fcfiion  in  the  points  A  and  F  being 
drawn  meet  each>-'-'"  in  K,  and  PK being  joined 
wilt  pafs  through  tVfi  oncourfe  of  right  lines  which 
touch  the  feflion  in  the  points  B  and  G.  For  if  the 
line  PK  docs  not  pafs  through  the  coiicourfe  of  the 
lines  touching  the  feflion  in  B  and  G,  let  it  meet  one 

of  them  in  N,  and  the  other  in  L  ;  and  fincc  -tt  ^ 
Hhz  I 
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^  =  p^  +  pjlj  by  the  preceding,  PL  will  =  PNj 

arid  the  points  L  and  N  coincide  contrary  to  the  hy-3 

pothefis, 

§  36.  For  the  r.imc  reafou  it  appears  that  the  right 
lines  AG  iind  BF  meet  each  other_  in  the  point  »of  ' 
the  right  line  LiC  ;  and  therefore  tile  points  P,  K,  r, 
L  are  in  tlie  fame  right  line.  Hence  hiving  three 
points  of  cont.ict  A,  B,  and  F  given,  with  two  tan- 
gents AK  and  FK,  the  conic  fcflion  is  eafily  defcribcd. 
For  let  the  right  lineKiP  revolve  about  tbc  con- 
couife  of  the  tangents  fC  as  a  pole,  which  let  one«l  the 
right  lines  AB  and  FB  in  tlie  points  P  and  r ;  aoJ 
Ar,  FP  being  joined  will,  by  their  concotirfe  G,  6e-  • 
fcribe  the  conic  fciftion  whicli  will  p.tfi  through  the 
three  given  points  A,  B,  F,  and  touch  the  right  lines 
AK  and  FK  in  the  points  A  and  F. 

§  37.  The  fame  things  remaining.  Jet  the  right 
Fifi-  24*  lines  AF  and  BG  meet  each  other  in  the  point  p,  the 
tangents  AK  and  BL  in  R,  and  tangents  FK  aiul  GL 
in  Q_;  and  the  points  R,  «,  Qj  and  p  will  be  in  the  fame 
right  line;  in  like  manner  let  the  tangents  AK  aiuIGQ, 
meet  in  rn ;  the  tangents  BR  andFKinn^  and  the 
points  P,  w,  n,  p  will  be  in  the  fame  right  line.  This 
is  demonftrated  in  the  fame  manocr  as  in  Art.  35. 

§  38.-  Hence  having  four  points  of  contaft  A>  B,  F, 
G  given  with  one  tangent  AK,  the  concourfe  of  tbc 
right  lines  AB  and  FG,  AF  and  BG,  and  of  AG  and 
BF  will  give  the  points  P,  p,  and  «■;  and  P^,  t*»,  pw 
beijig  joined  will  cut  the  given  tangent  AK  in  three 
points  ttif  K,  and  R,  from  whence  mG,  KF,  RB  being 
drawoi 


I 


Vi^.iS 
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drawn,  will  touch  the  conic  fefllon  in  the  given  points 
-  G,  F  and  B. 

§  39.  Having  four  tangents  RK,  KQ,  QL,  LR 
given  and  one  point  of  contad  A,  the  concourfe  of  the 
tangents  RK  and  LQ^  LR  and  QK.  wifl  give  the 
points  m  and  n.  Let  LK.  and  mn  be  joined,  and  the 
concourfe  of  the  right  lines  LK  and  RQ_,  LK  and  m'/, 
RQ_and  mn,  will  give  the  points  »,  P,  ^j  but  PA, 
wA  and  ^A  beii^  joined  will  cut  the  tangents  RL, 
QIC  ^d  QL  in  the  points  of  contait  B,  G,  and  F. 

^  40.  Having  given  live  points  of  contad  A,  B,  F, 
G  and^  let  GF  and  G/"  being  joined  meet  the  line 
AB  in  the  poinu  P  and  X  j  let  AF  and  A/  being  joined 
meet  the  line  BG  in  Jt  and  xi  and  P^,  Xx  being  joined 
will. by  their  concourfe  give  the  point  m;  from  whence 
nA  and  mG  being  drawn  will  touch  the  conic  fedtion 
in  A  and  G ;  and  in  likce  manner  are  determined  the 
lines  which  will  touch  the  curve  in  the  remaining  points 
B,  F,  and/: 

§  41.  Let  there  be  five  lines  given  tJ^uching  a  conic 
feaion,  V  K,  KQ,,  CJL,  Lu,  and  uV ;  the  concourfe 
of  the  tangents  V  K  an  J  LQ_will  give  the  point  m ;  the 
concourfe  of  the  tangents  KQ_and  Lu  will  give  the 
point  n  i  let  be  joined  mn,  LK,  VL  and  mu;  the  line 
LK  will  cut  the  line  mn  in  P;  and  the  line  LV  will 
ciit  mu  in  X  j  now  PX  being  joined  will  cut  the  lan^ 
gents  VK  and  »L  in  the  points  of  contaft  A  and  B. 
And  in  like  manner  the  remaining  points  of  cental  are 
determined. 

§  42.   Having  three  tangents  AK,   BK,  and  RL  Fig.  ; 
given,   and  two  points  of  coniai£l  A  and  B,  tlie  third 
•     H  li  3  is 
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is  eafily  determined,  by  Art.  35.  For  let  the  vtangent 
RL  meet  the  others  in  R  and  L,  and  let  AL  and  3R 
being  joined  crofs  each  other  in  wt  Kt  being  joined 
ivill  cut  the  tangent  RL  in  the  third  point  of  conCaA 
F  ;  and  the  conic  fedlion  may  be  defcribed  as  in 
Art.  36. 

* 

Fig.  26.  §  43«  Let  there  be  given  four  tangents  KQ.,  QL, 
LR,  and  RK.  with  one  point  of  contad  D  of  the  conic 
fedlion  which  is  not  in  any  of  the  four  tangents*  Let  be 
found  the  points  P,  p^  and  «*,  as  in  Art.  39.  Let  there 
be  joined  PD,  ^D,  and  vD ;  and  let  PZ,  being  drawn 
parallel  to  ^D,  meet  the  line  RQ^in  Z  -,  and  let  PZ  be 
bifeded  in  S ;  and  ^S  being  drawn  will  cut  the  line 
PD  in  E  a  point  of  the  curve ;  or  let  PD  meet  the  line 
RQ^in  2,  and  (by  Art.  23.)  let  PD  be  cut' harmoni- 
cally in  z  and  £.  Now  D«r  being  drawn  will  cut  ^E 
being  joined  in  e^  and  Ew  cut  pD  in  dy  fo  that  alfo  tbefe 
points  df  i  may  be  alfo  in  the  curve.  • 

FI^.  2-.         §  44"  ^^  ^^^"^  ^^  point  K  be  drawn  two  lines  touch- 
n.  1.  in|^  a  conic  feclion  in  A  and  I]  j  from  the  point  A  let 

be  drawn  alfo  two  lines  AF,  AG  meeting  the  fe£lion 
in  F  and  G  ;  let  BG  being  joined  cut  AF  in  P,  and 
])F  being  joined  cut  AG  in  «• ;  then  will  tlie  points  P, 
K,  n  be  in  t!ie  fame  right  line,  by  Art.  36. 

Rat  this  propofition  is  more  general.  For  if  from 
h.  2.  •'^'^y  P^in^  ^  ^^  drawn  two  lines  KA^,  KB^  cutting 
the  fcclion  in  the  points  A,  a^  and  B,  h\  aud  from  the 
points  A  aiHi  a  be  drawn  to  the  feclion  the  lines  AF 
and  ^G  ;  now  let  BF  being  joined  cut  aG  in  P,  and 
hC%  being  drawn  cut  AF  in  ^r ;  the  points  P,  K,  » 
will  be  in  the  fame  right  line:  which  we  have  in  va- 
rious 
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rious  wayi  otberwife  demonflrated,  from '  whence  I 
foimtrly  deduced  an  expeditious  method  of  defcribing  a 
conic  fcflion  through  any  five  given  points.  Let  A,  n, 
B,  i  and  F  be  the  five  given  point<,  let  the  lines  Aa 
and  B^  meet  tn  K  ;  let  AF  snd  BF  be  joined  ;  let  the 
line  PK»  rev<rive  about  the  pole  K,  and  let  it  meet 
thele  lines  in  w  and  P ;  and  0P,  iw  being  drawn  irill) 
by  th'cir  concoutle  G,  defcribe  the  (edion, 

§  45.  If  P  be  a  given  point  out  of  a  conic  fc<flion  Pig-  ^S. 
fma  whence  any  right  line  drawn  to  the  feftion  meets 

it  in  D  and  £  1  and  if  ^  =  -Sn  ^  pl>  ^  will  be  at 
a  right  line  which  meets  the  fe^ion  in  the  points  A  and 
B,  fo  that  PA  and  PB  being  drawn,  they  will  be  tan- 
gents to  the  fe^on.     But  if  the  point  ^  be  the  middle 

point  of  AB  within  the  fedion,  and  it  be  alfo  —  =: 

-^  T  — »  the  locus  of  the  pmnt  m  will  be  a  right  line 
at,  drawn  through  P  parallel  to  AB.  Tangents  at  the 
points  D  and  £  always  meet  in  the  right  line  AB,  and 
tangenu  at  the  points  Jtni  t  in  the  right  line  ab, 

%  46.  Let  a  right  line  DT  touch  a  {e<!^on  in  D,  Fig.  29. 
from  whence  let  be  drawn  any  two  right  lines  DE  and  "■  *• 
DA,  which  meet  the  fedlion  in  £  and  A.  Let  D£ 
meet  in  K  the  line  AK  which  touches  the  feftion  ( 
and  let  £N,  KM  drawn  parallel  to  the  tangent  DT 
cut  DA  in  N  and  M,  let  be  taken  in  the  line  DE, 
DR  to  £N  as  KM  to  K£,  and  a  cirde  of  the  fame 
curvature  with  the  feftion  in  D  will  pafs  through  R. 

F»byAn.  ■5.U"pv?-^'cR  =  M-^  = 
Hh4  KB 


KE 


Dii  X  OK' 

:DV::KM 


.ndDR  =  H^EKx^{be„,fcQy 


DK::  EN  :  DE)  = 


KMx  EN 


But 

if  ihc  tangent  AK  was  parallel  lo  the  line  DE  (i.  e.  if 
DE  was  an  ordinate  to  the  diameter  pafiing  through 

the  point  A)  then  DR  would  =  -^,  or  DR  would 
'be  to  DE  as  EN'  to  DE*;  as  I  have  elfewhere  dc- 
monftrated  In  Artl  373.  of  the  Trcaiifc  of  Fluxions. 

If  in  this  cafe  DE  be  a  diameter,  -^7^-1  and  fo  DR, 
will  be  equal  to  the  paramett 
is  welt  known. 


DE' 
r  of  the  diameter  UE;  as 


I 


§  47.  Ect  be  drawn  Ihc  right  lines  DT,  DE,  of 
which  let  the  firil  touch  a  conic  fe^tian  in  D,  and  the 
latter  meet  it  in  E.  Let  DA  be  drawn  which  bifeiEVs  the 
angle  £DT  and  meets  the  fedlion  in  A;  let  AE  be 
joined,  which  let  meet  in  V  the  line  DV  parallel  to 
the  line  whrch  touches  the  curve  in  A  ;  and  VR  being 
drawn  parallel  to  DA,  it  will  cut  DE  in  R  where  the 
ofculatory  circle  meets  the  line  DE  j  and  DR  will  be 
the  diameter  of  curvature.  If  the  angle  EDT  be  a  right 
6nc.  For  VR  will  be  to  AD  as  ER  to  DE,  and  as 
DR  toDKi  whence  DR  is  to  DK  as  DE  to  EK, 


''"''  '"'^  DR  =  DE  -  DK'  "  ''  ''"Sht,  by  Art,  15. 
Now  if  the  tangent  AK  be  parallel  to  DE  (in  which 
cafe  tiie  tangents  AK  and  DT  make  equal  angles 
with  the  line  DA  which  is  therefore  perpendicular  to 
the  axis  of  the  figure)  the  points  R  and  E  will  co- 
incide, and  the  ofculatory  circle  will  pafs  through  the 
point  £.  It  follows  alfo  from  what  has  been  faU  that 
q  the 


3V  "f- 


CEOMETRICAt    LINES,  475 

fche  lines  EK,  DE,  and  £R  arc  in  geometrical  pro- 
;refEon. 

§  48.  Let  any  right  line  DE  meet  a  conic  fcflion  in  Fig.  31, 
T)  and  E,  let  tangents  to  the  curve  at  D  and  E  meet 
in  the  point  V".  Let  DOA  be  a  diameter  of  the  curve 
through  D,  and  if  the  angle  DVr  be  conflicuted  = 
EDO,  DR  { =  2Dr)  will  be  a  chord  of  the  ofculaiory 
circle.  For  let  AK  be  drawn  touching  the  fciiiion 
which  meets  DE  in  K,  and  the  tangent  KV  in  Z ;  let 
EN  be  drawn  parallel  to  the  tangent  UT  cutting  DA 
in  N ;  and  llncc  DR  is  to  KA  as  EN  to  EK ;  and 
KZ  { =  i  AK)  to  EK  as  VD  to  DK,  it  will  be  as 
VD  to  DE  fo  iDR  to  EN  ;  and  fo  the  triangles  DVr 
and  EDN  will  be  fimilar,  and  the  angle  DVr  equal  to 
the  angle  EDO.  This  method  of  determining  the  of- 
culatory  circle  I  have  demonOrated  in  the  Trcatife  of 
Fluxions,  Aft,  375.  but  not  fo  (hortly. 

§  4g.  The  variation  of  curvature,  or  the  tangent  of 
the  angle  of  contact  made  by  a  conic  fcfliun  and  ihc 
ofculatory  circle,  h  diredly  as  the  ungent  of  the  angle 
contained  by  ihc  diameter  Mhich  is  drawn  through  the 
point  of  conta£l  ani  perpendicular  to  the  curve,  and 
inverfely  as  the  fquarc  of  the  radius  of  curvature.  Fur 
let  DS.  be  the  diameter  of  curvature,  and  this  varia-  „.     . 

tion  at  the  point  D  will  be  as     .        „    ,  by  Art.  17, 

(b  that,  fince  DV  is  to  Dr  as  DE  to  EN,  it  will  be 
'  EN 

as  •■'  i.     But  the  variation  of  the  radius  of  cur- 

vature is  as  ihc  tangent  of  the  angle  EDO.     But  if 
ihc  line  DO  meets  the  ofculaiory  circle  in  rr,  a  para- 
bola dcfcribcd  WJth  the  dianacier  and  pammcter  Dn, 
and 


I 
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1 


and  which  touches  the  line  DT  in  D,  will  be  thit 
whofe  conind  with  the  fcction  it  the  ctuicfi,  hy  An.  19- 


§  50.  The  reft  remaining,  let  from  the  point  V  be 
drawn  VH  touching  the  oftulatory  cirtle  in  H;  let 
HU  be  joiiieJ,  and  fmce  the  angle  RDH  is  the  com- 
plement of  the  angle  DrV  to  a  right  one,  RDH  will 
=  DVr  =  KDO ;  and  fo  the  variation  of  the  radius 
of  curvature  will  be  as  the  tangent  of  the  angle  RDHi 
und  the  right  lines  DR.  and  DH  coinciding,  that  vaiia* 
tion  vaniHiei. 


SECTION    in. 

Concerning  Lines  of  the  third  Order. 


55- 


w 


£  muft  treat  more  fully  about  lims  of 


kind.  Very  many  have  handled  the  doctrine  of  conies^ 
and  in  fuch  various  methods  as  ^Imoft  to  cloy.  But 
fcOr  have  touched  upon  this  part  uf  univerfal  geometry  % 
yet  it  will  appcsr  from  what  follows,  as  I  hope,  to  be 
neither  barren  nor  unpleafant,  fincc  befides  the  pro* 
perties  of  thcfe  figures  formerly  delivered  by  Newhn, 
there  are  many  others  not  unworthy  the  attention  of 
geometers.  I  have  Hiewn  above,  that  a  tight  line  majr 
cut  a  line  of  the  third  order  in  three  points,  1>ecaufe  ' 
there  are  three  roots  of  a  cubic  equation,  whicb  may 
ail  be  reul.  Now  a  right  line  which  cuts  a  line  of  the 
third  nr('cr  in  two  points,  neceflarily  meets  the  fame 
til  fomc  third  point,  or  is  parallel  to  the  afymptote  of 
the 
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the  curve,  in  which  cafe  it  is  laid  to  meet  It  at  an  in- 
finite dill^nce:  for  if  two  roots  of  a  cubic  equation 
arc  real,  the  third  will  neceiTarily  be  real.  Hence  a 
right  line  which  touches  a  line  of  the  third  order,  al- 
ways cuts  it  in  fomc  point,  fince  the  contact  is  to  be 
looked  upon  as  two  coincident  interfeiflions.  But  a 
right  line  which  touches  the  curve  in  the  point  of  con- 
trary flexure,  is  at  the  fame  time  to  be  cftcemed  a  fe- 
<rant.  When  two  arcs  of  the  curve  meet  each  other, 
there  K^douhle  point  formed,  and  a  right  line  whicli 
touches  either  arc  there,  in  the  fame  point  cuts  the 
other.  But  any  other  right  line  drawn  from  the  double 
jKiini  cuts  the  curve  in  one  other  point  but  not  in 


§52.  Prop.  I.  Let  tlicre  be  rwo  parallels, 
each  of  which  Ici  cut  a  line  of  the  third  order 
in  three  points;  a  right  line  which  fo  cuts  both 
of  the  parallels,  that  the  fum  of  the  two  parts 
of  the  parallel  terminated  at  the  curve  on  one 
lide  of  the  cutting  line  may  be  equal  to  the 
third  part  of  the  fame  terminated  at  the  curve 
on  the  other  fide  of  the  cutting  tine,  will  in 
like  manner  cut  all  other  right  lines    parallel 

ito  ihele  which  meet  die  curve  in  three  points  j 
by  Art.  4. 

,  §  53.  Prop.  II.  Let  aright  line  given  In 
pofition  meet  a  line  of  the  third  order  in  three 
points  i    let  any  two  parallels  be  drawn,  both 

,     of  which  let  cut  the  curve  in  as  many  points  ; 

I'    and  the  folidi  contained  under  the  fegments  of 

\  ^^ 
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ihe  parallels  terminated  by  the  curve  and  the 
line  given  in  pofuion,  will  be  in  the  Tame  ratio 
as  the  folids  under  the  fegments  of  this  right  line 
terminated  by  the  parallels,  by  Art.  5. 

Thcfe  tAO  properties  were  Tornierly  exhibited  by 

f„  ,,  §  54-  Prop.  HI.  The  reft  remaining  as  in 
the  preceding  pofition,  let  the  right  line  given 
in  pofition  meet  a  line  of  the  third  order  in 
one  only  point  A,  and  the  iblid  contained  under 
the  fegments  PM,  P»;,  Pi*  of  one  parallel  will 
always  be  to  the  folid  under  the  fegments  pN, 
pn,  p>,  of  the  other  parallel,' as  the  folid  AP 
X  iP*  contained  under  the  fegmcnr  AP  and 
the  fquare  of  the  diftance  iP  of  the  point  P 
from  a  certain  point  h,  to  the  folid  Ap  x  hp* 
contained  under  the  fegment  Ap  and  the  fquare 
of  the  diftancc  of  the  point  p  from  the  fame 
point  h,  by  Art.  6, 


J'g*  34-  §  55-  Prop-  I^-  From  any  point  P  let  fae 
1-  '•  drawn  a  right  line  PD  wljich  may  meet  a  line 
of  the  third  order  in  three  points  D,  E,  F,  and 
any  other  right  line  PA  which  may  cut  the 
fame  in  three  points  A,  B,  C.  Let  be  drawn 
the  tangents  AK,  BL,  CM,  which  let  meef 
PD  in  K,  L,  and  M ;  and  the  harmonical 
mean  between  the  three  lines  PK,  PL,  PM, 
coincides  with  the  harmonical  mean  between 
the 
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the  tkree  lines  PD,  PE,  PF,  by  Art.  ro.  and 
a8.  But  if  tlie -right  line  PD  meets  the  curve  ■>■  *> 
in  one  only  point  D,  let  be  found  the  point 
\  dy  as  in  Art.  6.  and  the  harmonical  mean  be- 
[  Cween  the  three  lines  PK,  PL,  PM,  will  be 
I  to  the  harmonical  mean  between  the  two  right 
I'  lines  PD  and  \  Vd  in  the  ratio  of  3  to  2,  by 
i      Art.  12. 

§  56.  Prop.  V.  Let  the  right  line  PD  re- 
,  volve  about  the  pole  P,  let  PM  be  always 
i  taken  in  PD  equal  to  the  harmonical  mean  be- 
I  tween  the  three  lines  PD,  PE,  and  PFj  and 
(  the  locus  of  the  point  M  will  be  a  right  linc> 
I     by  Art.  28. 

I]         And  this  is  a  property  of  thefc  lines  invested  by 
i     Celts. 

\        %  57.  Pflop.  VI.     Let  there  be  three  points  Fig.  j 

L  of  a  line  of  the  third  order  in  the  fame  right 

I'  line ;  let  right  lines  touching  the  curve  in  thefe 

i'  points  be  drawn,  which  may  cut  the  fame  In 

j!  three  other  points  j  thefe  three  points  will  aifo 

^  be  in  a  right  line. 

Let  the  right  line  FGH  meet  a  line  of  the  third  or- 
[  dcr  in  the  points  F,  G,  aitd  H.  Let  the  lines  FAi 
t  GB,  HC  touching  the  curve  in  thefe  points  cut  the 
h  fame  in  the  points  A,  B,  Ci  and  thefe  points  will  be 
)  in  a  light  line.  ¥>ai  let  AB  be  joined,  and  this  will 
pafs  through  U  i  for  if  it  be  poffible,  let  it  meet  the 
curve 
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curve  in  any  other  point  M,  the  tangent  HC  ia  N, 
and  the  tight  line  FGH  in  P }  and  fincc  —  +  —  + 

PM  i  which  cannot  be,  unlefs  the  points  N,  M,  aiul  C 
coincide.  Therefore  the  right  line  ABpalTes  through  C. 

§  58-  Carol.  Hence  if  A,  B,  C  be  three  points  of  a 
!ine  of  the  third  order  in  tlic  fame  right  lin«,  and  AF 
and  BCJ  being  drawn  touch  the  curve  in  F  and  G,  and 
FG,  being  joined,  cut  the  curve  again  in  H,  CH  be- 
ing joined,  will  touch  the  curve  in  H.  For  if  a  right 
line  Ihould  touch  the  curve  in  H,  which  fliould  not 
cut  it  in  C  but  in  fome  other  point,  this  point  woulil 
be  with  the  three  others  A,  B,  C,  in  the  fame  right 
line  which  would  therefore  cut  a  line  of  the  third  order 
in  four  points.  But  this  cannot  be.  I  firll  hit  upon 
this  propofition  in  a  different  way,  but  Icfs  expeditious, 
by  deducing  the  fame  from  Prop.  11.  In  like  manner  if 
the  right  line  A/  alfo  touches  the  curve  in^  and  G/ 
being  drawn,  meets  the  curve  in  h,  CA,  beigg  joined, 
will  be  a  tangent  at  the  point  b.  And  if  from  the 
points  A,  B,  C,  of  a  line  of  the  third  order  fituated 
in  the  fame  right  line,  be  drawn  as  many  right  lines 
touching  the  curve  as  can  be  drawn,  there  will  always 
be  three  points  of  contaift  in  the  fame  right  line. 

Fig.  36.  §  59*  Prop*  ^'I'-  From  any  point  of  a  line 
of  the  third  prdef  let  be  drawn  two  lines  touch- 
ing the  curve,  and  let  the  line  joining  thepoints 
of  coiuaft  cut  the  curve  in  another  point,  the 
tangents  to  the  curve  at  this  other  point  and 
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at  the  firft  point  will  cut  each  m  fome  point  of 
the  curve. 

From  the  point  A  let  be  drawn  linM  touching  the 
curve  in  F  and  G,  let  FG,  being  joined,  cut  the 
curve  in  H,  and  let  touch  the  fame  in  H  the  line  HC 
which  raceti  the  curve  in'  C,  and  AC  being  drawn  will 
be  2  tangent  to  the  curve  at  A.  It  follows  from  the 
preceding  Ctrdlary,  for  A  and  B  coinciding  the  line 
CA  i(  a  tangent  at  the  point  A. 

{  60.  Cinl,  I.  If  from  the  point  C  of  the  curve  be 
drawn  two  lines  touching  the  fame  in  A  and  H,  and 
from  either  point  A  tangents  to  the  curve  AF  and  AG 
be  drawn,  the  line  drawn  through  F  and  G  the  poinu 
of  conta<^  will  pafs  through  the  other  point  H. 

§  61.  CoriL  2.  Let  the  line  AC  touch  the  curve  in  pi^.  yj. 
A,  and  cut  it  in  C,  and  let  AF  and  CH  touch  the 
curve  in  F  and  H,  and  the  line  drawn  through  the 
points  of  contaiEt  cut  it  again  in  G,  AG,  being  joined, 
will  touch  the  curve  in  G.  But  if  there  be  any  other 
line  drawn  from  C  as  Ch  touching  the  curve  xnb;  and 
hVf  IG,  beingjoined,  meet  the  curve  iny and jf.  A/* 
and  Ag  being  drawn  will  he  tangents  at  ,tbe  points  J" 
andf. 

(  63.  Ctrgl.  3.  I^t  A  be  a  point  of  contrary  flexure.  Fig.  3t* 
Irom  whence  let  AF  and  AG  being  drawn  touch  the 
curve  in  F  and  G,  and  let  FG,  being  joined,  cut  the 
curve  in  H,  and  AH  being  drawn  will  touch  the  curve 
in  H.  For  if  the  tangent  at  the  point  H  Ihould  rosct 
the  curve  in  any  other  point  different  from  A,  the  right 
^^e  diawii  fiom  this  point  of  meeting  to  the  point  <if 
contrary 


1 
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contrary  flexure  A  would  touch  the  curve  in  A, 
cannot  be.  Now  it  is  nunifi.-ft  th^t  only  thice 
can  be  drawn  from  the  point  of  contrary  flexure  touch- 
ing the  curve  befidcs  that  which  both  touches  and  cuta 
it  in  that  fame  polntj  and  that  the  three  points  of  con- 
tad  fall  in  the  fame  right  line.  From  the  point  of  cott- 
irary  flexure  alone  three  right  lines  can  be  drawn  fo  to 
touch  the  curve,  that  the  three  points  of  contail can  be 
in  the  fame  right  line.  For  let  F,  G,  H,  be  in  the 
fame  right  line,  from  which  tangents  being  drawn,  may 
meet  in  the  fame  point  of  the  curve  a,  which  is  not  the 
point  of  contrajy  flexure;  let  a  ^  be  drawn  touching  the 
curve  in  a,  and  which  meets  it  iji  e,  and  eH,  being 
joined,  will  touch  the  curve  in  H,  by  this  propoHtlon  j 
and  fa  the  lines  rH  and  aH  would  touch  the  curve  in 
the  fimc  point  H,  which  Is  abfurd. 

§  63.  Prop.  VIII.  From  any  point  of  a-line 
of  the  third  order  let  be  drawn  three  lines 
touching  the  curve  in  three  points ;  let  a  right 
-line  joining  two  of  the  points  of  comad  meet 
the  curve  again,  and  a  right  line  drawn  from 
that  point  of  meeting  to  the  third  point  of 
contaft  will  again  cut  the  curve  in  a  point 
where  a  right  llpe  to  the  firft  point  will  touch 
the  curve. 

Pig.  37.  From  the  point  A  of  a  line  of  the  third  order  let 
be  drawn  three  lines  AF,  AG>  and  A/,  touching  the 
curve  in  the  three  points  F,  G,  andy;  let  the  line 
G^  which  joins  two  of  them,  meet  the  curve  again 
in  N,  and  a  line  drawn  from  this  point  to  the  third 
point  of  contad  F  cut  the  curve  in  f,  then  A^,  being 
■  joined. 
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: joined,  will  touch  (he  curve  in  g.  For  let  there  be 
drawn  AC  touching  the  curve  in  A  and  cutting  it  in 
C ;  and  fince  the  points  G,  N,  and  /  arc  in  the  Tame 
r%ht  YiiWy  and  the  tangents  at  the  points  G  and  /  pa^s 
through  A,  it  follows  (by  Prop.  VII.)  that  the  tan-  1^ 
gent  at  the  point  N  pafles  through  C.  And  lince  the 
points  F,  N,  g  are  in  a  right  line,  bgt  the  tangenu  - 

'  FA  and  KC  meet  the  curve  in  A  and  C,  and  AC  is  a 
tangent  at  the  ^int  A,  the  ungent  at  the  point  g  will 

.paftdirough  At 

}  64.  Oral.  Hence  if  a  curve  be  defcribed,  from 
.^ee  given  points  of  contaA  where  three  lines  drawn 
from  the  fame,  point  of  the  curve  touch  it,  a  four<h 
'point  of  coiftad  is  found  where  a  line  drawn  from  the 
iame  point  of  the  curve  touches  it.  And  from  hence 
it  is  colleded  that  only  four  lines  can  be  drawn  fron 
the  fame  point  of  the  curve  touching  a  line  of  the  third 
order  bcfides  tlvit  which  touches  it  in  that  (ame  point. 
For  if  lines  might  be  drawn  from  the  fame  point  of  the 
curve  touching  in  iivc  points,  more  lines  indefinite  in 
^number  might  be  drawn  from  the  Dune  point  touching 
the  curve ;  as  is  eafily  gathered  from  what  goes  before. 
Now  this  Corollary  we  fball  afterwards  demonQrate 
more  eafily.    See  below,  Art.  77. 

^  65.  Prop.  IX.  Let  three  tangents  to  Fig.  jS, 
'  the  curve  be  idrawn  from  a  point  ofv  contrary 
flexure,  and  a  right  light  line  joining  the  points  qf 
conta£t  will  cut  harmonically  any  right  line 
drawn  from  the  point  of  contrary  flexure  and 
terminated  by  the  curve. 

Let  A  be  the  point  of  contrary  flexure,  AF,  AG, 

AH  tangents  to  the  curve  at  the  points  F,  G,  and  H. 

.  '  I  i  From 
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From  the  point  A  let  be  dr^wn  any  righc  line  cutting 
the  curve  in  B  and  C,  and  the  right  line  FH  in  Pi 
and  it  will  be  as  PB  10  PC  as  EA  to  AC.  For  fmcc 
three  tangents  at  the  points  F,  G>  and  H  meet  in  the 

%  tune  point  A,  by  Prop.  IV.  —  +  ^  _  ^  =  ^, 

therefore  pr  —  Er-  —  pa'  ''  ^*  ^^  '*  *"  harmoniwl 
mean  between  the  two  lines  PB  and  PC  terminated  at 
the  curve.  Which  is  a  property  of  lioet  of  the  thiid 
order  of  admirable  fimplicity. 

§  66.  Carol.  I.  A  line  which  cut*  any  two  right 
lines  drawn  from  a  point  of  contrary  flexure  to  the 
curve  harmonically,  will  alfo  cut  any  other  two  linei 
drawn  from  the  point  and  terminated  by  the  curve  hai- 
monically. 

§  67.  Oral.  2.  If  a  right  line  parallel  to  &e  afymp. 
fote  drawn  through  a  point  of  contrary  flexure  meets 

the  line  FH  in  R  and  the  curve  in  O,  then  g^  =  ^, 
and  fo  RA  =  2RO. 

Fig.  39.  §  68.  Prop.  X.  A  right  line  joining  two 
points  of  contrary  flexure  either  palTcs  through 
a  3d  point  of  contrary  flexure  or  is  in  the  fame 
diret^ion  with  an  infinite  leg  of  the  curve. 

Let  A  arid  a  be  two  points  of  contrary  flexure,  kt 
An  joined  meet  the  curve  in  a,  a  will  alio  be  a  poipt 
of  contrary  flexure.  For  if  a  tangent  to  the  figure  iit 
the  point  a  fiiould  meet  the  curve  in  any  other  point  f^ 
A)  0)  '1  would  be  in  the  fiinve  right  line^     But  by 
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bTpothefis  A,  a,  and  a  are  !n  the  fame  right  line,  which 
therefore  would  meet  a  line  of  the  third  order  in  four 
points.  Let  A  be  a  point  of  contrary  flexure,  and  let 
the  line  AO  parallel  to  the  afymptote  meet  the  curve 
io  O,  let  OQ__be  drawn  touching  the  curve  in  O,  and 
cutting  it  in  Q_,  AQ_,  being  joined,  wilt  pafs  through 
D  where  the  curve  cuts  the  afymptote. 

^6g.  Prop.  XL  Having  drawn  from  a  point  Fig.  3«., 
of  contrary  flexure  A  the  tangents  to  the  curve 
AF,  AG,  AH ;  and  any  two  cutting  it  ABC, 
A^c,  then  Bj  and  Cc  or  Be  and  iC  will  inutuaUy 
Cut  each  other  in  the  right  line  FH  which  joins 
the  points  of  contact. 

For  let  the  line  Bf  meet  FH  in  Q.,  and  EC  the  fame 
in  P ;  let  be  joined  QA  and  QC  ;  and  fince  it  is  as 
AB  to  AC  fo  PB  to  PC,  by  Prop,  IX.  QA,  QB, 
C^  and  QC  will  be  harmonicals,  and  fo  AB  will  cut 
the  line  QC  in  e  and  FH  in  p,  (o  that  Ai  is  to  Ac  as 
fhtope;  and  therefore  c  will  be  a  point  of  the  curve* 
by  Prop.  IX.  from  which  it  follows  converfcly  thai  the 
lines  Bi  and  Qc  meet  in  the  point  Q_of  the  line  FH  j 
and  in  like  manner  it  is  fhewn  that  Br  and  ^C  meet 
each  in  a  point  q  of  the  Ikme  line. 

§  70.  Corel.  I.  From  any  point  Q_of  the  line  FH 
let  be  drawn  to  the  curve  the  lines  QB,  QC  cutting 
it  in  the  points  B,  b,  M  and  C,  f,  N  ;  then  CB,  tb^ 
MM,  will  nieet  in  the  point  of  contrary  flexure  A ; 
Bi  and  *C,  Ue  and  N£,  Bi  and  Cf,  NB  and  MC  will 
meet  in  the  line  FH. 

§  71.    Orol.  ^,   Tangents  at  the  points  B  and  C 

meet  in  Coins  point  T  of  the  line  FH ;  and  if  from  any 

I  i  2  point 
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point  T  lituated  in  FH  be  drawn  tangents  to  the  curve 
they  wilt  pafs  through  the  point  of  contrary  fiexuic> 
or  meet  in  the  line  FH. 

§  72.  Ceral,  3.  Having  given  Ibe  point  of  contrjry 
flexure  A,  and  the  point  B,  C.  i,  f,  where  two  right 
lines  drawn  fiom  it  cut  the  curve,  the  right  line  ¥H 
1  is  given  in  psfiiion  ;  for  B6  and  Cf  joined  will  by 
■  their  concourfe  give  the  point  Q_,  and  the  cgncourfc  of 
Be  and  ^C  joined  will  give  f,  znd  Qj  joined  is  that 
which  joins  the  points  of  conta^  F,  G,  and  H.  Now 
thefe  live  paints  being  given  with  other  two  M  and  m, 
»  line  of  the  third  order  is  determined  which  paiTes 
through  thefe  fevcn  points  A,  B,  C,  i,  c,  M,  m,  and 
has  its  conirary  flexure  in  A.  For  from  the  points  M 
and  111  are  given  the  points  N  and  n,  where  AM  and' 
^01  being  drawn  cut  the  curve,  and  from  thele  nine 
conditions  the  line  is  determined.  Now  if  three  points 
M,  Bi,  and  S  were  given;  thefe  would  give  thres 
others  N,  n,  and  1;  whence  would  be  given  eleven 
conditions  to  determine  the  ligure,  which  are  too  many. 
In  like  manner  having  given  the  point  of  contrary 
flexure  A  with  the  points  F,  G,  (and  fo  the  tangents 
AFand  AG)  and  the  points  M  and  m  any  whatever* 
the  right  hne  FG  is  given,  and  fo  the  points  N  and  j>, 
and  the  curve  is  determined. 


fig.  40,  ^  73.  Orel.  4.  Let  the  lines  HB,  HC  touch  the 
curve  in  the  points  B  and  C,  and  CB  joined  will  pafe 
through  A,  CG  and  P'B  will  meet  in  a  point  of  the 
curve  V,  and  VH  drawn  will  touch  the  curve  in  V, 
Now  the  tangent  at  the  point  of  contrary  flexure  A  is 
determined  by  drawing  AV,  which  let  PL  parallel  to 
AH  meet  in  L,  and  by  bifei^ing  PL  in  X ;  for  AX, 
being  jojncd,  will  bf  the  tangent  at  the  pciiiU  A^  F«it 
let 


<^yr*i 


Tab  -vir. 


>- 


OIOMl^KICAL  LINES.  ^$ 

fet  d>e  tangent  at  A  meet  the  line  FH  in  S ;  ind  i£ 
Will  be^  +  ^  =^+  p^-|^>ndfO|^  + 

^7  =  ^pr  —  -pB  (becaufeACislurmomcalif  cutia 
Pand  B,  and  therefore  VA,  VF,  VP,  and  VG  are 
hannonicals}  =  cis.     Therefore  PK  ii  an  harmonical 

riiean  between  PS  and  ?H ;  vrfiencc  if  PL  parallel  to 
AH  meets  the  linct  AV  and  AS  in-X  and  L,  PX 
will  =  XL. 

-  (74.  Prop,  XII.  From  a  point  of  aline  of  Fi£.4t> 
the  third  order  A  let  be  drawn  two  lines  touch- 
ing, the  curve  in  F  and  G,  and  lee  FG'  joined 
meet  the  curve  in  H,  and  lee  a  tangent' at  thd 
pooit  A  cut  the  curve  in  M ;  let  HM  bd 
joined}  which  let  meet  in  L  the  line  FLK  pa- 
raUcl  to  AH,  and  lee  FK  be  taken  =  sFL  s 
dieh  HK  being  joined,  any  right  line  AB 
'  drawn  from  A  will  be  cut  harmonically  by.tho 
lues  HK  and  HF  in  N,  P,  and  by  the  curve 
io  B,  C  i  lb  that  NB  will  be  to  NC  as  BP 
to  PC. 
For  let  AB  meet  the  tangent  HM  in  T,  and  it  will 

•""FB  +  PA  "Fc  =  PA  +'FF' "*****  PB""?^     ■ 
~  "Fa  "*"  Ff  ^'*?  C**'ftr''^<"H  *'"l  bantunitalhf)  =3 
^.    Whence  it  follows  that  the  line  NC  is  curhar- 
monicallyin  the  ^ino  Band  Pj  or  that  NB  Ie  to  NC 
asBPtoPC.  ■ 

'    "  '  lis  S7S. 
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§  75.  drsl  I .  Hence  if  any  two  lines  drawn  tnm 
A  arc  cut  in  N  harmonically  fo  that  PC  be  to  PB  is 
CN  toBN  i  all  lines  drawn  from  A  will  in  like  man- 
nei  be  cut  harmonically  by  the  lines  HF  and  HK. 

5  76.  Corot.  a.  If  the  curve  has  not  a  double  point* 
and  the  right  line  HK  cuts  it  in  two  points /and  |? 
A/"and  A^  being  drawn  will  be  tangents  to  the  curve 
in  thefe  points.  For  let  the  point  B  coincide  with  N 
when  N  comes  to  /  the  coftcourfc  of  HK  with  die 

curve ;  and  therefore  when  pg  T  ^   =:  ^,  it  wiD 

be  ^  =  ^,  aod  C  cwncides  with  B,  and  the  Mae 

drawn  from  A  then  touches  the  curve.  On  the  other 
Ciie,  if  the  line  kf  touches  the  curve,  the  line  HK 
will  pafs  through  /;  for  bccaufe  of  PB,  PC  being 
equal  in  this  cafe,  the  points  B  and  C  will  coincide 
with  N. 

%  -j-j.  Cirel,  3.  If  the  line  HK  meets  the  cur/e  in 
only  one  point  H,  only  two  tangents  can  be  drawn 
from  the  point  A  to  the  curve,  viz.  AF  and  AG.  Fooi 
tangents  at  moft  can  be  drawn  from  any  point  of  a  line 
of  the  third  order  to  the  curve  as  AF,  AG^  A^  A;. 
For  if  any  other  tangent  could  be  drawn  from  A  as 
Af,  the  line  HK  would  pafs  through  the  point  f,  and 
four  points  of  a  line  of  the  third  order  would  be  in  tbtf 
,  lame  right  line,  viz.  H,^  g,  f,  which  is  abfurd. 

%  78.  Prop.  XIH.  If  from  a  point  of  aline  of 
the  third  order  four  tangents  to  the  curve  may 
be  drawn,  the  lines  joining  the  points  of  con- 
tad  will  always  nneet  in  fome  point  of  the 
curve. 
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curve,  and  any  right  line  drawn  from  the  firft 
point  will  be  cut  harmonically  by  the  curve  and 
the  lines  joining  two  points  of  contaft. 

Let  A  be  a  point  of  the  curve,  AF,  AG,  A^  A^ 
tangents  in  the  points  F,  G,/,  g.  Let  be  joined  FG 
■nd^,  which  let  meet  any  right  line  ABC  (drawn 
from  A  and  cutting  the  curve  in  B  andC}  in  f  ^nd  N  i 
and  the  line  NC  will  be  harmonically  cut  in  B  and  P, 
fo  ih'at  always  NC  is  to  NB  as  CF  lo  PB  :  this  fol- 
lows from  CoTol.  2-  of  the  preceding.  Now  the  lines 
FG  and^meet  in  the  point  of  the  curve  Hi  and  in 
like  manner  the  lines  f/and  G^  meet  in  E,  and  F^ 
.  and  G/  in  R  ;  and  £  and  R  will  be  points  of  the  curve, 
by  the  fame  corollary.  And  this  is  the  latter  of  the 
two  properties  of  lines  of  the  third  order  which  I  de- 
Tcribed  in  the  Treatife  of  Fluxions,  Art.  402.  But  if 
the  line  AM  touches  the  curve  in  A,  and  cuts  it  ia  M» 
ME,  MR,  MH,  being  joined,  will  touch  the  curve 
in  the  points  £,  R,  H  ;  and  the  concourfe  of  the  lines 
AE  and  HR.  AR  and  HE,  AH  and  RE  will  be  alto  in 
tbe  curve  *.  • 

§  79.  Corel.  Therefore  finre  thelincs  HK,  HB,  HP, 
ana  HC  arc  harmonicals ;  if  the  lines  HB  md  HC  mwX 
the  curve  in  i  and  c ;  the  points  A,  6,  r,  w]ll  be  in  tlie 
fame  right  line.  For  let  Ai  joined  meet  ihe  curve  in 
hind  c,  and  HF  in^,  and  HK  in  n;  and  lince  nc  is 
to  nl>  as  pc  to  f>/>,  it  appears  that  c  is  in  the  line  HC  ; 
and  reciprocally  if  c  be  in  the  line  HC  and  b  in  th« 
line  HB,  A,  b,  (,  wil!  be  in  the  fame  right  line 

%  80.  Prop.  XIV,  Let  a  line  of  the  third 
order  have  a  double  point  O.    From  any  point 

*  Supply  whit  is  wanting  ip  the  fchcme. 

114  A  of 
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A  of  the  curve  let  be  drawn  two  lines  AF  zdA  , 
AG  touching  the  curve  in  F  and  Gj  letFG  joined 
cut  the  curve  in  H  ;    let  OH  be  joined.     Let 
any  right  line  AB,  drawn  from  A,  meet  the 
curve  in  the  points.  B  and  C,  the  line  FG  in  P,  ; 
and  the  line  OH  in  N  ;  and  the  line  NP  wiil 
be  cut  harn:ionical]y   in   the  points  B    and  G,  ; 
fo  that  PB  is  to  PC  as  BN  to  NC. 

For  let  AO  joined  meet  FG  in  p  and  the  tangent 
HL  iti  t;   and  flnce  O  is  a  double  point,  it  will 

■"^  +  ,-k  =;5[  +  ,7'  "^ '"  rA+  'p=^- 

Thtrefore  pA  is  cut  harmonically  in  t  and  Oj  fo  that 
pt  is  topA  as  iO  to  OA,  and  Hp,  Ht,  HOj  and  HA 

a[e  harmonicals.     Let  (he  line  PA  meet  the  tangent  LH 

inT.andfincej^  +^.+  J-  =  ^  +  ^  it 

«:illbe^  +  ^  =  -1  +  ^  =  ^i  confequeotly- 
PC  is  to  NC  as  PB  to  BN. 

/§8l.  CDfol.  If  the  Ungent  HL  meets  the  line  GZ 
pirallel  to  AH  in  Z,  and  GV  be  taken  =  2GZ,  HV 
drawn  will  pafs  through  the  double  point  O,  if  the 
curve  has  fucb  a  point.  Or  if  the  line-  Gra  meets 
tbe  lines  AH  and  HR  in  a  and  r,  let  rA  and  R«  crofs 
each  other  in  m,  then  Htn  joined  will  pafs  through  the 
double  point  O. 

§  82.  Prop.  XV.  From  a  point  of  a  line  of 

the   third  order  let  be    drawn   two  tangents^ 

and  from  any  other  point  of  the  fame  let   be 

drawn  lines  to  the  points  of  contad  cutdng  the 

_     .■  curve 
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carvfc  in  mb  <nher  points ;  tangents  10  thefe 
new  points  will  meet  tlie-  curve  in  the  fame 
poinL 

'  From  the  point  A  let  be  drawn  AF  and  AG,  touch-  Tig-  4]> 
itig  the  curve  in  F  and  G.  Let  any  point  of  the  curve 
PV  taken,  let  PF  and  PG  be  joined  cutting  the  curve 
in. the  points  K  and  L;  and  th«  tangents  at  the  points 
It  and  L  will  meet  in  fome  point  of  the  curve  B. 
Now  the  point  B  is  determined,  by  drawing  the  line 
P.C,  which  touches  the  curve  in  P,  and  cuts  it  in  C| . 
for  if  AC  be  joined,  it  will  meet  again  the  curve  in  the 
ppint  B. 

[  For  fince  the  points  F,  K,  P,  are  in  the  lame  riglit . 
-  line,  and  tangents  at  the  points  F  and  P  cut  the  curve 
in  A  and  C ;  it  follows  that  the  tangent  at  the  point  K 
will  pafs  through  B.  And  becaure  LGP  is  a  ligtitline, 
the  tangent  at  Ji  will  pafs  alfo  through  B. 

'^83.  Ctrel.  Therefore  let  A  and  B  be  any  two.  Fig.  ^. 
points  in  a  line  of  the  Aird  order;  from  both  of  them 
let  be  drawn  four  lines  touching  the  curve  in  four- 
crther  points,  viz.  AF,  AG,  A;;  Aj ;  and  BK,  BL, ' 
B>,  B/.  Let  FK  and  GL,  FL  and  GK,  F^  and  G*. 
Gl  and  F^,  meet  each  other  in  four  points  of  the  curve 
P,  Q.,  q.  Pi  and  if  tangents  be  drawn  to  thefe  four 
points,  thefe  wiU  mecrthe  curve  and  each  other  fn  the 
^nt  C,  where  the  line  AB  cuts  the  curve.  Whence 
if  there  be  three  points  of  a  line  of  the  third  order  in 
the  (kme  right  line,  and  from  each  of  them  be  drawn 
four  lines  touching  the  curve  in  fonr  other  points,  a 
right  line  drawn  through  any  two  points  of  conta^l  will' 
always  tut  the  curve  in  fome  other  point  of  concafl ; 
and  four  of  thefe  lines  will  always  pafs  through  tlife  fame 
pbint  Of  contafl. 
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Fig.  43.  §  84.  Prop,  XVI.  Let  F  and  G  be 
points  of  a  line  of  the  third  order  lb  taken 
FA  and  GA  touching  the  curve  in  thefe  points 
may  meet  in  any  point  A  of  the  curve.  Let 
be  taken  in  the  curve  any  other  point  P,  from 
which  let  be  drawn  to  the  points  F  and  G  the 
lines  PF  and  PG,  which  may  meet  the  curve  in 
K  and  L ;  let  FL  and  GK  be  joined,  and  their 
concourfc  Q^wiU  be  in  the  curve.  Now  the 
tangents  at  the  points  K  and  L  will  meet  each 
other  and  the  curve  In  Ibme  point  of  the  curve 
B,  and  the  tangents  at  the  points  P  and  Q^will 
meet  in  a  point  of  the  curve  C,  fo  that  the 
three  points  A,  B,  C,  may  be  in  the  fame  right 
hoc. 

For  let  the  tangent  at  the  point  P  be  drawn,  which 
let  meet  the  curve  in  C,  and  let  AC  cut  the  fame  in 
B  i  and  BE,  BL  being  drawn  will  be  tangents  at  the 
points  K  and  L,  by  the  preceding.  Let  the  line  LF 
meet  the  curve  in  Q,;  and  if  the  line  GK  does  not 
paTs  through  Q^  let  it  meet  the  curve  in  j.  Ttaerc- 
forc,  bccaufe  the  three  points  L,  F,  Q,,  are  in  the 
fame  right  line,  but  the  tangents  at  L  and  F  cut  in  B 
and  At  it  follows  (by  Prop.  VII.)  that  the  Ungent  at 
l^c  point  f  will  pafs  alfo  through  the  point  C.  There- 
fore both  lines  CQ_,  Cj  touch  the  curve,  the  fiift  in 
Q_,  the  latter  in  q.  Therefore  the  points  Q^and  q  co- 
incide, for  if  we  put  them  dilFcrent,  it  follows  ftom 
Prop.  VIII.  that  more  than  four  tangents  might  be 
drawn  to  the  curve  from  the  fame  point  C.  For  let 
A/  and  A^  be  tangents  at  /  and  f,  and  let  I/,  Lg 
drawn 


^ 

two        ■ 

that         f 
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drawn  cut  the  curve  in  m  and  n ;  and  C  m,  C  n  will 
be  tangents  at  m  and  n.  Wherefore  we  fliould  have 
five  tangents  drawn  from  C  to  the  curve  CP,  CQ_, 
Cm,  Cw,  and  Cjj  which  is  contrary  to  CoroU  3. 
Prop.  XU. 

§  85.  Girt/.  I.  The  point  P  being  given,  and  the 
points  F  and  G  taken  any  where,  fo  that  tangenu  at 
ihcfc  points  meet  in  the  curve,  the  point  Q_is  given, 
where  FL  and  GK  joined  meet  each  other  and  the 
curve.  And  if  fr«m  the  point  P  any  right  line  PMN 
be  drawn  to  meet  the  curve  in  N  and  M,  and  QM, 
QN  joined  cut  it  in  m  and  n ;  the  points  P,  n,  and  m, 
wilt  be  in  the  fatnc  right  tine.  For  we  have  fbewn 
that  taagenis  at  the  points  P  and  Q^crofs  each  other  in 
a  point  of  the  curve*. 

§  86.  Can/.  2.  If  four  points  F,  G,  K,  L,  be  Fig.  43, 
ulcen  in  a  line  of  the  third  order,  Co  that  tangents  at 
the  points  F  and  G  meet  in  fome  point  of  the  curve, 
and  tangents  at  the  points  K  and  L  meet  alfo  in  fame 
point  of  the  curve,  FK  and  GL  drawn  will  meet  in  a 
point  of  the  curve,  and  FL  and  GK  drawn  will  meet  ^^^ 
each  other  in  a  point  of  the  curve.  ^^M 

%  87.  Prop.  XVII.  Let  F  and  G  be  two  ^^ 
points  of  a  line  of  the  third  order,  where,  if 
lines  be  drawn  touching  the  curve,  thcfc  fliall 
.  cut  each  other  in  fome  point  of  the  curve. 
Let  be  taken  four  other  points  of  the  curve  L, 
K,  /,  g,  fo  that  LF  and  GK  drawn  inay  meet 
in  the  curve,  and  F/  and  Gg  may  meet  in  it 

*  Supply  what  ii  wanting  in  the  Scheme. 
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alfo;  then  /L  and  ^K.  drawn  will  cut  each 
•other  in  the  curve,  as  alfo  L^  and  K/  when 
drawn. 

For  tangents  at  the  points  f  and  g  crofs  each  vther 
in  the  curve,  by  Prop.  XIV.  as  alfo  tangents  at  (he 
pbints  IC  and  L,  by  the  famr.  And  therefore,  by  Co- 
roL  2.  of  (he  preceding,  /"L  and  K;  meet  in  the  curw,- 
as  aifo/K  and^L. 

^  88.  Lemma,  Let  (heie  be  three  right  lines  given 
in  pofition  ]C,  IH,  and  CH ;  and  three  points  F,  G, 
S»  which  are  in  the  fame  right  line.  Let  any  point  ^ 
be  taken  in  the  line  IC,  and  let  QF  joined  meet  the 
line  IH  in  L,  and  QG  joined  meet  HC  in  P;  letFP' 
be  joined,  let  SL  drawn  mec-t  FP  and  QP  in  i  and  Nj- 
and  k  and  M  wilt  be  at  right  lines  given  in  pofition. 
For  let  JN  be  joined,  which  let  meet  GS  in  «,  and 
through  N  let  be  drawn  a  parallel  10  FS,  which  let ' 
meet  the  lines  IC,  IH,  and  LQ_in  the' points  x^  u, 
and  r;  let  the  tine  PG  meet  the  lines  IC,  IH,  and  HC 
in  ihc  points  u,  t,  and  h.  Becaufe  Nsf  is  to  fir  as  Ga 
loGF,  and  Nr  to  Na as  SP  to  Sft,  it  wHI  be  as  N»' 
to  Nu  (and  therefore  ma  to  mh)  as'Ga  x-  SF  tQ  GF 
X  Shf  i.  e.  in  a  given  ratio.  Therefore  the  point  m 
is' given,  and  fo  the  right  line  IMm'is  gtVen  in  por- 
tion ;  and  in  like  maniier  tbe-point  i  ii  at  a  line  ^rea ' 
in  pofition. 

$  89.  Csrei.  The  points  G  and  S  coinciding,  the  • 
point  m  will  alfo  coincide  with  the  point  G.  There- 
fore let  IG  be  joined  and  meet  HC  in  D,  and  CF 
drawn' and  meet  the  line  HI  in  £,  the  line  DE  joined  - 
will  be  the  locus  of  the  point  K>  where  GL^and  FP 
crofs  each  oiheri 


^ 
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§  90.  Prop.  XVIII.     I.et  PGLFQK  be  a    Fig.  4^ 

jadrilateral   infcrlbcd    in    a   figure,   whofe  fix 

ngles  touch  a  line  of  the  third  order,    as   in 

Prop.  XVI.     Let  lines  IC,  CH,  HI  be  dravm 

couching  the  curve  in  three  polhts  Q^,  P,  L, 

which  are  not  in  the  fame  right  line ;    let  IG 

Joined  meet  the  tangfcnt  CH  in  D,  and  HF  meet 

the  tangent  C I  in  £ ;  the  points  D^  K,  £,  will 

be  in  the  fame  right  line^  which  will  touch  the 

curve  in  the  point  K. 

For  let  us  fuppofe  the  lines  QFL  and  FKP  to  be 
iuoved  about^the  pole  F,  and  the  lines  LGP  and  QGIC 
about  the  pole  G,  but  the  points  Q,  L,  and  P,  to  bo 
carried  ^ong  in  the  tangents  QI,  LI,  and  PC  ;  then 
the  point  K  will  be  carried  in  the  line  D£,  by  the 
preceding  Corol.  Whence,  if  the  points  Q^,  L,  P,  be 
carried  in  a  curve  which  touches  thefe  lines  QI,  LT, 
tnd  PC,  in  thefe  points,  K  will  alfo  be  carried  in  a 
curve  which  the  line  DE  touches.  But  by  Prop.  XV. 
if  the  points  Q^  L,  R,  be  carried  in  the  propofed  line 
pf  the  third  order,  the  point  K  will  be  carried  in  the 
fiime,  which  therefore  the  line  D£  touches  in  K. 

§  91.  Qrol.  I.  In  like  manner  if  the  lines  AF  and 
AG  (which  touch  the  curve  in  F  and  G)  meet  the 
line  IH  (which  touches  the  curve  in  L)  in  the  points 
M  and  N  i  let  MP  joined  cut  the  tangent  AG  in  d, 
and  QN  joined  the  tangent  AF  in  /,  de  will  pafs 
through  K,  and  touch  the  curve  in  that  point;  and 
the  four  points  D,  ^  /,  £,  will  be  in  the  (ame  right 
line. 

§  92.  Corolf  %•  Let  be  drawn  from  any  two  points 
of  the  curve  C  and  B  four  tangents  two  from  each, 
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CQ.and  CP  from  the  point  C,  BL  and  BK  from  Ae 
point  B,  and  let  the  interfcdions  of  (hcfe  tangents  be 
1,  H,  £,  andD;  then  LQ^and  EH  drawn  will  cut 
each  other  in  a  point  of  the  curve  F  ;  and  the  con- 
courfe  «r  LP  and  ID  joined  will  be  in  a  point  of  the 
curve  G ;  but  the  tangents  at  the  points  F  and  G  will 
cat  each  other  in  a  point  of  the  curve  A,  which  will 
be  in  the  fame  right  line  with  the  points  C  and  B. 

§93.  Corel.  2-  Havinggiven  three  pointsofalineof 
the  third  order  which  are  in  the  fame  right  line,  and  two 
tangents  drawn  from  each  of  thefe  to  the  curve  being 
given  in  pofition,  the  fix  points  of  contact  are  deter- 
mined by  this  propofition.  Let  A,  B,  C  be  the  three 
given  points  of  the  curve  in  one  right  line,  AM  and 
AN  tangents  from  A,  BMI  and  BD£  tangents  from  B, 
which  meet  the  former  in  M,  N,  e,  andrf;  and  let 
CD  and  C£  be  tangents  from  the  third  point  Ci  and 
let  CD  meet  BM,  BD,  AM,  and  AN,  in  H,  D,  A, 
and  Cf  and  C£  the  fame  in  I,  £,  rt,  and  si.  Thefc 
things  fuppofed,  Nr  joined  will  cut  the  tangent  CI  in 
the  point  of  contai^t  Q_,  Md  will  cut  the  tangent  CD 
in  the  point  of  contain  P,  ID  will  cut  the  tangent 
AN  in  the  point  of  conCad  G,  £H  the  tangent  AM 
in  the  point  of  conta^  F,  mh  will  cut  the  tangent  BH 
in  L,  and  laftly  rrc  the  tangent  B£  in  K.  Now  though 
the  problem  in  this  cafe  is  determinate,  yet  it  admits 
of  feveral  folutions.  For  different  iines  of  the  tfainf 
order,  but  definite  in  number,  may  be  drawn  through 
the  three  points  A,  B,  C,  touching  the  fix  right  lines 
given  in  pofition  AM,  AN,  BM,  BD,  CD,  and  CE. 
For  let  N*  meet  the  tangent  CD  in  f,  Mii  the  tangent 
CE  in  7,  ID  the  tangent  AM  in  /,  £H  the  tangent 
AN  in^,  w  ihc  tangent  BM  in  /,  and  mh  the  tangent 
BDin^i  and  3  tine  of  the  third  order  which  fatisfies 
the  propofed  conditicns  will  touch  the  lines  CD  and 
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CE  cither  in  P  and  Q^,  or  in  p  and  q.  That  will  touch 
the  lines  AM  and  AN  cither  in  the  points  F  and  G,  or 
inyand^;  but  the  lines  BM  and  BD  either  in  L  and 
K|  or  in  i  and  /.  It  appears  therefore  that  fcveral  lines 
of  the  third  order  may  fatisfy  the  conditions  of  tlie  pio- 
blem,  but  determinate  in  number,  and  therefore  the 
prpblem  is  determinate  *. 

§  94.  Cirol.  +.  Having  given  two  points  A  and  B  of 
a  line  of  the  third  order,  alfo  the  tangents  AM,  AN, 
BM,  BD  given  in  pofition,  with  three  points  of  contadt 
F,  G,  and  L,  the  point  K.  is  given  where  the  line  BD 
touches  the  curve.  For  to  it  let  be  drawn  the  lines 
tit  and  LF,  by  their  concourfe  the  point  Q_wi]l  be 
given,  and  QG  drawn  wiU  cut  the  tangent  BO  in  the 
point  of  conta^  K.  P  the  point  of  concourfe  of  the 
lines  LG  and  Mo",  or  the  lines  Vld  and  FK,  is  alfo 
given  ;  for  the  three  lines  LG,  Mi^  and  FK  neceflatily 
nieet  in  the  point  P<  Let  M^i/N  be  any  quadrilateral, 
let  any  point  Q  be  taken  in  the  diagonal  N^  and  P  in 
the  diagonal  MiL,  let  any  right  line  dntwn  front  Q,cuc 
the  fides  M«  and  MN  in  I'"  and  L,  let  PL  cut  the  fide 
Vd  in  G,  let  QG  be  joined,  which  let  cut  the  fide  de  in 
K  i  and  the  points  F,  IC,  P,  will  be  always  in  the  fame 
right  line,  by  what  is  fhewn  above.  Whence  it  ap- 
pears that  the  problem  docs  not  become  impolTibk:,  be- 
caufe  it  is  ncccfTary  that  three  right  lines  LG,  M<^  and 
FK  mull  meet  in  the  fame  point, 

^  95.  Prop,  XIX.     Let  D,  E,  F,  be  points  Fig.  "^ 
in  a  line  of  the  ihird  order  in  the  fame  right 
line,  and  let  there  be  three  lines  touching  the 
Vurve  in  thefe  points  parallel  to  each  other.    Iii 


f  Sgpply  what  ii  wintingio  the  Scheme. 

the 
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the  line  DF  let  be  taken  the  point  P  fo 
2PF  may  be  an  harmonical  mean  between 
and  PEj  and  if  any  other  right  line  drawn 
through  P  meets  the  curve  in  /,  d,  and  *,  iP/ 
will  always  be  an  harmonical  mean  bctwren 
Pi/ and  pp.  But  we  fuppofe  that  the  points  d 
and  e  are  on  the  fame  fide  the  point  P,  but 
the  point  /on  the  contrary. 

For  let  [he  tangents  DK,  EL,  FM,  meet  the  line  d/ 
in  the  points  K,  L,  and  M ;    and  it  will  be  by  Art.  g. 

'p?~f7~T7~pm~Fk~  pi;('f'JKlmeQf 
parallel  to  the  tangents  harmonically  cut  PD  fo  that 
PE  be  to  EQ.as  PL)  to  DCi.,  and  Q,y  meet  ihc  line/i 

\^^^)=— ;^  fbecault  PyistoPMasPQtoPF, 

and  by  hypothefis  2PF  =  PQ_,  and  fo  zPM  =  Py)  = 

tore  2iyis  an  harmonical  mean  between  Pi^and  P;, 

§  q6.  Curd.  I.  Let  Dd  and  £f  joiiKd  meet  in  the 
^joint  V,  VQ^and  F/"  joined  will  he  parallel ;  and  VQ_ 
iting  produced  to  meet  the  line  fj  in  r^  Pf  will  = 
iPr.  For  PD  is  cm  harmonically  in  E  and  Qj  by 
hyputhefis,  and  therefore  the  line  Pd  is  alfo  cut  har- 
monically in  <  and  r,  by  Art.  Ji.  whcDCc  P/= -J-Pr  j 
and  fincc  PF  z=  J  PQ_j  it  follows  that  the  line  Ff  is 
parallel  to  the  harmonical  VQr.  > 

"      §97-  (^ral.  a.  In  lilce  manner  ifbe  taken  the  point 
f  ill  the  line  DF  fo  that  2pD  be  equal  to  the  harmo- 
nical mean  between  pF.  and  pF,  and  any  line  drawn 
from  p  mut  the  cutvs  in  three  pointS]  the  fcgment  of 
this 
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this  line  on  one  fide  the  point  p  terminaleJ  at  the  curve     * 
mil  be  equal  Co  half  the  harmonical  mean  between  the 
•wo  fegments  on  the  other  fide  the  fame  point  p  termi- 
■iate4  by  it  and  the  curve. 

J  §  98.  Lemma.  From  the  centre  of  gravity  of  a  tri-  Fig.  48. 
angle  let  be  drawn  any  right  line  which  meets  the  three 
^ides  of  the  triangle,  and  the  fcgment  of  this  line  ter- 
minated by  the  centre  of  gravity  and  one  fide  of  the  .- 
triangle  will  be  half  aii  harmonical  mean  betvi^een  the 
fegments  of  the  fame  line  terminated  by  the  centre  of 
gravity  and  the  two  other  fides  of  the  triangle..  Let  P 
be  the  centre  of  gravity  of  the  triangle  VTZ,  let  the 
line  FDE  drawn  through  P  meet  the  fides  in  F,  D,  B  j 
and  let  the  points  D  and  E  be  on  the  fame  fide  of  the        > 

point  P  5  it  will  ^«  ^  =  p^  +  ^-     ^^^  1«^  be 

drawn  through  the  point  P  the  line  MPL  parallel  to  the 
fide  VZ  which  may  meet  the  fides  VT,  ZT,  in  L  and 
l^l  and  the  line  VN  parallel  Co  ZT  in  N  j  and  fincc  MP 
=:  PL,  and  TL  =  2VL,  becaufe  of  the  fimilar  trian- 
gles TLM,  VLN,  LM  will  =  2LN,  whence  LN  r= 
LP,  and  FN  =  2PM.  therefore  if  ^D  meet  the  line 

VN  in  K,  it  will  hp  (by  Art.  21.  and  23.)  775  +  ^ 

§  99.  Prop.  XX,   Let  three  lints  VT,  VZ,  Fig.  49. 
TZ,  touch  a  line  of  the  third  order,  and  let  the 
fame  right  line  pafs  through  the  three  points  of    . 
contaft  and  the  centre  of  gravity  of  the  triangle     • 
VTZ;  Jet  any  right  line  drawn  through  this 
ccntr.c  meet  the  curve,  in  c  on  one  fide  and  in  a  •  H 

^nd  ^  on  the  other  of  the  centre  of  gravity,  and 
??/•  will  be  an  harmonical  mean  between  the 
fegmcnK  P^  and  P^. 

.    \  Kk.  ^  For 
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Til-  so. 
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For  let  Pi  meet  the  fides  of  the  triaogk  in^  4  and 
e,  and  the  line  VN  parallel  to  TZ  in  i ;  ind  aFy'wiU 

=  P*,androJ^=i  =  i^  +  -i^  =  i-  +  Jj.- 

p-  +  pT,  and  therefore  p~  =  "p—  +   pT.  whence  Pf  is 

half  the  harmonical  mean  between  Pa  and  Pi. 

§  100.  Prop.  XXI.  Let  V  be  a  double  point 
in  a  line  of  the  third  order,  VT  and  VZ  line* 
touching  the  curve  in  that  point,  which  let  the 
line  TZ  touching  the  curve  in  F  fo  meet  in  T 
and  Z  that  FT  =  FZi  i«  FV  be  joined,  in 
which  lee  be  taken  FP  =  -J-F^;  f  2nd  if  any  right 
line  drawn  through  P  meet  the  curvd  in  three 
points  a,  h,  iT,  of  which  a  and  h  are  on  the  fame 
fide  of  ihe  point  P,  c  on  the  contrary,  -iPc  will 
always  be  an  harmonical  mean  between  the  fo- 
ments Pd  and  Pi,  n-  —  u~  +  ITT' 


I 


"  Va 


Vb' 


ForfinceTZifibifeafd  in  F,  andFP  =  ^  FV,  it  is 
inahifcfl  that  the  point  P  is  the  centre  of  gravrty  of  the 
triangle  VTZ;  and  fincc  the  point  P  is  in  the  line 
F  V  which  partes  through  the  points  of  contafl,  the  pro- 
pofitten  follows  from  the  preceding. 

§  101.  CiroT.  I.  If  the  lines  Vff,  Vi,  andFf  bcjoineij, 
P  will  alfo  be  the  centre  of  gravity  of  the  triangle  con- 
tained by  them  >  as  alfo  of  the  triangle  containc4  by 
three  lines  touching  the  curve  in  i7,  i,  c;  and  if  Vaaml 
\b  meet  the  line  Yc  in  m  and  /i,  Fm  Will  be  always  equal 
to  Fn. 

§  icz.  Coroi  2.  A  line  drawn  through  the  double 
point  parallel  to  Fir  will  cut  Pa  h3rnu>nically  in  k^  fo 
that  P^  will  be  to  ak  as  P£  to  Pi;  but  the  line  which  is 
iirawit  from  ito  x  the  concourfc  of  the  tangents  at  a  and 
b  is  paiallel  to  the  line  cy  touching  the  figure  in  e. 

§  J03- 


aEOHBTRICAI   LIKI3.  49$    , 

■  §  103.  Oral.  3.  Two  points  a  and  c  being  given 
where  «ny  line  drawn  from  P  meets  the  curve,  the  third 
b  is  aifb  given ;  for  let  be  joined  Va  and  Ff  which  meet 
each  other  in  mj  let  be  taken  on  the,  other  fide  F  the 
line  Fn  equal  to  Fjr,  .and  Vm  joined  will  cut  the  line-  - 
P«ini.  ■ 

■  §104.  Prop.  XXII.  Let  be  drawn  through  Fig.  ;i. 
any  point  P  in  the  diredton  of  the  infinity  legs 
a  line  to  meet  the  curve  in  d  and  e;  ^nd  throtigh 
the  fame  point  any  line  cutting  the  curve  in  the 
points  D,  E,  F,  and  which  may  meet  the  lines 
"  touching  the  curve  in  a  and  c,  in  k  and  m,  and 
ihe  afympcote  of  the  infinite  leg  in  I;  and  if  the 
points  D,  E,  k,  m,  /,  are  on  the  fame  fide  of  P, 

but  the  point  F  on  the  contraryiit  wi!l,be-j— = 

Td  "^  VE  ^  Vi' ~  Yk  ~  Tik*  wherethe  figft 
of  every  term  is  to  be  changed  as  often- ^  the" 
fegment  goes  off  to  the  oppoQte  fide  of  P. 

This  ftrilows  from  Thcor.  I.  Art.  9.  for  by  that 
theorem  S^  :^  1^  ^  ^=  ^ +.  ^- ^, 

%  105.  CBr»l.  I.  If  die  line  PD  be  drawn  through 
'^b  cMicourfe  of  the  tangents  ak  and  emi  xnd  t*M 
be  taken  equal  to  an  harmonical  mean  between  the 
linea  PD,  PE,  PF,  according  to  Art.  28.  it  will  be 

'fi  —  f^~  W*  ^^  ^°  ^^^  *■'*  ^  '*"  harmonical 
mean  between  ?l  and  tP-*-  But  if  the  tangfents  ai  and 
fw  meet  in  the  point  M  itfelf,  the  afymptote  will  alfo 
pafs  through  M. 

X  k2  §136. 
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§  ]  06.  Corel.  2.  In  ibc  cafe  of  Prop.  XIX.  whttff 
three  points  of  contact  arc  in  ibe  fjme  right  line,  snd 
the  three  l3ii[!;enK  parallel,  let  be  taken  the  point  P  is 
in  Prop.  XIX.  and  let  aPt  be  paralici  to  the  afymptotf , 
let  the  tangents  ni  and  (iti  meet  tlie  line  PD  in  i  mi 

m,  ami  it  will  ^^  '^  —  f^  +  f^i  or  P/  equal  to  half 
the  harmonica!  mean  between  P-f  and  Pm.  But  if  die 
ungents  ai  and  cm  meet  ia  the  fame  point'  of  the  line 

PD,  P/ will  =  JPi  i  but  becaufc  in  Prop.  XIX.  j ' 


fig.  49, 


fig.  s- 


'P/~  Prf 


4-   -S-,  Pa  wai  =  P*. 


§  lOT.  Cortl.  3.  The  fame  is  to  be  faid  of  the  cafe  ia 
Prop.  XX.  where  three  points  of  contadt  D,  E,  F,  »re 
in  the  f.ime  light  line  which  paflcs  tlirou^h  P  the  centic 
of  gravity  of  the  triangle  VTZ  contained  by  the  tan- 
gents. But  if  one  of  the  lines  touching  the  curve  in  a 
or  e  (fuppofing  a?c  parallel  to  the  afymptote)  be  paral^ 
lei  to  the  line  DP,  the  afymptotc  will  go  off  in  infimtum, 
'  ;tnd  the  leg  will  be  parabolical. 

§  108.  Card.  4.  The  fame  things  fuppofed  as  in  Pr<^. 
XXI.  let  rPa  be  parallel  to  the  afymptote,  let  the  bn- 
gcnis  ak,  tm  meet  the  line  VF  in  k  and  m,  and  it  wiU 

be  -=-,  =  -^  +  -rr".     Whence  if  the  curve  has  a  dia- 


1 


'  ?r 


?k 


meter,  fincc  this  nvcefrarlly  pafTes  through  the  double 
point  V,  from  [he  point  of  the  curve  F  where  the  tan- 
gent TFZ  is  bifeiSted  let  be  taken  from  F  towards  V, 
FP  =  J  PV,  let  c?a  be  drawn  parallel  to  the  afymptote, 
and  the  tangent  ak  which  may  meet  the  diameter  in  i-, 
snd  on  the  other  lide  the  point  P  let  be  tAen  upon  tbc 
line  PV,  P/ =■-;?/,  and  a  line  drawn  through  /panllel 
to  the  ordinates  will  be  the  afymptote  to  the  curve.  But 
if  the  undent  etc  be  parallel  to  the  dnineterf  the  leg  of 
th« 
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D,  the  point  r  is  to  be  taken  on  the  fame  or  contnrf 
fidcoftlief^me  point  as  DH  i?  greater  or  lefs  than  DG, 
i.'e.  as  an  harmoni'cal  mean  between  the  fegmentf  DK, 
DL  cut  ofi"  by.  the  tangents  is  greater  or  lefs  ihan  aa 
twrmonieal  mcaii  between  liie  fcgmcnts  DE,  DI,  ler- 
roitutcd  by  the  curve. 

§  III.  Cerci.  a.  Ifthc  angle  EDT  be  bifeflcslbydje 
line  DA, QV  will  =  DV,aiid2HG  xnR  =  DV*  = 
DG  X  DH,  and  (o  HG  is  to  DG  as  DH  to  aDR. 

^  112.  Cemt.  3,  I,et  the  line  DA  revolve  about  tbe 
pole  D,  the  line  DE  remaining,  and  HG,  the  difference 
of  the  harmonical  means  DH  and  DG,  will  be  Incieafed 
or  dimini/hcd  in  the  duplicate  ratio  of  the  line  VQ. 
For  as  much  as,  becaufe  DR  the  chord  of  the  ofculatory 

circle  being  given,  there  remains  the  quantity  ^^ 
'  which  is  e<|ua]  to  2DR. 

Rg.  54.  ^  1 13'  Caril.  4.  If  of  the  tangents  AK,  BL  one  of 
them  as  EJu  be  para  lid  to  the  tine  DE,  let  be  drawn 
GX  and  KZ  parallel  to  DT  touching  Ae  curve  io 
D,  which  let  meet  AB  in  X  and  Z;    and  it   will  be 

GX  X  KZ        —   ^^    ,   _1 L— _i_ !_ 

DG  X  DK  >i  DR  ~  Dli       Dl        DK  ~  DG        UK 


iDK— DG 


and 


GX'xKZ 


-UGinSr'  -' DR—  =  ^DK  -  DG,  and 

therefore  it  will  be  as  2DK  -  DG  to  KZ  fo  GX  to 
DR.*  If  ihetangcnt  AK  alfo  comes  out  parallel-to  t)ie 
line  DE  (which  in  thefe  figures  may  happen)  it  will 
be  as  DG  to  GX  as  GX  to  2DR :   for   in  this  cafe 

GX'       _     2  ,. 

DtFlTDR-  DG-""'"^' 


:  DG  X  2DR. 


§  1 14.  Corel.  5.     If  the  line  DE  be  parallel  fo  die 
afymptote,and  fo  meets  the  curve  in  one  point  E  be- 
fides  D,  and  at  the  lame  time  the  ungent  BL  be  paral- 
lel to  the  afymptote,  let  £Y  ba  drawn  parallel  to  the 
tahgeac 


«ua 


ef/i/t<'/i  .yta  .jo2. 

/W 
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tspgeot  DT,  which  let  meet  the  line  DA  in  Y,  anJ  it 
will  be  as  KE  to  KZ  fo  EY  »  DR  •. , 

^  115.  Cotoi.  6.  it' D  be  a  point  of  concrary  6cx(tre, 
the  point  H  will  coincide  wi(h  G,  and  the  line  HG 
vaiiiQiing,  and  To  DR  comes  nut  infinitely  great,  i.  C* 
the  curvature  at  a  point  of  contrary  flexure  is  lefs  than 
in  ajiy  circle  however  great  j  as  I  have  clfcwhi-rc 
ibewn,  in  the  Treatifc  of  Fluxions,  An.  -^jS. 

§  1 16.  Core!.  7.  Let  V  be  a  double  point,  DA  pa-  ^'S-  !S- 
lallcl  to  the  arymptoic,  and  let  the  lines  VQ_,  KZ,  pa- 
rallel to  the  tangent  DT  meet  the  line  DA  in  lj_anJ 
Z,  »nil  let  DV  meet  the  afymptotc  in  L,  and  let  DH 
be  an*  harmonicaL  mean  between  DK  and  DL,  and  it 
will  be  as  aDH  -  DG  to  KZ  (o  DL  to  DK,  and 
VH  :  HN  :  :  VQ.;  DR.  If  the  line  DA  bifc^s  the 
angle  TDV,  .t  will  be  DR  :  DV  : :  DH  :  2VH.   • 

§  117.  Prop.  XXtV.  Let  D  be  any  point  of  ^'E-  S^ 
the  third  order,  let  the  tangent  at  D  meet  the 
curve  in  I,  and  let  DS  be  the  diameter  of  the 
ofculatory  circle,  which  let  hieet  the  curve  in 
A-and  B ;  from  whence  let  lines  drawn  touch- 
ing the  curve  cut  DI  in  K  and  Lj  let  DH  be 
an  harmonical  mean  between  DK  and  DL,  and 
let  be  taken  DV  to  DI  as  DH  to  the  difference 
o(  the  lines  2DI  and  DH  j  the  variation  of 
curvature  will  be  inverfcly  as  the  reflangleSO 
X  DVj  and  VS  being  joined,  the  variation  of 
the  radius  of  curvature  as  the  tangent  of  the 
artglc  DVS. 

tor  by  Thcor.III.  (Art.  17.)  ihc  variation  (if  turva- 

turc  IS  as  T-T  X  y^  +  n7        fiT  —  TJc   ^   riZ7  ~   nt 


IJS  '^  DK  ^  DL      DI  ~  DS        DH  ' 
'  Supply  the  €gute. 


DI 


'  DS 
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aPL— DH  _         I 
'    DtlxDl    ~D^xDV' 


DS 


But  the  Tariativn 
and  To  as  the  Ua> 


of  the  ofculatory  rzdiut  is  as  - 

gcrtof  the  angle  DVS,  by  Art.  i8.  Nqw  the  para- 
bol»  which  w;ll  have  the  fame  curvature  and  the  fame 
vamtlun  of  curvature  widi  the  line  propofed,  is  detc;- 
minedas  in  Art.  19. 

^'^i-  S?-  §118.  Coral.  If  the  thetangentBLbeparallel  tothc 
tangent  at  D,  it  will  be  as  DV  to  DI  lb  DiC  to  IK  -, 
and  if  both  the  tangents  AK,  BL  be  parallel  to  DT, 
DV  will  =  DI,  and  the  variacioti  of  curvature  invcrfc- 

Pig.  58-  1/  as  DS  X  DI.     But  if  in  this  cafe  DT  be  parallel  to 
[he  afyniptote  of  the  curve,  the  v-itiiifTon  of  curvature 
r  will  vanilh.     Therefore  as  the  variation  of  curvature 

will  vanifh  in  the  vcftices  of  the  sses  of  conit;  fectlons  ; 
fo  it  will  in  like  manner  vanifh  in  the  vertices  of  the 
diameters  of  lines  of  the  third  order  which  bifcft  ibeir 
ordinates  at  right  angles.    , 

^g-  S9'  Schal.  Now  there  afe  many  other  theorems  about  the 
tangents  and  curvkure  of  lines  of  the  thjrd  order.  Let, 
for  example,  F  and  G  be  two  points  of  a  line  of  the 
third  order,  from  whence  tangents  drawn  meet  the 
curie  in  A.  Let  FG  be  produced  till  it  meet  the' curve 
'  in  H,  Let  TAC  be  a  tangent  at  A,  and  let  be  confli- 
luted  the  angle  FAN  =z  GAT  on  the  contrary  fide  of 
FA,GA,  andlet  ANcutFG  in  N.  And  if  the  ofcu- 
latory circles  meet  the  line  FG  in  B  and  i>,  GB  will  be 
to  Fi  as  the  reaangle  NFH  to  NGH.  For  let  the 
-  "  point  fl  be  very  near  to  A,  and  the  pointsy^;,  6,  very 

'  i'.car  to  F,  G,  H»and  it  will  be  A¥a  :  FG/: :  GF  :  FB. 
FG/(=HGA):HFA:-.^H  :GH.  HFAf=GF^) 
tAC.a::hG:GFi  whence  AF«:  AGr: ;  FH  X  ^G 
:  FBx  GH  ::  GN:  FN  v  whence  FB  :  G6  ;:  NFH 
;  NGH.      But  enough  on  this  juhj<a. 
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